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‘ The inverse problem of determining the
thermal conductivity coefficient of
substance depending on the temperature Is

examined and investigated.

The consideration is based on the first
boundary value problem for the non-

stationary heat equation.

The inverse coefficient problem is reduced
to a variational problem and is solved
numerically using the Fast Automatic
Differentiation technique.
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Formulation of the Problem

C(s)th:divS(K(T)VST) seQ 0<t<® QcR
T(s,0) = W, (S) s€Q
T(s,t) =w, (s,1) sel 0<t<0®

[" - piecewise-smooth boundary of Q

S =(X.,-X,) -the Cartesian coordinates of the point

T(s,t) -the temperature of the material at the point with the
coordinates S at the time {

C(s) -the volumetric heat capacity of the material

K(T) - the thermal conductivity coefficient

Wo(S),  w.(s,t) - the given temperatures



The optimal control problem :

Find the dependence K(T) on T under which the temperature field
T(s,t) , obtained by solving the mixed problem, is close to the field

Y(s,t) ,obtained experimentally, and the heat flux on the boundary
of the domain is close to the experimentally data P(s(I'),t)

O (K(T))= ?j[T (s,1) =Y (s,t)[" - u(s,t) dsdt +
0Q

]

+] ﬁB(S(F))-K— K(T (s(r),1))- 2T &Y

j— P(S(F),t)} drdt+ ST(K’(T))ZdT

or on

£>0, B(s()=0, 1u(s,t) =0 - are given weight parameters
Y(s,t) -the given temperature field
P(s(I'),t) - the given heat flux at the boundary of the domain

The optimal control problems were solved numerically.

The cost functional was minimized using the gradient methods.
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The temperature interval [a,b] is defined as the set of

values of the given functions ~ W,(s), w_(s,t)

The interval [a, 0] is partitioned by the points Ty =a, T}, T5,...,T,, =b
into M parts.

The function K(T) is approximated by a continuous

. L . . . ~ M
piecewise linear functions with the nodes at the points {(Tm, km) }m=0

K - -
K(T)=k, + . rn(T ~-T), T <T<T., k,=K(,)
Tm+1 Tm
N If id: N " = —
onunll orm gri {Xn }n:O h” =X ,—X.
{ Yi }i:O hiy = Y1 7Y { Z }ll_:o h|Z =L — 4

{tj}jzo Tj :tj+1_tj
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A major part of the algorithm is the solution of the direct

problem (determination the temperature field).

The approximation of the conjugate problem is uniquely
determined by the choice of the direct problem
approximation.

r, T T4 . . . .
o * ¢ In one-dimensional case the direct problem is

approximated by an implicit scheme with weights.

The FAD also construct an implicit scheme with
| . . weights. It is necessary to organize an iterative
/L A process to solve adjoint problem.

To approximate a direct problem in multidimensional case
we propose one of variant of scheme of alternating
directions.

In this case, no iterative process is required to solve the
conjugate equations.
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The methods of alternating directions were

considered the most effective for solving three-

dimensional problems of thermal conductivity:

Locally-one-dimensional schemes, the Douglas-
Reckford scheme, and the Pisman-Reckford

scheme

When comparing schemes, the accuracy of the

resulting solution and calculation time were taken

INto account.
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The heat balance equation in the cell

tJ+1
[MIExy. 20 -E(x y,z,t)]dV = [ fK(T)T,dS dt
Vil t Shil
Vi, - the volume of the cell S -thesurface of V,

E(X, Y, Z,1)- the density of the heat content
-rnn

She

- the average temperature in the cell at the time t .

- the part of S; that belongs to the plane x=X_,

nil -

Cnll anl TanJrl o Tnfl tt_[ {g‘;{( K (T ) aa-rj de — SJ;J;( K (T ) j deZ +
H[K(T)j dxdz - ﬂ(K(T)j dxdz+ﬁ(}<mj dxdy —
Snil Y=Yn:1 S S =70,

ICu

dxdy}dt

7=7,



A

AyTniI (t) — |:

AzTniI (t) — |:

. Tn+1,i| (t) o Tnil (t)

heat flux: (K(T)a-rj _ KT () + KTy (1)
OX )ys B 2

Notations

KT (D) + KTy (t)) o () -Tu )
2 h,

_ K(Tn,il (t)) + K(Tn—l,il (t)) ) Tnil (t) _Tn—l,il (t):| ) S_yz
2 h;(_l il

xTniI (t) - |:

K (T, i1, (1) + K (T (1)) s (t) = Tt (1) B
2 h?

Kﬁwa»+Kﬂmua»Tmm_njum]sm
- 2 hiy_l nl
K (Tni,l+1 (t)) +K (Tnil (t)) . Tni,l+1 (t) _Tnil (t) _
2 h,Z
B K (T (1)) + K(Tni,l—l (1)) . To (©) —Thii1 (t)
2 4

.S

ni

hy

e e,

S,
ni 2

2



v A

tj+1

'Vnil ) (T j+1 nll) — I[AxTnll (t) + AyTnll (t) + AzTnll (t)}jt

nil
tJ

C

nil
1

1 2 . . . .
T 1 T3 th+71/3 th+271/3

nil nil

To simplify the notation for the difference schemes, we introduce

AIO (T

K(Tn+1 |I)+ K(Tnll) Tn+1 il Tnjll K(Tnf)l) + K(T pl |I) Tnll Tnj—l,il ) S_yz
n 2 hX 2 h*, !

Similar notations are introduced in the directions X
andy.
When comparing schemes, the accuracy of the resulting

solution and calculation time were taken into account.



The local one-dimensional scheme

X - direction V_.C (T Iy _ T o+t
nil ~nil \ " nil nil/7 _ AP 3
i =A (Tnil )
11 /3 x
2 ot ,
y - direction Vit Coit (T ° =Tt °) R
’Cj/3 :Ay(TniI )
: j+2
z - direction Vit Cai TrJ}JiI;;_TniI °) _ A (T it
T

(n=LN-1 i=11-1 I=1L-1 j=0,J-1)
1) p=)+1/3, q=)+2/3, r=j+1

2) p=]J, g=]+1/3, r=)+2/3



The Douglas-Reckford scheme

X - direction o1 j | 1
n|I nil (-chnlj| _Tml 3(Tn|l 3) + AJ (Tnll) + AJ (Tnll
y - direction e, 2. .2
VoirCoit (Toit ® =Tt ) _ \vg ]
nil >~ nil Tj nil = Ay 3(Tn” 3) AJ (Tnll
Z - direction . +2
Coo (T =To19)
n|I nil fﬁlcl|J AJ+1(TJ ) AJ (Tnll
(n=LN-1 i=L11-1 I=1L-1 j=0,J-1)



The Pisman-Reckford scheme

X - direction L
V. Co (T 3 —TJ T .
il =nil jml ol — AJ (Tnil 3) + AJ (Tnjll) + AJ (TnJiI
t' /3 X y :
y - direction L |
V.Co (T8 —T13) ot 2 gt
nil >~ nil n_|I nil :AJ (Tnil 3) —I—AJ (Tnil 3) —I—AJ (Tnil 3)
11 /3 x Y :
Z - direction B
V.. C (T T J.+3) . j+2 . j+2 . :
e 1‘.?”/3 = AJX (Toir ) + AJy (Tt °) + AJZ (T4

(h=LN-1 i=11-1 I=1L-1 j=0,d-1)
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ANALYSIS OF THE OBTAINED RESULTS

The eciency of a particular scheme depends
strongly on the dynamics of the temperature field.

The Pisman-Reckford scheme is conditionally stable, which
requires the use of a much smaller step in time than the other
schemes.

It iIs advisable to use it In cases where calculations are

performed on relatively rough spatial grids (20-50 nodes in each
direction).

It is reasonable to solve the variational problem on the
basis of a locally one-dimensional scheme.
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THE GRADIENT OF FUNCTIONAL IN CONTINUOUS CASE
(One-dimensional Simple Case)

Let: a= min{min Wo(X), min w;(t), min Wz(t)}
) xe[0,L] t<[0,0] te[0,0]

b = max {max Wy (X), max w;(t), max wz(t)}
xe[0,L] t<[0,0] t<[0,0]

T(x,t) e C*(Q)nC*(Q) E(x,t)=C(x) -T(x,t)
= {K(z) . K(z) € CY([a,b]), K(2) >0, z € [a, b]} - the class of the

_ feasible control functions
The Lagrange functional:

-

o(K (T)) +(ﬁ< o(x,t) aEa(tT)—aaX(K(T)aT;’;’t)j L d x dt

. — - J

p(xt) e CZ(Q) N Cl((j) - an arbitrary function
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The adjoint problem

£ (7 00)- “E 4 K )-SR = 2u0)- (T () - V(D)

ot
(x,t) €Q,
p(x,®) =0, (0<x<L),
p(0,t) = +2B - (¥(0,t) — P,(t)), (0<t<0)
p(L,t) =—2B-(¥(L,t) =P, (t)), (0<t<0O)

oT (x,t)

P(x,t) =—K(T(x,t))- ~
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THE GRADIENT OF FUNCTIONAL

Vi (K(T))(_): M(T), T e[a,b]
&Flin(n)
M(n):z (5" |:a p(x| (ﬁ;;]x),t. (g’n))Slgn(_J|(§’n))atlé§én)j|dg1
g m) |
Q:UQh QNQ;=T, 1#]

xEm) AENW|  x=x(EM)  t=tEmn)

0 0
HEW= o (én) ot (E.%n) n = const -the isolines of the field

on on of temperature

¢ = const - the lines orthogonal to
n = const

(nﬂ?i, ng?n) - the interval of variation of the isothrems in Qi

(§$In)| (n),n), (Q(F',)n (n), n)-the coordinat_es of the endpoints_ of the isotherm
N =Const (nﬁl'n)l ’n(F'i)n) contained in Q.



Fast Automatic Differentiation

Technique gives the exact components of the

functional gradient for the discrete optimal control
problem

Let a continuously differentiable scalar function be given

W(z,u), wherez=1z(u)
Let a continuously differentiable vector function 6(2, u)

define a mapping
®:R"xR" > R"

®(z,u)=0

(zeR",ueR",0, —isthe n-dimensional null vector)

The function Q(u):W(z(u),u) is a complex function
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he calculation of complex function may be
represented as some multi-step process:
z =F(i,Z,U), 1<i<n 1)
Z; —1s the set of all components of z;, that are on the right - hand side of (1)
U; —is the set of all components of u;, that are on the right - hand side of (1)

Then the gradient of a complex function ~ €(u) =W (z(u),u)
with respect to independent variables U is determined by

the relation
dQ/du, =W, (z,u) + ZKF‘“ (a,Z,,U,)p,
qeK;
Multipliers Pj € R"™  are determined from the following system
of linear algebraic equations (discrete conjugate problem):

pi :Wzi (Z,U) + Z in (q’Zq’Uq)pq
9eQ;

Q=1{j:l<j<n, zeZ| Ki=1j:1<j<n, ueU,|



First variational problem (“Field” functional )

It is required to find such a dependence of the thermal
conductivity coefficient on temperature at which the temperature
field obtained as a result of solving the direct problem differs little
from the temperature field obtained experimentally.

The cost functional : (B(s(I))=0, £=0)
®

D(K(T))=[[u(s,t)-[T(s,t) =Y (s,t)["dsdt s=(xy,2)
0Q

The cost functional was approximated by a function
F — F(ko, kl""’ kN )
of the finite number of variables using the method of the rectangles:

L-11-1N-1

(D(K(T))% iZZ Z((Tnll njil)2 °Hnllh hyh )

Jj=11=11=1 n=1
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THE DISCRETE DIRECT PROBLEM (canonical form)

X — dlrectlon
i+ 1 1 1 1 1 1 1
T - _TJ + a‘n|I[K(Tnﬂll)-l-nﬂll + K(Tnll 3)Tn+1ll K(Tn+1|I)Tn|I K(Tnll 3)Tnll j

nil nil
1 .1
I+

1 1 1 1 1 1 1
ml[K(Tn 1|I)Tn -1, + K(Tnll 3)Tn -1, K(Tn 1|I)Tn|I K(Tnll 3)Tml ) LIJnil ’

y —direction
j+2 1

Ta3=T,%+c

nil nil

2 2 2 2 2 2 2 2
K(Tn |+1I)Tn i+1,1 + K(Tnll 3)Tn i+1, K(Tn |+1I)Tn|I K(Tnll 3)Tnll J

2
i+

2 2 2 2 2 2 2
nll{K(Tnl1I)Tn|1I+K(Tn|I3)T :i o (nlll)Tnll K(Tnl|3)TnI| }qunil3

z —direction
.2
T j+1 —TJ 3 +en|| (K(T j+1 T j+1 + K(T J+1)-|- j+1 K(T j+1 T j+1 K(T J+1)-|- j+1)

nil ni,l+1 ni,l+1 nil ni,l+1 ni,l+1 nil nil nil

A (KT + KT KL TE - KT TS = v

nil nil nil nil nil
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Discrete conjugate problem

Notations:

Dy = dr(T) (T) = l—<~m - k~m_l
dT T.-T. .
K(Tn{I)Tngl): DI T
d-l-j nil " nil

nil

. (T, <T<T)

Anjn:d( + K (T,

nil

Initial conditions for conjugate variables: (] =J)
Z —direction
p|‘1]il — [enil (Dr\]JiITn\i],I-i-l o K(Tn\i],|+l) o Ar;]il )+ fnil (Dr‘IJiITn‘iJ,I—l o K (Tn\iJ,I—l) o Ar;]il )]pr\ill o
oF
oT?

nil

o eni,l—l(D;ilTn?,l—l -K (Tn\i],l—l) _ Ar;]il )pr\lji,l—l o fni,I+1(Dr‘lJiI-|-n\i],I+1 -K (Tn\i],l+1) o Ar;]il )pr\lji,l+1 +

(n=LN-1 i=11-1 I=1L-1)
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—direction
j+g i1 j+g j+g j+g j+g j+E j+E j+g j+g j+g
Poi® = P +| Cair| Dot *Toid) = K(Moid)) —Au® [+ dui| Do ® Tl —K(T3) = Ai® || Pa® —
o i+ R i+ +2 i) e
—Coicat| Do *Toidy = K(Toi2)) = Au® [Poict —Aoias| Do *Toidy — K(Toid) — Au® [P
(n=L,N-1 1i=11-1 I=1L-1 j=J-10)

X —direction

[T o et jr jort i gt o )| e
P’ = Pt +| Q4 [Dnil T —K(T5) — As 3}"‘ Bitl Duir Tt = K(Toa5) = A ® | P ® —
j+} j+} j+= '+1 j+} j+1 j+£ j+1 j+1>< j+1
o an—l,il (Dnil 3Tn—1,:?l -K (Tn—1,3i| ) - Anil 3} pn—ls,)il - bn+1,i| Dnil 3Tn+1,?l -K (Tn+1,3i| ) - Anil ° pn+13il
(n=L,N-1, i=11-1

I=1L-1 j=J-10)
1 Z —direction
: j+= : : , , : , : : :
Pai = Prit® + [enil (DrfiITn{,Hl - K(Tn{,l+1) - A )"‘ foi (DrfiITn{,l—l - K(Tn{,l—l) — A )]pr{il -
o | N\ o _ N\ OF
- eni,l—l(DnJiITn{,I—l —K (T 2) - Al )pr:i,l—l - fni,l+1(DrfiITn{,l+1 - KT .)— A% )pr:i,l+1 +
(N=LN-1 i=11-1

ni,1+1 a-l-ngl
1=1L-1 j=J-11)
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Formula for calculation the gradient of
the cost function

1 2

g+— g+—

oF 2 L LN OK(TO)) 321 1 nN|_ g+l OK(T . 2) g+2 OK (T 3)
— X4 rgs + X 3 rgs +X 38 rgs
ok, ZZZZ( w ok, ) ERAGS Tk, ok,

m=0,M
M: _-I:EI{ _-Em—l. oK (Tml) T _Tm_]_ . -rm—l ST S-rm
akm—l Tm _Tm—l | akm -rm _-r ’

(m=1...,M)

X?CIS ( rgs (Trq s+l rqs) + frqS (TFCI s-1 ngs))pgqs +

rq S— 1(Trqs rq S— 1) prq S— 1 rq s+1(Trqs rq, s+1) prq s+1
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1

X0 = A (T3 =T 3)+ 0 (T % —T. %) [P +
rgs o rqs r+1 qs rgs rgs r-1,qs rgs prqs
1
g+ 3 b T g+
r -1,gs (Trqs r 1qs) pr -1,9s + r+1 qs( rqs r+1 qs) pr+1qs

rgs r,q+1, rgs rgs

213 _ 92 +: g+ o+ o+
XS = G (T —Tor ) 4 (T3 T ®) [ Prn? +

2
9 - g+
3
rq 1s(Trqs q-1,s )prq 1s+drq+1s(Trqs rq+1s)prq+ls

Note, that the gradient of the cost function calculated
using this formula is exact for the chosen
approximation of the optimal control problem.
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Second variational problem  (‘Flux” functional )
n(x,y,z,t)=0

oT (s,1)
on

®(K(T))=(§J§£B(S(F))-K— K(T (s(I),1))- j— P(s(r),t)} dr dt

sel’

Find a dependence of K(T) on temperature for which the heat
fluxes on the boundary of the object obtained by solving the

direct problem differ little from experimental measurements.

The cost functional was approximated by a function
F — F(ko, kl""’ kN )

of the finite number of variables using the method of the rectangles.
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CD(K(T))E F = %[E:Zi (Bon (Hojn Py )2 +Bi (_ H % — P )2 ) hh' +
+IL211:IZ:11 (BnOI Hnj0| o Pn{)I )2 +Bn|l(_ nII nll) ) h hz
+ N_ll_l ( n.o(H njiO - I:)n{-o )2 +ﬁniL(_ HnjiL - Pn{L )2 )\?hiy}r

Through Hg, ,—Hu , H), ,—HJ, , H) and —HJ denote
the heat fluxes calculated on the faces of the
parallelepiped.

For example

Hoj_I _ K(Tlijl) + K(To€|) .Tlijl _TO{I j K(TN|I)+ K(TN 1||) TNn TNj—l,iI

2 hy . 2 he,



The discrete adjoint problem, which is automatically obtained
by applying the FAD technigue, coincides with that presented
for first variational problem, but the formulas for computing

the derivatives oF /0T are calculated using other formulas.

For example:
oF
6Tn{,_ n=2N-2, i=21-2 1=21-2
OF =i o i N )
7= AlK T =T )= (K () + K (T))] TTo1 =101
oil
OF  ~i T, i\ | | | . )
ot = Al-IK (Tlij')(TliJ' —Toi )+(K(TO{I)+ K(T1ij|))] 1=2,1-1 I=2L-1
1il
a-r@IJ: - gIIJ .[K,(TNj—l,il)(TNjil _TNj—lll) (K(T ||)+ K(Ty 1||)): 1=11-2, 1=1L-2
N-1,il
OF | -
oTi [K (Ty .|)(TNJ.| TNJ—1||) (K(T 1)+ K(T! 1")) i=11-1 1=1L-1
Nil
xi_ Bah'h ' =i _ By hhit( j
A\IJ = hx (H OJ|I P0I| ) B hx_1 (H Nil I:)|\||| )
0
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Formula for calculation the gradient of the
cost function

2
Lo KT e wn| odok@TYT) 2okl
:ZZ ZZ(X,%S ( rqs)J_i_ Z ZZ Xg ( rgs ) X?qs3 ( rgs ) +

g=0 r=0 g=0s=0 akm akm

+i{fll[ oF oF oF oF j

- 8K(Tofl) aK(Tlljl) aK(TN 1II) 8K(T ll)
Nl{ oF oF oF oF J

22 N j
I=1 n=1 oK (TnOI) oK (Tnll) oK (Tn,l—l,l) oK (Tnll)
N Nz—lg oF oF oF oF
n=1i=1{ OK (TnIO) oK (Tnll) oK (Tnl L 1) oK (TnlL (m B O’ M )
X9 X9 x9+2i3 _ are calculated using the same formulas
R A as in the first variational problem
oF oOF = oF oF ~ o
= A1 ( 1l — o.|) = BiIJ(TNJiI _TNJ—l,iI)

aK(TO{I) B 8K(T1IJ|) oK (Ty n) 8K(T 1")
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Necessary conditions for non-uniqueness of
solution of the inverse problem

Let  Y(x,t)eC.;(G)nC'(G)
be a solution of the direct problem (1)—(3)
for two admissible thermal conductivities

K,T)eC'([a,b]) and K,(TM)eC'(ab]) T e[ab]
Then the following assertions are true:

(a) There exists a function R(T)<C([a,b]) such that
ALY (x,1) =R(Y(x,1)-| V.Y (x,t)]’

(b) For such a function Y (x,t)
the inverse problem has infinitely many solutions K(T)



The gradient of the cost functional is distributed over
temperature strongly nonuniformly, which noticeably
deteriorates the convergence of the iterative
process.

This difficulty in solving the problem can be
effectively overcome by applying an approach based
on a sequential increase in the number M of
partitions of the interval [a,b].

It is desirable to begin the process with M=1. After
an optimal solution has been obtained, it is used as
an initial approximation for the variant with M=2. The
optimal solution found for M=2 Is used as an

initial approximation for M=4, etc.
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Analyze of the distribution of experimental
data

It Is concluded that the thermal conductivity Is
more effectively determined in the temperature
range, which corresponds to a larger number of
experimental data.

If it IS Important to determine the thermal
conductivity in a particular temperature interval,
then the experimental data in which the
temperature belongs to the desired interval
should be used.
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Two criteria were used to evaluate the
accuracy of the obtained numerical solutions

of the inverse problem:

K -K(T) 1 \/i(Kopt(fm)—K(fm))z
TR K KNS M

K (T ) —the values of the analytical

thermal conductivity coecient
Kopt (T.) —the obtained values of the optimal control

M _
> K(T,)
M +1

*

— characteristic value
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RESULTS OF NUMERICAL CALCULATIONS

The traces of the function  A(X, Y, Z,t)

were chosen as the initial function Wo(X: ¥:2) and as the boundary
function ~ W.(X,Y,z,t) on the parabolic boundary of the domain

Qx(0,0)=(01)x(0,1)x(0,1)x(0,1). C(s)=1
Experimental data:

“Field” functional B(s(I"))=0

The temperature field obtained as a result of solving a direct
problem with a given thermal conductivity coefficient

“Flux” functional u(x,y,z,t)=0

The "experimental” heat flux on the surface of the parallelepiped was
determined by the temperature field obtained as a result of solving a direct
problem with a given thermal conductivity coefficient.
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he first series of computations
AX, Y,2,t)=x+y+z2+3t+0.5 (1)

(1) is a solution of the direct problem for C(s) =1, K(T)=T.
a=05 b=6.>5
Experimental data: Yy = A(X,, Y, 2, t') =X, +y; +2, +3t' +0.5

A(X,Y,z,t) - alinear combination of spatial coordinates and time
Therefore, the inverse problem may have a non-unique solution.

04 4 W(T)

Distribution of experimental | ., |
data

0,2

0,1 4

0 1 T T T I T I 1 T
0 1 2 3 4 5 6 7
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‘ In order to identify the only solution

Kini(T)=9.0—opt _1 of the inverse problem, it is
(T)=7.0-opt_2 proposed to additionally set the point
S at which the desired thermal
Kini(T)=4.5-0pt_3 conductivity coefficient is known.
. K(T) opt_1 12 -
. opt_2 10 -
opt_3 8 -
§ - 3
6 61
1 K(T)=T
4 - -
2 - 21
0 ! 0 T
0 2 4 6 0

Kopt (T) =T + Const
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The second series of computations

X*+y°+12°
O -8t (2)

The traces of the function  A(X,y,z,t) = \/

were chosen as the initial function Wo (X, ¥:Z) and as the boundary
function ~ W.(X,Y,Z,t) on the parabolic boundary of the domain

Qx(0,0)=(0,1)x(0,1)x(0,1)x(0,1).

A(X,Y,2,t) is asolution of the direct problem for C(s) =1, K(T)=T 2
a=00 b=1.732

Xr? + Yiz + Z|2
0 -8t

Experimental data: Yngl = A(X., yi’zl,tj) :\/
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Distribution of experimental data on [0.0, 1.732]

3

M = 64 o
N=I=L=25 a

0

0 0,5 1 1,5

There is very little "experimental” data at the right end of the
temperature interval at T>1.624.

The thermal conductivity coefficient is identified only on the temperature
Interval [0.0, 1.624].

The trace of the selected initial approximation is saved on the segment
[1.624, 1.732].



S
N=I1=L=25 J=1000 (Kii (T) =5.0)

K(T)

M =64 .

On the temperature interval [0.0, 1.624]
g, =1.6252.10° ¢, =8.4366-10"



"
The third series of computations

The traces of the function 3

A(X’y’z’t):1.8-(5—x—y—z—1.8t) )

were chosen as the initial function Wo (X, ¥, Z) and as the boundary
function ~ W.(X,Y,Z,t) on the parabolic boundary of the domain

Qx(0,0)=(0,1)x(0,1)x(0,1)x(0,1).

— |~

A(X,Y,2,1) is a solution of the direct problem for C(s) =1, K(T)=
a=0.333 b=8.333

J

- 3
Experimental data: Yt =1 (Xq1 Yis Z,t') =

1.85—-x -y, —z -1.8t))

A(X,Y,z,t) - alinear combination of spatial coordinates and time

Therefore, the inverse problem may have a non-unique solution.



S |

M =80 T W

Distribution of experimental a

data on [0.333, 8.333] "
0 | " X - 8 -
171 wW(T)*100

Distribution of experimental 04

data on [2.0, 8.333] 02
0 T

There is very little "experimental" data at the right end of the
temperature interval at T>6.

The thermal conductivity coefficient is identified only on the temperature interval
[0.333, 6.0].

The trace of the selected initial approximation is saved on the segment [6.0, 8.333].



\-.T_

he inverse problem has infinitely many solutions

1 Const
Kopt(T):T+ T2

1. we dont keep the point

N=I1=L=25
J =100

We set the point at which the

" thermal conductivity
coefficient is known

(0.333,1/0.333)

M =80

K(T)

1/T

—KMyT
---8
e 16

- —ini




"
Flux functional ~ p(X,y,t)=0, B(s(I))>0

The "experimental” heat flux on the surface of the parallelepiped was
determined by the temperature field obtained as a result of solving a direct
problem with a given thermal conductivity coefficient.

K(T) The proposed algorithm

| leads to the same optimal
solution regardless of which
function is chosen as the
Initial approximation.

On the temperature
interval [0.333, 6.0]

0

g, = 3.5506-10"
g, =1.5300-10"

0 2 4 6 8
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The fourth series of computations

The traces of the function

A(X,Y,z,1) :\/

9.(x+1)° +20y* +25z2° (4)
0 -8t

were chosen as the initial function Wo (X, ¥, Z) and as the boundary

function ~ W.(X,Y,z,t) on the parabolic boundary of the domain

Qx(0,0)=(0,1)x(0,1)x(0,1)x(0,2).

As the experimental field Y (x; y; z; t) was chosen the
temperature field, which was obtained as a result of solving the
direct problem at C(s) = 1 and with the thermal conductivity
coecient K(T) = k(T), where the function k(T) is determined by

the equality:
K(T) :{O.lo(T -3)-(T-6)-(T-7)+34, T2=>3,

1.2-(T -3)+3.4, T <3.
a=1.0 b=9.0
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Distribution of experimental data on [1.0, 9.0]

0,6

W(T)
M = 64
N=l=L=25 |
J _ 25 0,2 -
] T

0 2 4 6 8 10

There is very little "experimental" data at the right
end of the temperature interval at T>8.0.

The trace of the selected initial approximation is saved on the
segment [8.0, 9.0].
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‘ Field functional B(s(I'))=0
1. u(xvy,zt)=1

The control functions at dierent stages of the iterative process

10
K(T)
_ 8 -
Kini (T) - 25
—Kk(T)
6 1 —M=2
g ., - M=1
4 = an N S M=4
7 / o M=8§
() | T
0 2 4 6 8 10

On the temperature interval [1.0, 8.0]

g, =7.2876-10° ¢, =1.5006-10"



nil —

2 {1, x[n]+ y[il+ z[1]+ t[j] = 3.5

O, 6 OCMAa/JIbHblX MOYKAX.

Distribution of experimental data on [1.0, 9.0]

0,6

W(T)

04 -

0,2

0 ] I I I 1 T
0 2 4 6 8 10

Here most of the "experimental" data is concentrated on the
interval [4.0, 9.0]. However, there are practically no
“experimental” data at T <4.0.



S
The control functions

at different stages of
the iterative process

On the temperature interval
[4.0, 9.0]

g, =3.6520-10°

g, =1.1316-10"

K(T)

10

—k(T)

0

| K(T)

0

10

—K(T)
~-M=32




3 I _ L ni1,1=37111519,23 (216 "control" points
o Hain = 0 in other cases. in the functional)

Distribution of experimental data on [1.0, 9.0] and the
convergence process are the same as in the first case

g, =8.8594-10° g, =1.6499-10°

. 1 13,
4, Hrjm :{

0, In other cases.

Distribution of experimental data on [1.0, 9.0] and the
convergence process are the same as in the first case

g, =3.6477-107 g, =6.7738-10"
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A task of special interest is to compare the thermal conductivity

coefficients obtained In two different formulations of the

identification problem, namely, “field” functional and “flux”
functional.

The solution of the problem may be nonunique in the former
case, whereas an analysis of numerous problems in the latter
case has never revealed the nonuniqueness of the solution.

An additional argument for using the flux functional in

determining the thermal conductivity is that the heat flux on the

boundary of the object is easier to measure than the
temperature in the object.
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Stability of the solutions

1) The proposed algorithm has demonstrated its stability:
Small deviations in the experimental data (~10%) lead to errors
in the solution of the same order (~2-5%) ( £¢=0).

2) To reduce oscillations in the solution of the inverse problem in the case
when the perturbations in the input data are not small (20 - 30%), it
Is advisable to use smoothing term in the cost functional € > 0.

3) If the perturbations in the input data are not small, then you can achieve
the smoothing solution by choosing a small number £/ of partitions of
the interval [a, b].

4) For the efficient work of the proposed algorithm it is advisable to solve
the inverse problem beginning from small values of M . The obtained
solution is used as the initial approximation for larger values of |\ .



S

Thank you
for your attention !
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