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Classical Calogero-Moser-Sutherland system

19370s
R SR e
I<_] N qj
The equations of motion
. CMS
{Pi = —3’3 ,-
- 8HCM§
di = op;
can be presented in the Lax form: L = [L, M]. Moser
. AFT5
Ly = pidj + k(1 — 0y
j i 0] ( j )qj —
1
ik — KO; ik — k(1 — ik
J J Z . qs ( J )( — gk )

S#J

The CMS system is classically integrable. The traces [, = trlL",
n=1,..., N are the integrals of motion in involution {/,, It} = 0.
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Quantum Calogero-Sutherland system

N 2 N
0 2 — Kj;
HE ==Y (o) +2 (D) T s i
— dq; L = sin (Z(qi — qj))
[1i<;lsin(F(qi — q;))|° represents the vacuum state with eigenenergy
Eo = (n3/L)* N(N2 —1)/3. After conjugating by the vacuum state and
2miq;
passing to the exponential variables x; = e T

N 2
B 0 Xj + X; 0 0
= (X’(?Xf) +5§Xf—>9<x'8—>c_)98>9>

—252 ke 2(1_Kij)-

i<j X T X;)

Ki; is the coordinate exchange operator of particles / and ;.
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Dunkl| operators

The Heckman—Dunkl operators D; in the form suggested by
Polychronakos:

8 X

aX,' +5Z

A T

D,':X,'

(1 - Kj)

These operators satisfy the relations

K;D; = D;Kj,
[Di, Dj] = 8(Dj — Di)Kj.

which coincide with the relations of the degenerate affine Hecke algebra

after the renormalization D; — %D;.

Operators Hy = Res (Z, (D,-)k) commute and represent integrals of
motion of the quantum Calogero-Sutherland model.
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Cherednik-Dunkl operators

One can use another set of commuting elements d; of the degenerate
affine Hecke algebra

OX; — X| —. Xi
J<i 1<J

=g B (1K) + Y (LK) + (N =),
The elements d; = D; + 5 Zj<i Kj; satisfy relations
Kiiy1di = dig1Kiip1 +1
[di, dj] = 0.

The Hamiltonian above is expressed by the formula

H:Z(d,?—ﬁd,-).
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Bosonic limit for scalar CS system. Observing

Nazarov-Sklyanin and Veselov-Sergeev construction

The Dunkl operators produce the equivariant family of N functions

fi(xt,...;xi;...xn) € Clx] ® /\"'[xl, .o Xi—1,Xi+1, - - - Xn] such that Kjif; = f;.
The symmetrization is the sum:

(Enf)(x1y s xn) = A(x1; X2, .. Xy )+ (X1 X205 X3, 00y XN ) + - -

—|—f/\/(X1, ey XN—1, XN).

Integrals of motion Hy = >_. DX

Li,N
N [x1, . oxn] —— Clxi] @ AT [x1, ... Xi—1, Xit1, - - - xn]

Dk

Y

/\+[X1, e ,XN] ? (C[X,'] X /\+[le e Xi—1, Xit 1, - - .XN]
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For the equivariant family Kj;f; = f; the action of Dunkl operator can be

rewritten as

The procedure can be illustrated by the following matrix formula:

AVA

( 0 - X1 X
Xla—xl‘l‘BZXl_Xi _6?1)9
i=2
SR I I N =T N
\ : ) Kf/v)

Here f, = f.
The main idea is to regard the equivariant Heckman-Dunkl operators as a

quantum L-operator acting on the space of polynomial functions of one
variable with coefficients being symmetric polynomials of the remaining

N — 1 variables.
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The limit is defined as a projective limit of finite models A = Igg/\N

A is a free commutative algebra generated by Newton sums p, = Z,xik

Hk

A -~ A

N anN

AT - N\,
N H,EN) N

where ay : A — A7, the canonical projection py — plgN) — vazl xK.

o 0 0
2{: knpk+n + n’ Pn -

k>0,n>0 P« 3 n>0 Opr
=3 nzpn +8 Y (k+n)pkps o
Pn apk+n

n>0 k>0,n=0
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The space A is an irreducible representation of the Heisenberg algebra,

generated by the elements p, and 8%” and can be regarded as a

polynomial version of the Fock space. It contains the vacuum vector |0);

and dual vacuum vector (0| , such that
0
0), =0, Olp, =0, n=01,....
S0} {0lp

Introduce an operator ®(z) : A® C[z] = A ® C[z]

d(z) = exp (Z z" ) :

n=>0
The canonical projection ayy : A — /\7\“, can be defined for an element
‘V>—|— — F(p07 P1, P2, ... )’O>—|— c N

an|v)+ = H0[P(xn) ... PLx2)P(x1)[v)4.

0
Opn

Indeed,

N N
O(xw). . () O(xa)Vh = Flpo+ Nopr+ S xipo + 3, )[0)
=1 =1
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We have the following equality of linear maps A — C[x;] ® Af_,:

(1 0%y OéN_l)(D(X,') = Li NON -

Applying both sides to an element |v); € A we get

HO[O(xw) .. () B(x1) V)
Introduce an operator ®*(z) : A ® C[z] = A ® C[z]:

O*(z) = ¢~ (z) exp ( Zz” 0 ) ,  where v (z) = Pn.

Define a linear map S : A® C[z] — A as

SF({pa}) = ‘f

“(E)F (&, {pn})-

The map S is the pullback of the finite symmetrization:

En(an—1® 1)F(z.{pa}) = anS(F(z, {pa}).
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Dunkl operator in the limit

Define an operator D : A ® C[z] = A ® C|[z]:

D(F(z {Pn}))—z2 F(z {Pn})+527{2§1 1

The operator D is the pullback of the equivariant family of Heckman

z P (E)P(2)F(E; {pn}).

operators D,(N).

A ® C[Z] Aj-1®ClZ]
Dl lp("’)
/A\ (%9 (C[Z] /\E—l X (C[Z]

= A cb(z) A Dk A S =
The operators Hy : A —= A ® C[z] — A ® C[z] — A generate a

commutative family of Hamiltonians.
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Antisymmetric construction

The Hamiltonian H, can be presented as

Li _
/\_[X17°°°7X/V] - C[XI]®A [X17"'Xi—17Xi-|—17°°°XN]

Dikl 9

/\_[Xl7 I ,X/\/] ~ (C[X,'] ) /\_[Xl, ce e Xi—1s Xid 1, - .XN]
E

where 7; is the natural embedding and & is the total antisymmetrization:
for any polynomial f(xj; x1,...,xn) € C[x;] ® A" [x1, ... Xi—1, Xi+1,- - XN]

(gf)(xl, e XN) = f(xl;XQ, ...,XN)—f(Xg;Xl,X3, e XN) — -

—f(xN;Xl,...,XN_l).
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Bosonic Fock space

The bosonic Fock space F is usually realized as irreducible representation
of the Heisenberg algebra H with generators a,, n € Z and q:

[am am] — ném,na [qa an] — q50,n-

A vacuum vector |0) and a dual vacuum (0| of F satisfy the following
relations

anl0) =0, (0la_, =0, n>0.

Denote by (n| and |n) the following vectors:

Im =g~ "|0),  (n|=(0lq",
these vectors are biorthogonal (n|m) = d,, » and have the following
properties

(nlag = n(n|, ao|n) = n|n).
Further we identify generators a, and their following representation

0 9
, n>0, a=py, q=e.
Opn

d—n = Pn, dn=2~n
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Define a map my : F — A~ [xq, ... xn| by the formula

mn(v) = (O[W(xn) - - - W (x1)|v),

where we use vertex operators:

\I}(Z) — 7PO exp <— Z [fzn”> exp Zzn% )

Indeed, for |v) = f(p1, ..., Pk, ---)|N) we have

mnlv) = [[(xi — x)F (/v, (Xt 4 oo XN, ooy (X o XK, )
1<Jj

due to V(2)V(y) = (y — 2):V(2)V(y):
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Fermionic Fock space

The Clifford algebra is generated by fermions vy, ¢} for k € Z with
anti-commutation relations

iv; + i = iy + iy =0,
iy + i = 6y

The fermionic Fock space F can be defined as a representation of the
Clifford algebra, where the vacuum vector |0) is defined as follows:

¥p|0) =0 n>0, ¥:0)=0 n<O0.

W(z) and W*(z) are the following generating functions:

V(z) =) ez WH2) =) iz !

keZ keZ
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Fermionic limit of the CS model in the Fock space F

(joint work with Sergey Khoroshkin)

How to obtain the commutative family of Hamiltonians:

L 1 7% -1 A
i F = Clz,z7 || F — Clz,z ]| @ F = F

oF = W(2)F,
1 . U\IJ*(U)F(Z)
AF(z) = (2mi)? /zoo ¢ /uozd u—z

DF(z) = zﬁp(z) Lt / . / dwdu W*(‘jv) (W(w)F(z) — W(2)F(w))

0z ow U—wl—>

Here F € F and F(z) € F ® Clz,z71]].
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Fermionic limit of the CS model in the Fock space F

How to obtain the commutative family of Hamiltonians:

L 1 7% -1 A
i F = Clz,z7 || F — Clz,z ]| @ F = F

/’ﬁxl 4@75,_,& o, | Lﬁ/
- , - 2 - -
n, by ([H)© /\””:9‘» ClxJ®A, A,

oF = W(2)F,
1 : U\IJ*(U)F(Z)
AF@) = i [ oo [,

DF(z) = zﬁp(z) P / . / dwdu W*(‘jv) (W(w)F(z) — W(2)F(w))

0z owlU—wl—2

Here F € F and F(z) € F ® Clz,z71]].
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Hamiltonian

o 0 0
o= 3 kom0 8) 3 (14 Kpape
k>0 Opn Opr n>0.k>0 OPn-+k
-8y ”2Pn— +(po— 1)) NPn
n>0 n>0 Pn

5
+5(2p3 = 3pg + po) + ¢ po(pg — 1).
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Comparison

Bosonic

Fermionic

space A = A[p]

Fock space F

projection apy(v) =
H010(zn) - ()0 (z1) V)

) = exp Zz

n=0

8pn

¢ (z) = ¢~ (2)07(2)

projection my(v) =

OV (zy) - - - V(22)V(21)|v)
Z Pn Z n 0
ex z
>0 ¢ ) n>0 Ipr
z P exp Z Pn exp —Zz”i
nz" op
n>0 n>0

Symmetrization S(F(z))

M. Matushko

Antlsymmetrlzatlon A(F(z))

el 0 / o e
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Thank you for your attention! |
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