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The inverse problem of determining the 
thermal conductivity coefficient of 
substance depending on the temperature is 
examined and investigated.

The consideration is based on the first 
boundary value problem for the non-
stationary heat equation.

The inverse coefficient problem is reduced 
to a variational problem and is solved 
numerically using the Fast Automatic 
Differentiation technique.



- the Cartesian coordinates of the point
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coordinates      at the time
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Formulation of the Problem



Find the dependence          on under which the temperature field
, obtained by solving the mixed problem, is close to the field
,obtained experimentally, and the heat flux on the boundary

of the domain is close to the experimentally data

- are given weight parameters
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The optimal control problems were solved numerically.

The cost functional was minimized using the gradient methods.

The optimal control problem :
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In one-dimensional case the direct problem is 
approximated by an implicit scheme with weights.

The FAD also construct an implicit scheme with 
weights. It is necessary to organize an iterative 
process to solve adjoint problem.

To approximate a direct problem in multidimensional case 
we propose one of variant of scheme of alternating 
directions. 
In this case, no iterative process is required to solve the 
conjugate equations.

A major part of the algorithm is the solution of the direct 
problem (determination the temperature field).
The approximation of the conjugate problem is uniquely 
determined by the choice of the direct problem 
approximation.



The methods of alternating directions were 

considered the most effective for solving three-

dimensional problems of thermal conductivity:

Locally-one-dimensional schemes, the Douglas-

Reckford scheme, and the Pisman-Reckford 

scheme

When comparing schemes, the accuracy of the 

resulting solution and calculation time were taken 

into account.



The heat balance equation in the cell
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),,,( tzyxE - the density of the heat content
j

nilT - the average temperature in the cell at the time  
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Notations
:
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To simplify the notation for the difference schemes, we introduce

When comparing schemes, the accuracy of the resulting 

solution and calculation time were taken into account. 
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x - direction

y - direction

z - direction

The local one-dimensional scheme
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The Douglas-Reckford scheme
x - direction

y - direction

z - direction
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The Pisman-Reckford scheme
x - direction

y - direction

z - direction
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The eciency of a particular scheme depends 
strongly on the dynamics of the temperature field.

The Pisman-Reckford scheme is conditionally stable, which 
requires the use of a much smaller step in time than the other 
schemes. 

It is advisable to use it in cases where calculations are 
performed on relatively rough spatial grids (20-50 nodes in each 
direction). 

It is reasonable to solve the variational problem on the 
basis of a locally one-dimensional scheme.

ANALYSIS OF THE OBTAINED RESULTS



THE GRADIENT OF FUNCTIONAL IN CONTINUOUS CASE
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The adjoint problem
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THE GRADIENT OF FUNCTIONAL
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Fast Automatic Differentiation
Technique gives the exact components of the
functional gradient for the discrete optimal control
problem

Let a continuously differentiable vector function
define a mapping
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The calculation of complex function may be 
represented as some multi-step process:
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First variational problem
It is required to find such a dependence of the thermal 
conductivity coefficient on temperature at which the temperature 
field obtained as a result of solving the direct problem differs little 
from the temperature field obtained experimentally.
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THE DISCRETE DIRECT PROBLEM  (canonical form)
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Discrete conjugate problem
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Formula for calculation the gradient of 
the cost function
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Note, that the gradient of the cost function calculated 
using this formula is exact for the chosen 
approximation of the optimal control problem.
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Second variational problem
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Find a dependence of K(T) on temperature for which the heat 
fluxes on the boundary of the object obtained by solving the 
direct problem differ little from experimental measurements.
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The discrete adjoint problem, which is automatically obtained 
by applying the FAD technique, coincides with that presented
for first variational problem, but the formulas for computing 
the derivatives are calculated using other formulas.
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Formula for calculation the gradient of the 
cost function    
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are calculated using the same formulas 
as in the first variational problem



Necessary conditions for non-uniqueness of 
solution of the inverse problem
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Let 
be a solution of the direct problem (1)–(3) 
for two admissible thermal conductivities

and , 
Then the following assertions are true:

(a) There exists a function such that

(b) For such a function
the inverse problem has infinitely many solutions



The gradient of the cost functional is distributed over 
temperature strongly nonuniformly, which noticeably 
deteriorates the convergence of the iterative 
process.

This difficulty in solving the problem can be 
effectively overcome by applying an approach based 
on a sequential increase in the number M of 
partitions of the interval [a,b].

It is desirable to begin the process with M=1. After 
an optimal solution has been obtained, it is used as
an initial approximation for the variant with M=2. The 
optimal solution found for M=2 is used as an
initial approximation for M=4, etc.



Analyze of the distribution of experimental 
data

It is concluded that the thermal conductivity is
more effectively determined in the temperature 
range, which corresponds to a larger number of 
experimental data. 

If it is important to determine the thermal
conductivity in a particular temperature interval, 
then the experimental data in which the 
temperature belongs to the desired interval 
should be used.



Two criteria were used to evaluate the 
accuracy of the obtained numerical solutions 
of the inverse problem:
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RESULTS OF NUMERICAL CALCULATIONS
The traces of the function ),,,( tzyxΛ
were chosen as the initial function and as the boundary 
function on the parabolic boundary of the domain

),,(0 zyxw
),,,( tzyxwΓ

.)1,0()1,0()1,0()1,0(),0( ×××=Θ×Q

Experimental data:

The "experimental" heat flux on the surface of the parallelepiped was 
determined by the temperature field obtained as a result of solving a direct 
problem with a given thermal conductivity coefficient.

( ) 0)( =Γβ s“Field” functional

0),,,( ≡µ tzyx“Flux” functional

The temperature field obtained as a result of solving a direct 
problem with a given thermal conductivity coefficient

1)( =sC



The first series of computations

is a solution of the direct problem for ,1)( =sC .)( TTK =

0.5=a .56=b
Experimental data: 5.03),,( , ++++=Λ= j

lin
j

lin
j

nil tzyxtzyxY

),,,( tzyxΛ
Therefore, the inverse problem may have a non-unique solution.

- a linear combination of spatial coordinates and time

5.03),,,( ++++=Λ tzyxtzyx )1(

)1(

Distribution of experimental
data



1_0.9)( optTKini −=

2_0.7)( optTKini −=

3_5.4)( optTKini −=

In order to identify the only solution 
of the inverse problem, it is 
proposed to additionally set the point 
at which the desired thermal 
conductivity coefficient is known.

13
1 105.1 −⋅=εConstTTKopt +=)(



The second series of computations

The traces of the function

were chosen as the initial function and as the boundary 
function on the parabolic boundary of the domain

),,(0 zyxw
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),,,( tzyxΛ is a solution of the direct problem for ,1)( =sC

Experimental data:
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Distribution of experimental data on [0.0, 1.732]

There is very little "experimental" data at the right end of the 
temperature interval at T>1.624.

64=M

The thermal conductivity coefficient is identified only on the temperature 
interval [0.0, 1.624].

The trace of the selected initial approximation is saved on the segment 
[1.624, 1.732].

25=== LIN



)0.5)(( ≡TKini25=== LIN 1000=J

-3
1 101.6252 ⋅=ε -4

2 108.4366 ⋅=ε

64=M

On the temperature interval [0.0, 1.624]



The third series of computations
The traces of the function

were chosen as the initial function and as the boundary 
function on the parabolic boundary of the domain
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),,,( tzyxΛ is a solution of the direct problem for ,1)( =sC

Experimental data:

0.333=a .3338=b
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Therefore, the inverse problem may have a non-unique solution.

- a linear combination of spatial coordinates and time
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Distribution of experimental 
data on [0.333, 8.333]

Distribution of experimental 
data on [2.0, 8.333]

There is very little "experimental" data at the right end of the 
temperature interval at T>6.

The thermal conductivity coefficient is identified only on the temperature interval 
[0.333, 6.0].

The trace of the selected initial approximation is saved on the segment [6.0, 8.333].

80=M



.1

We set the point at which the 
thermal conductivity 
coefficient is known

2
1)(

T
Const

T
TKopt +=

The inverse problem has infinitely many solutions

We don't keep the point

.2

( )333.0/1,333.0

25=== LIN

100=J

80=M



The "experimental" heat flux on the surface of the parallelepiped was 
determined by the temperature field obtained as a result of solving a direct 
problem with a given thermal conductivity coefficient.

( ) 0)(,0),,( >Γβ=µ styxFlux functional

On the temperature 
interval [0.333, 6.0]

-4
1 10.55063 ⋅=ε

-4
2 10.53001 ⋅=ε

The proposed algorithm 
leads to the same optimal 
solution regardless of which 
function is chosen as the 
initial approximation.



The fourth series of computations
The traces of the function

were chosen as the initial function and as the boundary 
function on the parabolic boundary of the domain
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As the experimental field Y (x; y; z; t) was chosen the 
temperature field, which was obtained as a result of solving the 
direct problem at C(s) = 1 and with the thermal conductivity
coecient K(T) = k(T), where the function k(T) is determined by 
the equality:
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Distribution of experimental data on [1.0, 9.0]

There is very little "experimental" data at the right 
end of the temperature interval at T>8.0.

The trace of the selected initial approximation is saved on the 
segment [8.0, 9.0].
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1),,,(.1 ≡µ tzyx

-6
1 107.2876 ⋅=ε -6

2 105006.1 ⋅=ε

On the temperature interval [1.0, 8.0]

5.2)( =TKini

The control functions at dierent stages of the iterative process

( ) 0)( =Γβ sField functional
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Distribution of experimental data on [1.0, 9.0]

Here most of the "experimental" data is concentrated on the 
interval [4.0, 9.0]. However, there are practically no 
“experimental” data at T <4.0.



The control functions 
at different stages of 
the iterative process

On the temperature interval 
[4.0, 9.0]

-3
1 103.6520 ⋅=ε

-3
2 101316.1 ⋅=ε
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in the functional)
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Distribution of experimental data on [1.0, 9.0] and the 
convergence process are the same as in the first case

Distribution of experimental data on [1.0, 9.0] and the 
convergence process are the same as in the first case

-2
1 103.6477 ⋅=ε -3

2 107738.6 ⋅=ε



A task of special interest is to compare the thermal conductivity 
coefficients obtained in two different formulations of the 
identification problem, namely, “field” functional and “flux”
functional.

The solution of the problem may be nonunique in the former 
case, whereas an analysis of numerous problems in the latter 
case has never revealed the nonuniqueness of the solution.

An additional argument for using the flux functional in 
determining the thermal conductivity is that the heat flux on the 
boundary of the object is easier to measure than the 
temperature in the object.



1)The proposed algorithm has demonstrated its stability:
Small deviations in the experimental data (~10%) lead to errors 
in the solution of the same order (~2-5%) (            ) .

2) To reduce oscillations in the solution of the inverse problem in the case 
when the perturbations in the input data are not small (20 - 30%), it 
is advisable to use smoothing term in the cost functional .

3) If the perturbations in the input data are not small, then you can achieve 
the smoothing solution by choosing a small number of partitions of 
the interval [a, b].

4) For the efficient work of the proposed algorithm it is advisable to solve 
the inverse problem beginning from small values of . The obtained 
solution is used as the initial approximation for larger values of .

0=ε

0>ε

M

M
M

Stability of the solutions



Thank you
for your attention !
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