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SYSTEM OF LINEAR EQUATIONS WITH NON-NEGATIVE
SOLUTION

Ax=Db, x>0,

AeR™" beR™ m<n

min0_x, X={xeR":Ax=b, x>0}

XeX

maxb'u, U={ueR™:A'u<0}

ueu
: T
min e'y
xeR" ,yeR” ¢

Ax+y=b0,x20_,y=>0_

max{b'u + Zi 1(ATu). |12}
E

ueU

B . Uy .
X" ==(A"u(g)), is the exact minimum 2-norm solution to
&

Ax=b, x>0 for all O<e<sg



Farkas’ Theorem
Original system ()
Ax=Db, x>0,
Alternative system (Il)

A'u<0_, b'u=p>0

mini[(p-b'u)®+0(A'u), F]—>u
ueR™

(sl

3 = — normal solution to system (l)
p—bu
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How to Make the Problem Easier

« Reduce the dimension: « =>replace it by the dual
e Remove the constraints: e =>penalize it
e Extract aunique solution: ¢ =>regularize it
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Py: min 0. X, Dy max b'u,
Xe Ue

Xl LA =illi 620 U={ueR™:A'u<0_}
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X={xeR":Ax=b,x>0} U={ueR™:A'u<0_}
Pi min(x+3lIx]P) D, max(b'u-2[|(A"u), )
X={xeR":Ax=Db, x>0} X =(A'u’),
P’ mln(—IIXII +3: 11D = AX|F) D, max(b'u-3||(A'u), [T

xeR

U(E) = (0= Ax(£)) X(¢) = (A'u(e)),



reg pen reg pen

D iy P, " P >P.
D)8 D, * Do = e B
pen reg pen reg
B min0’x, D, maxb'y,
XeX ueU
X={xeR":Ax=b,x>0_} U={ueR™:A'u<0_}
R mF'p%IIb—AXII2 D,: max(b'u—3[|ulf),
S T U={ueR™ ATu<0}
P.: mln(—||b AX P +£ ] x|P) D, :ran(bTu—iIIUII —2 I (A'u), IF

u(e) = b — Ax(e) X(e) =1(A'u(e)),



Primal problems Dual problems

B min0. X, D,: maxb'u,
xeX ueU
X ={xeR": Ax <b} U={ueR™:A'u=0_,u>0_}
P min||(Ax—b). I D:  max(b'u-3|lulf),
u" =(Ax" —b), U={ueR™ A'u=0,u>0_}

Pyt MinG [ (Ax =), [P +£1IXII") ~ D,: max(b'u -4 [Jull* =5 || Au P
ueR™

u(e) = (Ax(¢) - b), X(£) = 2 ATu(g)
P: min(01x+4 I x|, Dy max(b'u~3 || Alulf)
X ={xeR": Ax < b} X =AU
Pp: MInG [ X |I* +2 (I (Ax=b), IF) D, Im<?l><(bTU—i||'°~TU|| sl

u(e) = +(Ax(g) - b), x(¢) = ATu(e)



Primal problems Dual problems

P min0. X, B maxb'u,
xeX ueU
X={xeR":Ax=b, x>0} U={ueR™:A'u<0_}
P: min(0;x+3 I x =), D,: max(b'u—4||(X+A"u’), |I* +31IRF)
X={xeR": Ax=Db, x>0_} X =(X+A'u),
Pt Min (11X =R I+ 11— AX|F* Dy max(b'u—3[|(R+ Aw), I =4 [u P +3 11X )
u(e) = (b — Ax(e)) X(e) = (X + A'u(e)),
P fX‘QFi;g%IIb—AXII2 D,: max(b'u—z|[ull*).
U*Zb—AX* UI{UERm,ATUSOn}
P.: mm( Ib—Ax|P +£ | x - X |P)D, max( LulP -2l (X+2ATu), [P +£ X[

u(e) = b — Ax(¢) X(e)=(X+& Alu(e)),



Projection of )’zonto the set of nonnegative solutions of
linear equation system

mixn%”x—)?”z, X ={xeR": Ax=b, x>0} (P)
e L 2 1o

max| b'u—-—[[(x+Au), [I”+=|[x]| (D,)

ueR™ 2 2 :

Proposition 1. The unique solution of the Problem (P,) is
expressed via the solution of the dual problem (D) as

X =(X+A'u’),



Newton Method

max (), S(u)=b'u-ZII(%+A"u), IF

ueR

gradient: S, (u)=b" —A(X+A'u),
generalized Hessian: S, (u) = -AD(u)A',
where D(u) = Diag(sign((x + A'u),))

u“t=u“ -z Au

H“Au = -S (u*)
H* = —ADU")AT — &I

¢ =argmaxS(u® — 7Au)

m



The Dual for the Regularized & Penalized Problem(F,,)

min FOO, FOO = IX-KIF+-lIb-AXIF  (B,)
&

XeR} F
max W (u), W(u)=bTu—%|I(>?+ATU)+ I —§||U||2 (D)
ueR™

Proposition 2. For any ¢ > 0 the unique solution x(¢) of Problem (P, )
can be determined via the unique solution u(¢) of Problem (D) as
X(g) = (X+A'u(e)),
and x(¢) > X if ¢ > 0.
gradient: W, (u)=b' — A(X+ A'u), —&u
generalized Hessian: W, (u) = -AD(u)A" — ¢l
where D(u) = Diag(sign((X + A'u),))

=T or="0
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‘- 1 iy
max (b"u— || (X + ATu), |F) max (b'u-[|(R+A"u), |f - Z|lu|P)
ueR™ 2 ueR™ 2 2
mxn d it ||AX-b]|,, t, sec it ||AX-b]| . t, sec

250x10% 1 6 2,8x10711 2,8 6 2,6x10711 2,7
500x10% 1 6 5,6x10711 8,7 6 3,7x1071 8,9
1000x10% | 1 7 6,0x10711 39,5 7 4,1x1071 39,1
2000x10% | 1 8 4,4x1071 166,3 8 3,7x1071 156,1
3000x104 | 1 9 6,2x10711 4461 9 6,5x10711 451,6
4000%x10% | 1 10 7,4x10711 822,1 10 7,0x1071 825,1
1000x10° | 0,5 6 1,8x10710 167,6 6 1,4x10710 164,9
2000x10° | 0,5 6 5,8x10710 671,7 6 5,0x10710 658,9
3000x10° | 0,5 6 4,5x10710 1479,0 6 5,3x10719 14140
4000x10° | 0,5 6 5,2x10710 2508,5 6 5,9x10710 2470,3
500x10° | 0,1 | 6 1,5%10710 57,4 6 2,2x10°10 59,3
1000x108 | 0,1 6 1,5%x10709 180,5 6 1,6x10709 180,1
2000x10¢ (0,1 | 6 1,2x10709 6858 | 6 1,1x10709 687,6




Newton Method 2

max S(),  S(u)=bTu-_[|(%+Au), |

ueR

gradient: S (u)=b'-A(X+A'u),
generalized Hessian: S (u)=-AD(u)A",
where D(u) = Diag(sign((x + A'u),))

u“t=u"-zAu

H“Au = -S, (u*)

where H* = —AD(U*)A" — osDiag(AA"), (instead of ...— Sl |

m .

and 7“e{1, 1/2, 1/4, ..} is chosen using Armijo rule



CBoMcTBaAaMaTpuuApLnall 3apgad

M3 6MO6NTKMOTEeKM NetLib | .
name m n d | x || min (AA"). max;(AA"),

Afiro 27 o1 0.07 634.029569 1.184900 44.95628
Addlittle 56 138 0.05 430.764399 1.000000 10654.00
agg3 916 758 0.01 765883.022 1.000000 179783.8
25tv47 821 1876 0.00/ 3310.45652 0.000000 88184.03
pds 02 2953 7716 0.00007 60697.180 1.000000 91.00000
cre_a 3916 7248 0.00007 1162.32987 0.000000 27476.84
80baudb 2262 12061 0.0008 4129.96530 1.000000 321739.6
ken_13 28362 42659 0.00008 25363.3224 1.000000 170.0000
maros r/ 3136 9408 0.005 141313.207 3.051759 3.371325
cre_b 9648 77137 0.003 624.270129 0.000000 27476.84
osa_14 2337 54797 0.002 119582.321 18.00000 845289.9



Name

afiro

77

addlittle

agg3

25fv4]

solver

GNewtEGK
cqpMOSEK

GNewtEGK
cqpMOSEK

GNewtEGK
cqpMOSEK

GNewtEGK
cqpMOSEK

GNewtEGK
cqpMOSEK

time(sec)

0.001
0.31

0.003
0.35

0.14
0.40

0.54
1.36

0.32
0.51

| AX=Dbl,

8.63E—11
el SESIS

6.45E-10
7.18E-11

3.93E-07
2.32E-10

1.15E-10
e 213 Sl M

poolss-Us
8.20E-06

Newtlter
17

22

116

114

15



name solver
cre a GNewtEGK
"= cqpMOSEK

80bau3b GNewtEGK
il cqpMOSEK

ken 13 GNewtEGK

e I cqpMOSEK
maros r/ GNewtEGK
—7— cqgpMOSEK
cre b GNewtEGK
—"— cqpMOSEK

osa 4 GNewtEGK
— = cqpMOSEK

time(sec)

3.36
0.61

0.27
0.80

1.41
2.09

0.10
99.20

9.25
2.31

42.59
4.40

| AX=Dbll,

2.64E-09
ZMOESLO

3.33E-09
2.90E-07

2.70E-08
el TES09

118E509
3.27E-11

6.66E-10
1.61E-06

8.25E-08
1.82E-05

Newtlter
219

19

09

27

19

167



Euclidean Distance Between Two Convex Polyhedrons

p, and p, are
the endpoints
of the red segment
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A: Ai T | p: :
Bl P,
min ¢(p);
peR

Convex Piecewise Quadratic Formulation

Polyhedron I

_Ll (]

Distance :

Polyhedron I, :

AiTpl_ClgO

A;pZ—CZSO
| Py =P, || = min

|
c=| -|. B=| °

1
o(P)=Z1I(ATp—c), I+ p'Bp




Newton Method

gradient : g(p)=A(A'p-c), +&Bp
gen. Hessian: H(p) = AD(p)A" + B,
where D(p) = Diag(sign((A' p—c).))

Pra = Py _(5|m + H (pk))_lg(pk)
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