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Basic assumptions and problem description

We consider convex optimization problem on a convex (not necessarily
bounded) set Q ⊂ Rn

min
x∈Q

f (x)

We will use such designations:

(∀x ∈ Q) ‖∇f (x)− ∇̃f (x)‖2 6 𝛿,
R = ‖xstart − x*‖2,

(∀x , y ∈ Q) ‖∇f (x)−∇f (y)‖2 6 L‖x − y‖2

We will also consider the strongly convex case:

(∀x , y ∈ Q) f (x) + ⟨∇̃f (x), y − x⟩+ 𝜇

2
‖x − y‖2

2 6 f (y)

Also will study the effect of relative imprecision:

‖∇f (x)− ∇̃f (x)‖2 6 𝛼‖∇f (x)‖2
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Algorithm description
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Alogrithm description
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Convergence comparison

We will use the following functions for experiments.

n = 2m + 1,

(∀k 6
1
2
(n − 1))

f (xk)− f (x*) >
3
32

LR2

(k + 1)2

f (x) =
L

8

(︃
x2
1 +

2m∑︁
k=1

(xk − xk+1)
2 + x2

n

)︃
− L

4
x1,

And for strongly convex case:

f (x) =
𝜇
(︁
L
𝜇 − 1

)︁
8

(︃
x2
1 +

∞∑︁
k=1

(xk − xk+1)
2 − 2x1

)︃
+

𝜇

2
‖x‖2

2,

𝜒 =
L

𝜇
,

f (xN)− f (x*) >
𝜇

2

(︂√
𝜒− 1

√
𝜒+ 1

)︂2N

, N > 1,
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Convergence comparison

Let us compare the convergence of gradient descent and the accelerated
STM method.

𝜇 = 0 ⇒ f (xk)− f (x*) 6
4LR2

N2 ,

𝜇 > 0 ⇒ f (xk)− f (x*) 6 LR2 exp

(︂
−1
2

√︂
𝜇

L
N

)︂
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Convergence with additive noise

Remind the conception:

‖∇f (x)− ∇̃f (x)‖2 6 𝛿

Also we will use:

R̃N = max
k6N

{‖xk − x*‖2, ‖zk − x*‖2, ‖x̃k − x*‖2}

In the presence of the additive noise STM convergence:

f (xN)− f (x*) 6
4LR2

N2 + N
𝛿2

2L
+ 3𝛿R̃N ,

f (xN)− f (x*) 6 LR2 exp

(︂
−1
2

√︂
𝜇

2L
N

)︂
+

(︂
1+

√︂
𝜇

2L

)︂(︂
𝛿2

2L
+

𝛿

𝜇

)︂
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Plots of convergence
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Plots of convergence
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Stopping rule for STM

Theorem
Assume that we know we value of f (x*) and such bound, R*, that ‖x*‖ 6 R*.
Using stopping rule ∀𝜁 > 0

f (xN)− f (x*) 6
𝛿2

2L
N + 3R*𝛿 + 𝜁

And it is guaranteed, that the criteria will reached in

Nstop = O

(︃√
LR2

𝜁

)︃
.

Choosing 𝜁 ∼ 𝜀, 𝛿 ∼ 𝜀
R*

we get estimation:

f (xNstop)− f (x*) 6 𝜀,

Nstop = O

(︃√
LR2

𝜀

)︃
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Relative inexactness

Remind the conception:

‖∇f (x)− ∇̃f (x)‖2 6 𝛼‖∇f (x)‖2
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Threshold 𝛼 value
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Threshold 𝛼 value
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Boosting for relative inexactness

For boosting we can use gradient step in the end of each iteration:

xk := xk −
1
L
∇̃f (xk)
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Boosting for relative inexactness
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Attempts in proofs

Theorem

If ‖∇f (x̃k)‖2 = O (‖∇f (xk)‖2) and 𝜇 > 0. Then choosing 𝛼 = O
(︁(︀𝜇

L

)︀ 3
4
)︁
, we get:

f (xk)− f (x*) 6

(︂
LR2

1− 𝛼2 +
3L𝛼2

2𝜇(1− 𝛼2)
(f (x0)− f (x*))

)︂
exp

(︂
− 1
6
√
2

√︂
𝜇

L
k

)︂
Also we can consider another condition

Theorem
If sequence x̃k satisfies:

f (xk)− f (x*) 6 O

(︃
LR2exp

(︂
−1
2

√︂
𝜇

2L
k

)︂
+

(︃
1+

√︃
4L
𝜇

)︃(︂
𝛿2

𝜇
+

𝛿2

L

)︂)︃

We can obtain we same convergence for same 𝛼 bound.
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