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e Convex parametric optimization
x(p) € Argmin {f(x, p): g(x,p) <0, x € X},
fXxP-R, g: XxP—=R, XCR" pe P CRY (g can be a vector-function),

(-, p) is convex, g(-, p) is convex, X and P are convex compact sets.
e First inverse problem: a point X is given, find p € P: x(p) = %.
e Second inverse problem: a set X is given, find p € P: x(p) € X.

e Third inverse problem: a point-to-set mapping p = X(p) is given, find p € P: x(p) € X(p).

e Parametric description: X(p) = {x € X : h(x, p) < 0}. (h also can be a vector-function)



- ____________________________________________________________________________________
o General statement (in the sense of A.S. Antipin). Find (x*, p*):
x* € Argmin{f(y,p*): g(y,p") < 0.y € X}, (1)
h(x*,p*) <0, p* € P. (2)
e Optimal value function: v(p) = myin{f(y7p) :g(y,p) <0,y € X}.
e Substitution of the extremal-type inclusion (1):
f(x,p) < v(p), g(x,p) <0, x € X.

e Reduced inverse problem. Find (x*, p*) :

f(x*, p*) < v(p*), g(x*,p*) <0, x* € X. 3)
h(x*,p*) <0, p* € P. (4)



e Auxiliary optimization problem:

F(x.p) = v(p) — f(x,p) = max, (5)
g(x,p) <0, x € X. (6)
h(x,p) <0, p€ P. )

o Objective function property: F(x, p) < 0 for feasible (x, p).

e Case |: feasible set in parametric problem does not depend on p: g(x,p) = 0.
v(p) = minf .
() = min (7. p)

For a given p we compute y = Arg mi)rg f(y, p) obtaining an explicit support function in p:
yeE

v(p) = f(¥,B), v(p) <f(¥:p)- (8)



e Example 1.

1
fx,p) =p** —px = min, = £(x,p)=2px—p=0 = x(p)=,
x p
1 1
e X=[-1,1 ~ —1<x(p)=—<1 = -
x [-1,1], x(p) 2 lpl = 5
peP=[-1,1].
a3
-1, —3<p<0 p’+p, —3<p<O,
xX(p)=1{ 55 3 <Ipl vip) =f(x*(p).P)=4-3.  3<lpl,
1, 0<p pPP—p, 0<p<3

e x*(0) is any point from [—1,1].
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e Example 1. Optimal value function v(p) = min f(x,p).

x€[—1,1]
f(x,p) = p°x?> — px 1+ /
_17 _% <p 0’ ///
(P)=9 25 3 <Ipl,
1, 0<p<] 7/
/
p>+p, —3<p<0
vip)=9-1. 5 <|pl
p>—p, 0<p<i
~ — 075 05 295 //
p — _075 Uiy v 2D X
f(x,p) = p?X* — pX
f(%,p) =35P*+3p
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e Example 2. Find (x*, p*):

x* € Argmin{p?x® — px : x € [-1,1]}
y
h(x*,p*) = (x* — p*)?2 <0, p* € P=[-1,1].

Optimal value function v(p) Objective function F(y, p) = v(p) — f(y, p)




e Example 2. Support at pyg = —0.75 function, yy = —%, f(yo,p) = §P> + %p.

F(x,p) = v(p) — f(x, p) < f(¥0,p) — f(x,p).

(x1, p1) = argmin{F(x,p) : h(x,p) <0, x € X,p € P} = (0.5276,0.9476).

Fie(x, p) = max (i, p) = £(x, p)

(xk, px) = arg min{ F(x, p) : ...}

yk =argmin{f(y,px) : y € Y}

If |h(xk, px)| < &: stop.

x; = 0.7071, p; = 0.7075, x* = 0.7071, p* = 0.7071



PROBLEMS WITH PARAMETERS IN CONSTRAINTS

G(p)={xeXCR":a'(p)"x—b; <0,i=1,....,m},

X — convex compact set.
Parameter p € P C RY, P — convex compact set.

Feasibility function '
w(p) = minmax{a'(p) " x — b;}.
xeX i

G(p) #0 < w(p) <0



w(p) = minmax{a’(p)"x — b;}.
xeX i

Support majorant at g € P
Z — min,

z>a(p) x—bii=1,....m
x € X.
(X, Z) — solution. '
w(p) = max{a'(p) "% — bi},
w(p) < max{a'(p)” % — bi}.

T

©ow(p, p) = max{a'(p) "% — b;} — support majorant.
1



Support minorant S, = {u e RT : 37", =1},

w(p) = minmax{a'(p) " x — bj}

= min max Z{ui[ai(p)TX — bi]} =
i=1

xeX ueS, “—

m
. 2 : i T

> min >~ {aia/(p) " — bil}.
i=1
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Support point p € P

Z — min,
z>ad(p) x—bii=1,...,m
x e X.
(X, Z) — solution,

ii;j — optimal dual variables.

m .
Yw(p, p) = mi)rg S {ii;[a'(p) " x — bj]} — support minorant.
XeX j=1
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Pon(p?) '
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Example. 4

251 + x2 < 17
—x1 — px2 < =2,
*5 SXJ §5a./: 1727

p € [-0.5,1.5].
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1.5
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W(p)v 17Z}W(p7 _05)

1.5
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W(p)7 ¢W(P» _0'5)’ ww(pa 15)
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W(p)7 @W(pa _0'5)3 SOW(p) 15)7 @W(pa 089)
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w(p), pw(p, —0.5), ow(p, 1.5), pw(p,0.89), vw(p, 1.02).
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LP optimal value function

v(p) = min{c"x: A(p)x < b,x < x < X},

p € PeRY,
ajj(p) — linear functions.
Find
v = min v(p).
v = minv(p)

Dual description

v(p) = sup min {c"x+ AT (A(p)x — b)}.
AD>0 XSXSX

p=(\%): X
v(p) = min_{c'x+ AT (A(p)x = b)} = vu(p. p).
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Example 5.

X1 + X — min,
X1,X2

px1 +xo <1,
—x1 — px2 < =2,
—5<x <5,/=12,
p €[-55,5.5].
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v(p), p € [-5.5,5.5]

-12 4

—14 4

-164
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V(p)v pE [_5'5a 5'5]7 %(P, _5'5)
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V(p)v pE [_5'57 55]7 l/)v(f% _5'5)7 wv(pa 55)
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V(p)7 pe [_55a 55]7 2l)v(pv _55)7 Q;[)V(pv 55)
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V(p)7 pE [_55’ 55]7 djv(pa _55)7 djv(pa 55)a le(p, _13)

/ -12.4
/ 14+ L
i \
f \
! -154 \
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V(p)7 pE [_55’ 55]7 djv(pa _55)7 djv(pa 55)a le(p, _13)
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e Auxiliary problem is equal to minimization of a nonconvex piece-wise linear function.
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THANK YOU FOR ATTENTION!
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