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Structure of the Lecture

1. Smooth and nhonsmooth convex optimization (Optimal methods)

2. Stochastic smooth and nonsmooth convex optimization (Optimal methods)
3. Parallelization of stochastic smooth convex optimization
4. Stochastic smooth and nonsmooth convex optimization under affine constraints

5. Primal and Dual oracle

6. Sum type target function

7. Applications the results of item 4 to decentralized distributed optimization with sum
type target function (primal and dual oracles)

8. Further generalizations



Nonsmooth stochastic convex optimization

flz) =E[f(z,§)] = min

rEQCR™

Oracle return unbiased stochastic gradient: V f (x, S )

o 2

E[[|Vf(z, &3] < M
R = 2° - o]

Vo,yeQ  fy) = f@) + (VF@),y —a) + Sy — a3

2 P2 2
min {O (M 2R ) ; O (%> } — number of oracle calls
& e

& — precision in function values
0




Smooth stochastic convex optimization

flz) =E[f(z,§)] = min

rEQCR™

Oracle return unbiased stochastic gradient: V f (x, S )

|V f(z,6) = V@) <o? R = [z° — 2"
Ve,y € Q@ [[VF(y) = Vi(z)ll2 < Lily — x|z
Ve,ye Q  f(y) = f(z) +(Vf(x),y —x) + Sy — zl3.

oo (V) s () oo () w0 (2)]

— number of oracle calls
/




Parallel smooth stochastic convex optimization

flz) =E[f(z,§)] = min

rEQCR™

Oracle return unbiased stochastic gradient: V f (x, S )

{0 (V) 40 (22 .o [En () vo (2)]

We can parallelize calculation on

0( ) or 0 (f<>)

processors.



Optimal algorithm for smooth convex optimization

Algorithm 1 Similar Triangles Method STM(L,u,2"), Q = R"

0

Input: ' = 2’ = 2, number of iterations N, oy = Ay =0, L, u

1: for k=0,...,N do

1+A ) 1+ A oy 1—I—Aku _
2: Set apq1 = k + \/ 4Ls§ , App1 = Ak + agq

3: TRl = (Apa” +C¥k+12 /Ak—H
5!

1A
wk+1 — (Ak:lfk 4 @k+12k+1)/14k+1
6: end for
Output: 2%
-strongly convex, -strongly convex,
N H- sgnzlooth L-smooth ’L|L|vf($g)ﬁ2 < M IVf(x)|la < M
2
N # of iterations \ / L In (“R ) LRZ M M22R2
€ LE €
2
# of V f(x) oracle calls W/ E1n (“R ) LI M- M22R2
I £ € UE €

. L = M2?/(25), 6=¢/N




Optimal algorithm for smooth stochastic convex optimization

Replace Vf( k+1) on

T'k+1
Tk1 k+1 k-+1 ""k—l—l k+1 k+1
VI @ AGT L &),

where &7, 7‘57]?;;11 — 1.1.d from the same dlstrlbutlon as ¢ and batch size

2

. —O(U Oék+11n(N/5)>
k+1 — .
(1 + Agqip)e
p-strongly convex, I-smooth ¢ I
L-smooth, ’ fSTONS Y BOIVeR E|Vf(x,&)]|2 < M?
# of iterations \/% In (“Sﬁ) LERQ ]\j—j szR -
# fo : 2 2 o2 R2 ) 2 2 2
(())racle c(zslcllsg) max{ﬁ,\/%ln (%)} max{ ag 'V L? } % M62R

10 L:M2/(25), 0 =¢/N




Primal methods for convex optimization with affine constraints
f(r) - min
Ax=0,x€Q)

Denote by R, = ||y*||2 2-norm of the smallest solution y* of dual (up to a sign) problem

o _ IV (7)]I5
ST AT

min

The main trick of this section 1s to use special penalty method to solve

2

F(z) = f(z) + ~ || Az|3 - min
g xe()

11



Primal methods for convex optimization with affine constraints

The main trick of this section 1s to use special penalty method to solve

2

R
F(z) = Y1l AxllZ in.
(2) = f(x) + —*|| Az} — min

If

then



Accelerated sliding

o .
f(x) ;?ggg g(x) — ar?rélg

Complexity
T't calculations Vf(xz) Ty calculations Vg(x)

f(x) 4+ g(x) — min

re()
Complexity

O (Tf) calculations V f(x) (T g) calculations Vg(x)

13



Dual methods for convex optimization with affine constraints

s :
f(ﬂ?) Axir%){fvlé@,

The dual problem (up to a sign) 1s as follows

Y(y) = p(A"y) = max {{y, Azr) — f(2)} = (y, Ax(A"y)) - f(z(A"y)) = (A"y,2(A"y)) - f(2(A"y)) — min.

reEQ (]

T
If f is p-strongly convex in 2-norm, then ¢ has L, = AmaXLA A)—Lipschitz continuous gradient in 2-norm

Vi(y) = Ax(A'y)
f@z(AMy)) — f(z*) < (ViY(y),y) = (Az(A"y),y).

For
f(@™) = f(z*) = fa(ATy™)) — f(z(ATy")) < 2¢, || Az" |2 <e/R,,
It is sufficient to find v (ly" 2 <2R,) suchthat ||V (y"™)|2 <e/R,.

14



Optimal methods for affine constrained convex problems
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Abstract: We introduce primal and dual stochastic gradient oracle methods for decentralized convex opti-
mization problems. Both for primal and dual oracles, the proposed methods are optimal in terms of the
number of communication steps. However, for all classes of the objective, the optimality in terms of the num-
ber of oracle calls per node takes place only up to a logarithmic factor and the notion of smoothness. By using
mini-batching technique, we show that the proposed methods with stochastic oracle can be additionally par-
allelized at each node. The considered algorithms can be applied to many data science problems and inverse
problems.

Keywords: Stochastic optimization, convex optimization, decentralized optimization, complexity bounds,
first-order method, mini-batch, sum-type inverse problems
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1 Introduction

Consider the stochastic convex optimization problem

mix&_f(x) = E[f(x, §)]. (1.1)

xX€Qc
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Optimal methods for affine constrained convex problems
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An Accelerated Method For Decentralized Distributed Stochastic
Optimization Over Time-Varying Graphs
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Abstract— We consider a distributed stochastic optimization
problem that is solved by a decentralized network of agents with
only local communication between neighboring agents. The goal
of the whole system is to minimize a global objective function
given as a sum of local objectives held by each agent. Each
local objective is defined as an expectation of a convex smooth
random function and the agent is allowed to sample stochastic
gradients for this function. For this setting we propose the first
accelerated (in the sense of Nesterov’s acceleration) method that
simultaneously attains optimal up to a logarithmic factor com-
munication and oracle complexity bounds for smooth strongly
convex distributed stochastic optimization. We also consider the
case when the communication graph is allowed to vary with
time and obtain complexity bounds for our algorithm, which
are the first upper complexity bounds for this setting in the
literature.

I. INTRODUCTION

Distributed algorithms have already about half a cen-
tury history [1], [2], [3] with many applications including
robotics, resource allocation, power system control, control
of drone or satellite networks, distributed statistical inference
and multiagent reinforcement learning [4], [5], [6], [7], [8],
[9], [10]. Recently, development of such algorithms has
become one of the main topics in optimization and machine
learning motivated by large-scale learning problems with
privacy constraints and other challenges such as data being
produced or stored distributedly [11], [12], [13], [14], [15].
An important of part of this research studies decentralized
distributed optimization algorithms over arbitrary networks.
In this setting a network of computing agents, e.g. sensors or
computers, is represented by a connected graph in which two
agents can communicate with each other if there is an edge
between them. This imposes communication constraints and
the goal of the whole system [16], [17] is to cooperatively

16

More precisely, we consider the following optimization
problem

min f(z
zeRd

;,Zfz ) file) = Eep i, &), ()

where ¢;’s are random variables with probability distributions
D;. Foreach i = 1, ..., n we make the following assumptions:
fi(z) is a convex function and that almost sure w.r.t. distribu-
tion D;, the function f;(z, ;) has gradient Vf;(z,&;), which
is L;(&)-Lipschitz continuous with respect to the Euclidean
norm. Further, for each 7 = 1,...,n, we assume that we
know a constant L; > 0 such that \/IEgL.i (€)? < L; < +oc.
Under these assumptions, E¢Vf;(z, &) = Vfi(z) and f is
L;-smooth, i.e. has L;-Lipschitz continuous gradient with
respect to the Euclidean norm. Also we assume that, for all
x, and 7

E¢[|VEi(z, &) — Vfi(2)]*] < (2)

where ||-|| is the Euclidean norm. We also assume that each
fi is p; > 0O-strongly convex. Important characteristics of the
objective in (1) are local strong convexity parameter j; =
nnn p; and local smoothness constant L; = max; L;, which

deﬁne local condition number x; = L[//l[, as well as thclr
global counterparts 1, = ,ll S ki Ly = ,ll P

kg = Lg/ 4. The global conditioning may be sng,mﬁ(,antly
better than local (see e.g. [18] for details) and it is desired
to develop algorithms with complexity depending on the
global condition number. Moreover, we introduce a worst-
case smoothness constant over stochastic realizations L¢ =
max max L;(§) and a maximum gradient norm at optimum

(]

M, = maxm;mx||VfL—(at*,§)|| and assume that these con-
(3



Sum type target function
f(z) =E|f(z,§)] & min

xEQQR”.

How to choose m 1n:

nnn.-——}ijj'x f 2}§ﬂkﬂ“lpng

rEQCR™ M

Amswer (up to a log-factor):

([ M?R? M\
m = min < O ( o ) , O (——) ’
\ e HE

w L‘ ore: e S
8[|V £ (2, €)|3] < A2

Strong comvexity constant of f

S. Shalev-Shwartz, O. Shamir, N. Srebro, and K. Sridharan. Stochastic convex
optimization. In COLT, 2009.



Decentralized distributed optimization

g fe(x) = min .
reQCR”

—1, if (i,7) € F, -
Wi; =  deg(é), ifi=yj, W=Ww® I,
0, otherwise,
r1 = ... = I, € R" as Wx = 0, moreover, as vIi¥x = 0
F(x) = — ka(azk) — xl:rplilxm . F(x) = = ka(xk) — \/EllIi
k=1 Ty EQCR™ k=1 a;l,...,gj:e_q())’gw

18



Decentralized distributed optimization
Z fk % :UE%ICHR” |

1
— E fr(xr) — min
m L—1 v Wx=0

T1,...,Tm EQCR"

all f; are M-Lipschitz, L-smooth and p-strongly convex (it is possible that, L = oo or (and) u = 0).

< exp(1).

K [exp (vak(ivk,ﬁk) - ka@k)]”%)]

o2
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Dual decentralized distributed optimization

1 .
F(x) = — ka(a:'k) — \/%mo
k=1 iy

xl,...,meQan

g
m

A=VW, Lp =%, pp=L£ |VFx)|3 < M} =22, 0% =

O
N\
V)
N————

IVF(x")3 < M?
AT (W) — mAt. (W)’

min min

RS = |Ix° —x*[|3 = m|la® — 2|3 = mR?, Ry = [ly*[3 <

AT Az =/ WT VWax = Wax — calculated in a decentralized distributed manner!

_ Amax(W)
X — )\-I— (W) .

min

20



Decentralized distributed optimization

1
— — Z fk(ilj‘k) — min
m —1 \/WX:O,
o L1yeees meQan

Dual approach

\IJ():—CIDm\/iy Zg@k ) — min ,

Pr(Ak) = max {(Ag,Tx) — fre(Tk)}

o EQCR

Pr(Ae) = Elok(Ak, Ek))-

2



Decentralized distributed optimization
\P():—Cbm\/iy Zg@k ) — min |,

orO) = m;gR (D) = i)

Pk(Ak) = Elpk(Ak, Ek)]:
i {exp (HV%(M,&) — Vsﬁk(kk)]\@)}

< 1).
72 < exp(1)

A=W, 02 =0 ()\maX(W)mU?D) .

Since x(A'y) = x(vWy) we should change the variables: y := VWy, z := vVWz, y .= VWy.

22



Decentralized distributed optimization

Optimal bounds for primal oracle

fr 1s p-strongly convex,
and L-smooth

fr 1s L-smooth

fr 1s p-strongly convex

# of communication
rounds

=~ 2
oV

UE

o (Vi)

2 p2
(V)

# of V fi.(z) oracle 5( £) O LR2 O(M—2> O(MQQRQ)
calls per node k 7 € pe £
Algorithm PSTM, @Q = R" PSTM, @@ = R™ R-Sliding Sliding

NEW | arxiv:2103.15598

fr 1s p-strongly convex
and L-smooth

fr 1s L-smooth

‘ fx 1s p-strongly convex,

# of communication M2 M2R2
rounds O ( pe X) O ( g2 X)
# of V fr(x, &) oracle O (M2+o—2) O ((M2—|—02)R2>
calls per node k pe g2

Algorithm

PBSTM, Q = R

PBSTM, Q = R"

| Stochastic R-Sliding

Stochastic Sliding

23
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Decentralized distributed optimization
Optimal bounds for dual oracle NEW!

arXiv:2011.13259

fr. 1S p-strongly convex,
and L-smooth

‘ fi is p-strongly:convex

# of communication
rounds

# of Vi (A\g) oracle
calls per node k

Algorithm

ROGM-G or STM, Q =R” | OGM-G or PDSTM |

arXiv:2011.13259

fr 1s p-strongly convex,
and L-smooth

fr 1s p-strongly convex ‘

# of communication
rounds

# of Vi (Mg, &) oracle
calls per node k

Algorithm

| R-RRMA+AC-SAZ, Q = R" : SPDSTM

o NEW!


https://arxiv.org/abs/2011.13259
https://arxiv.org/abs/2011.13259
https://arxiv.org/abs/2011.13259
https://arxiv.org/abs/2011.13259

Dvinskikh D. Decentralized Algorithms for Wasserstein Barycenters. WIAS, Berlin. PhD, 2021.

Wasserstein distance and dual representation

Ulp,v) = {r e R?>*™ : 71, = pu, 7' 1, = v}.

min (C, ).

meU(p,v)

Wy(p,q) = min {(C,m) —(m,logm)}

el (p,q)

Wv*,q(u) = max {(u,p) — W,(p,q)}

pEA,

= (—(q,log q) + Z[Q]j log (Z exp (([u]; — iji)/v)>> . (1.5)

1=1

Vi=1,...n [VW* (u)]l — i[q] eXp (([u]l - Clj)/v)

IS oxp (e — Co)/7)

(1.6)

j=1

25



Wasserstein barycenter

Decentralized formulation of the Wasserstein barycenter problem both for the saddle-
point and dual representation is based on introducing artificial constraint p; = py =
... = pm which is further replaced with affine constraint Wp = 0 (in the saddle-point
approach) and vVWp = 0 (in the dual approach), where p = (p{,...,p, )" is column
vector and W is known as communication matrix for a decentralized system. From the
definition of matrix W it follows that

VWp =0, and Wp=0<=p; =ps = ... = Dp.

Affine constraint Wp = 0 (or vV Wp = 0) is brought to the objective via the Fenchel-
Legendre transform. For the saddle-point problem (primal approach) the structure
of the problem preserves. For dual approach, the Fenchel-Legendre transtorm leads

to the dual functions (1.5) with closed-form representations. The primal Wasserstein
barycenter problem defined w.r.t. entropy-regularized optimal transport is formulated
as follows

1 m
mm— W.(p,q¢)= min — W, (pi,q;) = min E W, (pi, q:)-
PELR T Z plf:,p,jgz’n L Z 7( ) vV Wp=0, )

26



Wasserstein barycenter and dual representation
min W’ (VWy) £ — Z va ([VWYLL), (1.7)

yGan

where y = (v, ---y,) )" € R" is the Lagrangian dual multiplier. The decentralized
procedure solving (1.7) can be demostrated on the gradient descent for L-Lipschitz

smooth function (the constant L for W7 (vWy) is defined via W and regularized
parameter )

yHH = y* ——V *(VWyF) = yk—%mp(\/wyk)-

Without change of variable, it is unclear how to execute this procedure in a distributed
fashion. Let u := v Wy, then the gradient step multiplied by v/ W can be rewritten as

1
uk:+1 _ uk L L—Wp(uk),

where |[p(u)]; = pi(u;) = VW2 (u;) (1.6),7=1,...,m The procedure can be performed

in a decentralized manner on a network of agents. Vector Wp(wu) naturally defines com-
munications with neighboring nodes due to the structure of communication matrix since

the elements of communication matrix are zero for non-neighboring nodes.
27



WB dual stochastic oracle

_ - ! exp (([u); — Ciy)/7)
V= Loan VI Z b oo (- Co)py O

Moreover, in the dual

approach which is based on gradient method, the randomization of VW7 = can be used

(stochastic approximation of vWw> .,) to reduce the complexity of calculating the true
gradient, that is O(n?), by calculating its stochastic approximation of O(n) complexity.
The randomization for the true gradient (1.6) is achieved by taking the j-th term in the

sum with probability [¢];

* exp ([l — Cie)/) )
VWV Ol = s o W = G ) b

where we replaced index 7 by & to underline its randomness. This is the motivation for
considering the first-order methods with stochastic oracle.

M.
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Saddle-point generalizations

arXiv:2102.07758 [pdf, other] cs.DC
Decentralized Distributed Optimization for Saddle Point Problems

Authors: Alexander Rogozin, Alexander Beznosikov, Darina Dvinskikh, Dmitry Kovalev, Pavel Dvurechensky, Alexander
Gasnikov

Abstract: We consider distributed convex-concave saddle point problems over arbitrary connected undirected
networks and propose a decentralized distributed algorithm for their solution. The local functions distributed across
the nodes are assumed to have global and local groups of variables. For the proposed algorithm we prove non-
asymptotic convergence rate estimates with explicit dependence on the network... ¥ More

Submitted 16 February, 2021; v1 submitted 15 February, 2021; originally announced February 2021.

arXiv:2010.13112 [pdf, other] cs.DC  math.0C
Distributed Saddle-Point Problems: Lower Bounds, Optimal Algorithms and Federated GANs

Authors: Aleksandr Beznosikov, Valentin Samokhin, Alexander Gasnikov

Abstract: GAN is one of the most popular and commonly used neural network models. When the model is large and
there is a lot of data, the learning process can be delayed. The standard way out is to use multiple devices. Therefore,
the methods of distributed and federated training for GANs are an important question. But from an optimization point
of view, GANs are saddle-point problems:... ¥ More

Submitted 27 February, 2021; v1 submitted 25 October, 2020; originally announced October 2020.
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Time-varying networks

arXiv:2103.15598 [pdf, other]

An Accelerated Method For Decentralized Distributed Stochastic Optimization Over Time-
Varying Graphs

Authors: Alexander Rogozin, Mikhail Bochko, Pavel Dvurechensky, Alexander Gasnikov, Vladislav Lukoshkin

Abstract: We consider a distributed stochastic optimization problem that is solved by a decentralized network of
agents with only local communication between neighboring agents. The goal of the whole system is to minimize a
global objective function given as a sum of local objectives held by each agent. Each local objective is defined as an
expectation of a convex smooth random function and the agent is all... vV More

Submitted 29 March, 2021; originally announced March 2021.

arXiv:2102.09234 [pdf, other] cs.LG

ADOM: Accelerated Decentralized Optimization Method for Time-Varying Networks

Authors: Dmitry Kovalev, Egor Shulgin, Peter Richtarik, Alexander Rogozin, Alexander Gasnikov

Abstract: We propose ADOM - an accelerated method for smooth and strongly convex decentralized optimization over
time-varying networks. ADOM uses a dual oracle, i.e., we assume access to the gradient of the Fenchel conjugate of the

individual loss functions. Up to a constant factor, which depends on the network structure only, its communication
complexity is the same as that of accelerated Nesterov gradient... V More

Submitted 18 February, 2021; originally announced February 2021.
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Time-varying networks

arXiv:2102.07758 [pdf, other] cs.DC

Decentralized Distributed Optimization for Saddle Point Problems
Authors: Alexander Rogozin, Alexander Beznosikov, Darina Dvinskikh, Dmitry Kovalev, Pavel Dvurechensky, Alexander
Gasnikov

Abstract: We consider distributed convex-concave saddle point problems over arbitrary connected undirected
networks and propose a decentralized distributed algorithm for their solution. The local functions distributed across
the nodes are assumed to have global and local groups of variables. For the proposed algorithm we prove non-
asymptotic convergence rate estimates with explicit dependence on the network... vV More

Submitted 16 February, 2021; v1 submitted 15 February, 2021; originally announced February 2021.

arXiv:2009.11069 [pdf, other]

Towards accelerated rates for distributed optimization over time-varying networks
Authors: Alexander Rogozin, Vladislav Lukoshkin, Alexander Gasnikov, Dmitry Kovalev, Egor Shulgin
Abstract: We study the problem of decentralized optimization over time-varying networks with strongly convex smooth

cost functions. In our approach, nodes run a multi-step gossip procedure after making each gradient update, thus
ensuring approximate consensus at each iteration, while the outer loop is based on accelerated Nesterov scheme. The

algorithm achieves precision € > 0 in... vV More
Submitted 15 January, 2021; v1 submitted 23 September, 2020; originally announced September 2020.
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Comments
Centralized vs Decentralized optimization

IS a replacement

d on O X

in number of communications steps, where d is a diameter of graph

is a replacement of average constants L, i (used in
Centralized approach) for worth ones (used in Decentralized approach).
Fortunately, the this problem was partially solved for primal oracle:

arXiv:2009.11069 [pdf, other]
Towards accelerated rates for distributed optimization over time-varying networks

Authors: Alexander Rogozin, Vladislav Lukoshkin, Alexander Gasnikov, Dmitry Kovalev, Egor Shulgin

Abstract: We study the problem of decentralized optimization over time-varying networks with strongly convex smooth
cost functions. In our approach, nodes run a multi-step gossip procedure after making each gradient update, thus
ensuring approximate consensus at each iteration, while the outer loop is based on accelerated Nesterov scheme. The

algorithm achieves precision € > 0 in... ¥V More arXiv:2103.15598 [pdf, other]

Submitted 15 January, 2021; v1 submitted 23 September, 2020; originally announced September 2020. . L. ] .. ] .
An Accelerated Method For Decentralized Distributed Stochastic Optimization Over Time-

Varying Graphs

Authors: Alexander Rogozin, Mikhail Bochko, Pavel Dvurechensky, Alexander Gasnikov, Vladislav Lukoshkin

Abstract: We consider a distributed stochastic optimization problem that is solved by a decentralized network of
agents with only local communication between neighboring agents. The goal of the whole system is to minimize a
global objective function given as a sum of local objectives held by each agent. Each local objective is defined as an
expectation of a convex smooth random function and the agent is all... vV More

Submitted 29 March, 2021; originally announced March 2021.
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