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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1 � ⇢k) ⇠

�1
k

⇢k = "k(k + `k)

`k =
k

⇠c � ⇠k

e�`/⇠eff = e�(`�`th)/⇠0 ) ⇠eff = ⇠0
1

1 � `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠ Lb
⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8 ⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠ 1
⇠�1 � log 2

2

Lb

G =
matrix element
level spacing

⇠ e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�+i �

�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1

J?e�`/⇠

`

H =
X

x

p2
x + !2

x q2
x

2
+

g
2
(qx+1 � qx)

2 + �q4
x , !x > 0 iid

H =
X

x

p2
x

2
+ �

�
1 � cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1
m
@xp, @tp = �@xr

@te =
1
m
@x(rp)

—

HJ=0 =
P

i 2hini + g(a†
i ai+1 + a†

i+1ai)
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How to model the baths?

Most popular: Langevin thermostats
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Common expectations: 

1) There exists a unique NESS

2) Local equilibrium sets in: 

Fix a site x. Given a local observable Ox, as  L —> ∞
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2
x V(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1 � ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}
max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e
�i/⇠ Sx

bSx
i

hB(x, t);B(y, s)i ⇠ e
�(x�y)2/|t�s|
p

|t � s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i Sz
i

⇣
=
P

i "i c
†
i ci

⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= Heff

hE0|Vi|Ei =
hE0|[Vi,H]|Ei

!

= . . . =
hE0|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠ "n n!
!n ⇠ e

�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

for some appropriate temperature T



Common expectations: 
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What do we know about κ?
1) From thermodynamics: κ(T)>0

Entropy increases: current flows from hot to cold
Cf. J-P Eckmann, C-A Pillet and L Rey-Bellet, JSP 1998

2) It is expressed by the Green-Kubo formula: 

(T) =
1
T2 lim

t!1
lim

L!1

* 
1p
t

Z t

0

1p
L

L�1X

x=1

jx,x+1(s)ds

!2+
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2
x V(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1 � ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}
max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e
�i/⇠ Sx

bSx
i

hB(x, t);B(y, s)i ⇠ e
�(x�y)2/|t�s|
p

|t � s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i Sz
i

⇣
=
P

i "i c
†
i ci

⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= Heff

hE0|Vi|Ei =
hE0|[Vi,H]|Ei

!

= . . . =
hE0|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠ "n n!
!n ⇠ e

�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

Disordered harmonic chain :

0 < !� < !x < !+ iid

H(p, q) =
1
2

X

1xL

p2
x + !2

x q2
x + g(qx � qx+1)

2

J ⇠ L�(1+a), a > 0

J ⇠ e�L/⇠, ⇠ > 0

J ⇠ L�1

(
@tE = �@xJ
J = �D @xE

J = �D @xE

R1 + · · ·+ RL ⇠ maxi Ri ⇠ La (a > 0)

J ' �V
L R

H =
X

x

p2
x

2
+
!2q2

x
2

+ g e
��(q2

x+q2
x+1)(qx+1 � qx)

2

1
L

LX

x=1

'
⇣x

L

⌘
hex(Lt)i =

1
L

LX

x=1

'
⇣x

L

⌘⇣hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1
L

LX

x=1

'
⇣x

L

⌘⇣Var(px)

2mx
+

Var(rx)

2

⌘
(Lt)

h · i

1
L

LX

x=1

'(x, L)hrx(Lt)i !
Z 1

0
dy r(y, t)

1
L

LX

x=1

'(x, L)hpx(Lt)i !
Z 1

0
dy p(y, t)

1
L

LX

x=1

'(x, L)hex(Lt)i !
Z 1

0
dy e(y, t)

1
Z

exp

(
�1

2

LX

x=1

�(x/L)mx

✓
px

mx
� p(x/L)

m

◆2
� 1

2

LX

x=1

�(x/L)(rx � r(x/L))2

)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2
x

2
+ ge

��(p2
x+p2

x+1)(1 � cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1
T2

* 
1p
t

Z t

0
ds

1p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ e
ln L/⇠s = L1/⇠s

⌧(`) ⇠ e
`/⇠ `

P(R(`)) ⇠ e
�s`

`? ⇠ ln L
s

s⇠ < 1/2

⌧(`) ⇠ e
`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2
x

2
+
!2

x q2
x

2
+ g

(qx � qx+1)
2

2
+ �x

q4
x

4
, ⇤ ⇢ Z

E(R0) < +1 J ⇠ 1
L

U
E(R0)

E(R0) = +1

Rx�1 Rx Rx+1

1
L

LX

x=1

'
⇣x

L

⌘
ex =

1
L

LX

x=1

'
⇣x

L

⌘⇣hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1
L

LX

x=1

'
⇣x

L

⌘⇣Var(px)

2mx
+

Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),
1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L � 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1
m
@xp , @tp = @xr , @te =

1
m
@x(pr)

Mq̈ = �q

H =
X

x

p2
x

2mx
+ gr2

x , g = 1, mx i.i.d.

@+x f(x) = f(x + 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e
��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1
x ! m�1

@+x f(x) = f(x + 1)� f(x)

1
L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r, p, e)(y, t)

L ! 1

@tr = m�1 @xp
@tp = @x

⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)
@tp(x, t) = @x

⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m�1
x px)

@tpx = @+x V0(rx�1)

@tex = @+x
�
V0(rx�1)m�1

x px
�

R =
X

x
rx, P =

X

x
px, H =

X

x
ex, ex = p2

x/2mx + V(rx)

H =
X

x2⇤

p2
x

2mx
+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2
x V(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1 � ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}
max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e
�i/⇠ Sx

bSx
i

hB(x, t);B(y, s)i ⇠ e
�(x�y)2/|t�s|
p

|t � s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i Sz
i

⇣
=
P

i "i c
†
i ci

⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= Heff

hE0|Vi|Ei =
hE0|[Vi,H]|Ei

!

= . . . =
hE0|[. . . [Vi,H], . . . ,H]|Ei

!n

⇠ "n n!
!n ⇠ e

�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

Newton : q̈ = (g��V)q, Vx,y = �(x � y)!2
x

0 < !� < !x < !+ iid

H(p, q) =
1
2

X

1xL

p2
x + !2

x q2
x + g(qx � qx+1)

2

J ⇠ L�(1+a), a > 0

J ⇠ e�L/⇠, ⇠ > 0

J ⇠ L�1

(
@tE = �@xJ
J = �D @xE

J = �D @xE

R1 + · · ·+ RL ⇠ maxi Ri ⇠ La (a > 0)

J ' �V
L R

H =
X

x

p2
x

2
+
!2q2

x
2

+ g e
��(q2

x+q2
x+1)(qx+1 � qx)

2

1
L

LX

x=1

'
⇣x

L

⌘
hex(Lt)i =

1
L

LX

x=1

'
⇣x

L

⌘⇣hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1
L

LX

x=1

'
⇣x

L

⌘⇣Var(px)

2mx
+

Var(rx)

2

⌘
(Lt)

h · i

1
L

LX

x=1

'(x, L)hrx(Lt)i !
Z 1

0
dy r(y, t)

1
L

LX

x=1

'(x, L)hpx(Lt)i !
Z 1

0
dy p(y, t)

1
L

LX

x=1

'(x, L)hex(Lt)i !
Z 1

0
dy e(y, t)

1
Z

exp

(
�1

2

LX

x=1

�(x/L)mx

✓
px

mx
� p(x/L)

m

◆2
� 1

2

LX

x=1

�(x/L)(rx � r(x/L))2

)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2
x

2
+ ge

��(p2
x+p2

x+1)(1 � cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1
T2

* 
1p
t

Z t

0
ds

1p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ e
ln L/⇠s = L1/⇠s

⌧(`) ⇠ e
`/⇠ `

P(R(`)) ⇠ e
�s`

`? ⇠ ln L
s

s⇠ < 1/2

⌧(`) ⇠ e
`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2
x

2
+
!2

x q2
x

2
+ g

(qx � qx+1)
2

2
+ �x

q4
x

4
, ⇤ ⇢ Z

E(R0) < +1 J ⇠ 1
L

U
E(R0)

E(R0) = +1

Rx�1 Rx Rx+1

1
L

LX

x=1

'
⇣x

L

⌘
ex =

1
L

LX

x=1

'
⇣x

L

⌘⇣hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1
L

LX

x=1

'
⇣x

L

⌘⇣Var(px)

2mx
+

Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),
1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L � 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1
m
@xp , @tp = @xr , @te =

1
m
@x(pr)

Mq̈ = �q

H =
X

x

p2
x

2mx
+ gr2

x , g = 1, mx i.i.d.

@+x f(x) = f(x + 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e
��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1
x ! m�1

@+x f(x) = f(x + 1)� f(x)

1
L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r, p, e)(y, t)

L ! 1

@tr = m�1 @xp
@tp = @x

⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)
@tp(x, t) = @x

⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m�1
x px)

@tpx = @+x V0(rx�1)

@tex = @+x
�
V0(rx�1)m�1

x px
�

R =
X

x
rx, P =

X

x
px, H =

X

x
ex, ex = p2

x/2mx + V(rx)

H =
X

x2⇤

p2
x

2mx
+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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Localized eigenmodes
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ṙx = m�1
x+1px+1 � m�1

x px ,
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1 � ⇢k) ⇠

�1
k

⇢k = "k(k + `k)

`k =
k

⇠c � ⇠k

e�`/⇠eff = e�(`�`th)/⇠0 ) ⇠eff = ⇠0
1

1 � `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠ Lb
⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8 ⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠ 1
⇠�1 � log 2

2

Lb

G =
matrix element
level spacing

⇠ e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�+i �

�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1

J?e�`/⇠

`

H =
X

x

p2
x + !2

x q2
x

2
+

g
2
(qx+1 � qx)

2 + �q4
x , !x > 0 iid

H =
X

x

p2
x

2
+ �

�
1 � cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1
m
@xp, @tp = �@xr

@te =
1
m
@x(rp)

—

HJ=0 =
P

i 2hini + g(a†
i ai+1 + a†

i+1ai)
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ṙx = m�1
x+1px+1 � m�1

x px ,
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How about κ(T)?



Normal conductivity

From Dhar and Lebowitz, PRL 2008



Small normal conductivity

From Oganesyan, Pal and Huse, PRB 2009

D ~ J8   means   D ~ e-c/J ?
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For small g, ωx are almost i.i.d. in the Gibbs state:  
same phenomenology, cf. KAM, Nekhoroshev at finite L



III - Rigorous 
results
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1 � ⇢k) ⇠

�1
k

⇢k = "k(k + `k)

`k =
k

⇠c � ⇠k

e�`/⇠eff = e�(`�`th)/⇠0 ) ⇠eff = ⇠0
1

1 � `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠ Lb
⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8 ⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠ 1
⇠�1 � log 2

2

Lb

G =
matrix element
level spacing

⇠ e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�+i �

�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1

J?e�`/⇠

`

H =
X

x

p2
x + !2

x q2
x

2
+

g
2
(qx+1 � qx)

2 + �q4
x , !x > 0 iid

H =
X

x

p2
x

2
+ �

�
1 � cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1
m
@xp, @tp = �@xr

@te =
1
m
@x(rp)

—

HJ=0 =
P

i 2hini + g(a†
i ai+1 + a†

i+1ai)
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Introduce some noise s.t.

1) Energy still conserved 
2) Make G-K integral convergent 
3) Not too large to keep Hamiltonian effects

E.g.: add velocity flip
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Z(T) s.t. h1iT = 1 (probability measure)
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Liouville operator

Noise
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IV - Puzzles at T=0
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Initial wave packet

spreads over time



Spreading at zero temperature

From Flach, Krimer and Skokos, PRL 2009
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i.e. low temperature = low effective anharmonic interactions
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only possible if             approach 0 polynomially
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ṗL = � @H
@qL

� �pL +
p

2�mTr⇠r

dHx

dt
= jx�1,x � jx,x+1

H(p, q) =
LX

x=1

Hx(p, q)

1
L

LX

x=1

'(x/L)hpx(Lt)i !
Z 1

0
dy'(y)p(y, t)

1
L

LX

x=1

'(x/L)hex(Lt)i !
Z 1

0
dy'(y)e(y, t)

p < 1 � e�1/9⇠

(T) < +1

hfiT =
1

Z(T)

Z
f e�H/T dpdq = mesure de Gibbs
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Way out?
Our theorem does not apply directly to this set-up
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very slow! 

(may explain the apparent stability of this regime)

Main idea:

describe numerically how κ(λT) behaves,  
that this is consistent with the scaling of m2,  
that it must change by virtue of a theorem



V - Many Body 
Localization



Classical vs Quantum

For classical systems, why do we expect 
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Naive idea: a few oscillators can yield chaos: 

This does not need to be true for quantum systems!



Quantum vs Classical

κ(λ)

λ



Many-body localized phase

disordered quantum spin chain: 

classical Ising model spin flip
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jx = courant d’énergie entre les sites x et x + 1

�T = T � T0 ! 0, L ! +1

J ⇠ (T)
�T
L

(T) =
1
T2 lim

t!1
lim

L!1

*0

@ 1p
t

Z t

0

1p
L

X

1xL

jx(s)ds

1

A
2+

T

J = �(T)rT

�x Bernoulli i.i.d. P(�x = 1) = p

H(p, q) =
1
2

X

1xL

p2
x + !2

x q2
x + g(qx+1 � qx)

2 + �xq4
x

J ⇠ R�1 ⇠ e�(C/⇠) ln L = L�C/⇠

R(`) ⇠ e
`/⇠

C/⇠ > 1 proche de la transition

H(p, q) =
1
2

X

1xL

p2
x + !2

x q2
x + g(qx � qx+1)

2

J ⇠ L�(1+a), a > 0

J ⇠ e�L/⇠, ⇠ > 0

J ⇠ L�1

(
@tE = �@xJ
J = �D @xE

J = �D @xE

R1 + · · ·+ RL ⇠ maxi Ri ⇠ La (a > 0)

J ' �V
L R

H =
X

x

p2
x

2
+
!2q2

x
2

+ g e
��(q2

x+q2
x+1)(qx+1 � qx)

2

1
L

LX

x=1

'
⇣x

L

⌘
hex(Lt)i =

1
L

LX

x=1

'
⇣x

L

⌘⇣hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1
L

LX

x=1

'
⇣x

L

⌘⇣Var(px)

2mx
+

Var(rx)

2

⌘
(Lt)

h · i

1
L

LX

x=1

'(x, L)hrx(Lt)i !
Z 1

0
dy r(y, t)

1
L

LX

x=1

'(x, L)hpx(Lt)i !
Z 1

0
dy p(y, t)

1
L

LX

x=1

'(x, L)hex(Lt)i !
Z 1

0
dy e(y, t)

1
Z

exp

(
�1

2

LX

x=1

�(x/L)mx

✓
px

mx
� p(x/L)

m

◆2
� 1

2

LX

x=1

�(x/L)(rx � r(x/L))2

)

Lux,x+1 = Jx,x+1

H =
X

x2⇤

p2
x

2
+ ge

��(p2
x+p2

x+1)(1 � cos(qx+1 � qx))

almost surely w.r.t. �x, !x.

Given � > 0, g > 0, T > 0, there exists C > 0 such that

0  s  C ) (T) = 0.

Jx,x+1 = g px+1(qx+1 � qx)

(T) ⇠ lim
t!1

lim
L!1

1
T2

* 
1p
t

Z t

0
ds

1p
L

LX

x=1

Jx,x+1(s)

!2+

T

⌧(`?) ⇠ e
ln L/⇠s = L1/⇠s

⌧(`) ⇠ e
`/⇠ `

P(R(`)) ⇠ e
�s`

`? ⇠ ln L
s

s⇠ < 1/2

⌧(`) ⇠ e
`/⇠ `

�x i.i.d., �x 2 {0,�} , P(� = 0) := e�s , � > 0, s > 0

!x i.i.d., !x � !� > 0

!x !x+1 �

H =
X

x2⇤

p2
x

2
+
!2

x q2
x

2
+ g

(qx � qx+1)
2

2
+ �x

q4
x

4
, ⇤ ⇢ Z

E(R0) < +1 J ⇠ 1
L

U
E(R0)

E(R0) = +1

Rx�1 Rx Rx+1

1
L

LX

x=1

'
⇣x

L

⌘
ex =

1
L

LX

x=1

'
⇣x

L

⌘⇣hpxi2

2mx
+

hrxi2

2

⌘
(Lt)

+
1
L

LX

x=1

'
⇣x

L

⌘⇣Var(px)

2mx
+

Var(rx)

2

⌘
(Lt)

8y 2 [0, 1], hr[Ly](Lt)i ! r(y, t),
1

m[Ly]
hp[Ly](Lt)i ! 1

m
p(y, t)

k � L1/2 k ⌧ L1/2

(Mx,y = mx�x,y)

� k = �!2
k M k , 0  k  L � 1

⇠�1
k ⇠ !2

k ⇠ (k/L)2

@tr =
1
m
@xp , @tp = @xr , @te =

1
m
@x(pr)

Mq̈ = �q

H =
X

x

p2
x

2mx
+ gr2

x , g = 1, mx i.i.d.

@+x f(x) = f(x + 1)� f(x)

h · iV(r),r

Z
dr0 (V(r0), r0)

e
��(V(r0)�⌧ r0)

Z(�, ⌧)
= (V(r), r)

V0(rx) ! hV0iV(r),r

m�1
x ! m�1

@+x f(x) = f(x + 1)� f(x)

1
L

LX

x=1

'(x/L) (rx, px, ex)(Lt) �!
Z

T
dy'(y) (r, p, e)(y, t)

L ! 1

@tr = m�1 @xp
@tp = @x

⇥
hV0iV(r),r

⇤

@te = m�1 @x
⇥
phV0iV(r),r

⇤

@tr(x, t) = m�1 @xp(x, t)
@tp(x, t) = @x

⇥
hV0iV(r(x,t)),r(x,t)

⇤

@te(x, t) = m�1 @x
⇥
phV0iV(r(x,t)),r(x,t)

⇤

@trx = @+x (m�1
x px)

@tpx = @+x V0(rx�1)

@tex = @+x
�
V0(rx�1)m�1

x px
�

R =
X

x
rx, P =

X

x
px, H =

X

x
ex, ex = p2

x/2mx + V(rx)

H =
X

x2⇤

p2
x

2mx
+ V(rx) , rx = qx+1 � qx , ⇤ ⇢ Z

mx mx+1 V(rx)
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eigenstates of the classical Ising model: 

Anderson localized (MBL) ergodic (ETH)

0 transition λ

Localized means: eigenstates look still a bit like the 
eigenstates at λ=0: 



Localized vs ergodic
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ṗx = V0(rx)� V0(rx�1) .

p(", L) ⇠ F(L/L�), L� ⇠ ("c � ")�⌫� (L ! 1)

p(", L) ⇠ F(L/L+), L+ ⇠ ("c � ")�⌫+ (L ! 1)

p("c, L) ⇠ L��

⇠k, ⇢k, `k

P(⇢(L)� ⇢?(") > ��) ! 0 as L ! 1

⇠�1
k+1 = (1 � ⇢k) ⇠

�1
k

⇢k = "k(k + `k)

`k =
k

⇠c � ⇠k

e�`/⇠eff = e�(`�`th)/⇠0 ) ⇠eff = ⇠0
1

1 � `th/`

MBL : `k/k ! `? as k ! 1

critical : `k/k ! 1 as k ! 1

thermal : `k/k = 1 for some k < 1

` ⇠
Lb

⇠c � ⇠?

⇠ ! 1 as ⇢! 1

" ! ⇢?(")

⇢?("c) < 1

⇢?("c) = 1

h⇢(L)i" ! ⇢?(")

P(⇢(L)� ⇢?(") < ��) ! 0 8� > 0 as L ! 1

L ! 1

A2 : T(L) ⇢ T(L0)

T(L) :

⇢ = |T(L)|/L :

Lb = 3 : Hbath = GOE(8 ⇥ 8)

⇠c = 1/ log 2

d > 1 : ⇠c = 0

` ⇠
1

⇠�1 � log 2
2

Lb

G =
matrix element
level spacing

⇠
e�`/⇠ e�s(T)(Lb+`)/2

e�s(T)(Lb+`)

H =
P

i hi�
z
i + J?(�+i �

�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1

J?e�`/⇠

`

H =
X

x

p2
x + !2

x q2
x

2
+

g
2
(qx+1 � qx)

2 + �q4
x , !x > 0 iid

H =
X

x

p2
x

2
+ �

�
1 � cos(qx+1 � qx)

�
, qx 2 R/Z

@tr =
1
m
@xp, @tp = �@xr

@te =
1
m
@x(rp)

—

HJ=0 =
P

i 2hini + g(a†
i ai+1 + a†

i+1ai)
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where ~0 holds at high temperature
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Ẋt = �@xV(Xt, t) ,

@tV(x, t) = @2
x V(x, t) + ⇠(x, t)

(n ⇠ 1/!)

Si ⇢(2↵� 1) + (1 � ⇢)(2� � 1) > 0, 9D0 t.q. 8D > D0,

Xt/t ! v > 0 p.s.

Xt/t ! v < 0 p.s.

ri =
min {�Ei,�Ei+1}

max {�Ei,�Ei+1}

�Ei = Ei � Ei�1

hrGOEi = 0, 53

hrPoissoni = 0, 38

H = Hb + HJ=0 + J
LX

i=1

e
�i/⇠ Sx

bSx
i

hB(x, t);B(y, s)i ⇠
e
�(x�y)2/|t�s|
p

|t � s|

H =
LX

i=1

hi�
z
i + g

L�1X

i=1

(�+i �
�
i+1 + ��i �

+
i+1) + J�z

i �
z
i+1, hi 2 [�W,W]

HJ=0 =
P

i "i Sz
i

⇣
=
P

i "i c
†
i ci

⌘

H̃(t) = U†(t)H̃U(t)

H̃ 6= Heff

hE0
|Vi|Ei =

hE0
|[Vi,H]|Ei
!

= . . . =
hE0

|[. . . [Vi,H], . . . ,H]|Ei
!n

⇠
"n n!
!n ⇠ e

�!/"

François Huveneers (CEREMADE) Baltimore, APS March meeting 2016 1 / 1

This is like KAM: keeps memory of initial conditions forever
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