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Ïîñòàíîâêà îáùåé çàäà÷è

Ïóñòü X � àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå íàä àëãåáðàè÷åñêè çàìêíóòûì
ïîëåì K õàðàêòåðèñòèêè íóëü.

Çàäà÷à

Íàéòè âñå îïåðàöèè µ : X × X → X , îáëàäàþùèå ñëåäóþùèìè ñâîéñòâàìè:
ìîðôèçì àëãåáðàè÷åñêèõ ìíîãîîáðàçèé
àññîöèàòèâíîñòü
êîììóòàòèâíîñòü
íàëè÷èå åäèíèöû
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Ìîíîèäû íà An (Arzhantsev, Bragin, Z.'2018)

A1 : x · y = xy

x · y = x + y

A2 : (x1, x2) · (y1, y2) = (x1x2, y1y2)

(x1, x2) · (y1, y2) = (x1x2, x
b
1 y2 + yb

1 x2), b ∈ Z>0

(x1, x2) · (y1, y2) = (x1 + x2, y1 + y2)

Òåîðåìà (ñòðóêòóðû ìîíîèäîâ íà A3)

1) (x1 + y1, x2 + y2, x3 + y3)

2)
(
x1y1, x

b
1 y2 + yb

1 x2, x
c
1y3 + y c

1 x3
)
, b, c ∈ Z>0, b 6 c

3)
(
x1y1, x

b
1 y2 + yb

1 x2, x
c
1y3 + y c

1 x3 + Qb,c(x1, y1, x2, y2)
)
, b, c ∈ Z>0, 0 < b 6 c,

Qb,c(x1, y1, x2, y2) =
d∑

k=1

(
d+1
k

)
x
e+b(k−1)
1 y

e+b(d−k)
1 xd−k+1

2 y k
2 , ãäå c = be + d , 0 < d 6 b

4) (x1y1, x2y2, x
b
1 x

c
2y3 + yb

1 y
c
2 x3), b, c ∈ Z>0, b 6 c

5) (x1y1, x2y2, x3y3)
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Ïðèìåð óìíîæåíèÿ íà ãèïåðïîâåðõíîñòè

X = {ab = cd} ⊆ A4

(a1, b1, c1, d1) · (a2, b2, c2, d2) = (a1c2 + a2c1, b1b2, c1c2, d1b2 + d2b1)

X =

{(
a d
c b

)
, det = 0

}
⊆ Mat2(K)(

a1 d1
c1 b1

)
·
(
a2 d2
c2 b2

)
=

(
a1c2+a2c1 d1b2+d2b1

c1c2 b1b2

)
Çäåñü íåéòðàëüíûé ýëåìåíò 1 =

(
0 0
1 1

)
, ïðîâåðêà àññîöèàòèâíîñòè:(

a1 d1
c1 b1

)
·
(
a2 d2
c2 b2

)
·
(
a3 d3
c3 b3

)
=

(
a1c2c3+a2c1c3+a3c1c2 d1b2b3+d2b1b3+d3b1b2

c1c2c3 b1b2b3

)
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Àëãåáðàè÷åñêèå ìîíîèäû è ãðóïïîâûå âëîæåíèÿ

Ãðóïïà îáðàòèìûõ ýëåìåíòîâ G(X ) ⊆ X ìîíîèäà X îòêðûòà ïî Çàðèññêîìó â X è
îáëàäàåò ñòðóêòóðîé àëãåáðàè÷åñêîé ãðóïïû.

Ìíîãîîáðàçèå X àôôèííî ⇔ ãðóïïà G(X ) àôôèííà (⇐ Rittatore'07)

Îïðåäåëåíèå

Ïóñòü G � àôôèííàÿ àëãåáðàè÷åñêàÿ ãðóïïà. Ãðóïïîâûì âëîæåíèåì íàçûâàåòñÿ
òàêîå àôôèííîå íåïðèâîäèìîå ìíîãîîáðàçèå X ñ îòêðûòûì âëîæåíèåì G ↪→ X ,
÷òî äåéñòâèÿ ëåâûìè è ïðàâûìè óìíîæåíèÿìè G íà ñåáå ïðîäîëæàþòñÿ äî
äåéñòâèé G íà X .

Âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå:
(à) ìîíîèäû X × X → X ñ ãðóïïîé îáðàòèìûõ ýëåìåíòîâ G ;
(á) ãðóïïîâûå âëîæåíèÿ G ↪→ X ;

Äîêàçàòåëüñòâî (á) → (à).

Õîòèì ïðîäîëæèòü óìíîæåíèå µ : G × G → G äî ìîðôèçìà X × X → X .
G ↪→ X =⇒ K[X ] ↪→ K[G ]. Èìååì Φ: K[G ]→ K[G ]⊗K[G ].

G × X → X

X × G → X
=⇒

K[X ]→ K[G ]⊗K[X ]

K[X ]→ K[X ]⊗K[G ]

}
=⇒

K[X ]→ (K[G ]⊗K[X ]) ∩ (K[X ]⊗K[G ])

= K[X ]⊗K[X ]
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Êëàññè÷åñêàÿ çàäà÷à: Îïèñàòü âñå ãðóïïîâûå âëîæåíèÿ äàííîé ãðóïïû G .

×àñòíûé ñëó÷àé: ðåäóêòèâíûå ìîíîèäû (G ðåäóêòèâíàÿ)

Waterhouse'82: G ïîëóïðîñòà ⇒ X = G

Vinberg'95: ïðîèçâîëüíûå ðåäóêòèâíûå ìîíîèäû, char = 0

Rittatore'98: ïðîèçâîëüíûå ðåäóêòèâíûå ìîíîèäû, ∀ char

Íàøà çàäà÷à: Îïèñàòü âñå ãðóïïîâûå âëîæåíèÿ â äàííîå ìíîãîîáðàçèå X .
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Êîììóòàòèâíûå ìîíîèäû

Îïðåäåëåíèå

X � êîììóòàòèâíûé ìîíîèä, åñëè µ : X × X → X êîììóòàòèâíî
⇔ G(X ) êîììóòàòèâíà

Âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå:
(à) ìîíîèäû X × X → X ñ ãðóïïîé îáðàòèìûõ ýëåìåíòîâ G ;
(á) ãðóïïîâûå âëîæåíèÿ G ↪→ X ;
(â) ýôôåêòèâíûå äåéñòâèÿ G ×X → X ñ ôèêñ. òî÷êîé x0 ∈ X èç îòêðûòîé îðáèòû.

(â) → (à).

x0 ∈ X =⇒ G ↪→ X , g 7→ g · x0 =⇒ K[X ] ↪→ K[G ].

G × X → X =⇒ K[X ]→ K[G ]⊗K[X ]

7 / 28



Ìîíîèäû ðàíãà n − 1

K � àëãåáðàè÷åñêè çàìêíóòîå ïîëå õàðàêòåðèñòèêè 0 ⇒
G(X ) = Gr

m ×Gn−r
a , ãäå n = dimX . ×èñëî r � ðàíã ìîíîèäà X .

r = n =⇒ X � àôôèííîå òîðè÷åñêîå ìíîãîîáðàçèå
r = 0 =⇒ X ' An

Ïðåäëîæåíèå

Ïóñòü àôôèííîå ìíîãîîáðàçèå X èìååò ñòðóêòóðó êîììóòàòèâíîãî ìîíîèäà ðàíãà
n − 1. Òîãäà X òîðè÷åñêîå, è âñå ñòðóêòóðû êîììóòàòèâíûõ ìîíîèäîâ íà X
ïðîèñõîäÿò èç êîðíåé Äåìàçþðà êîíóñà X .

Äîêàçàòåëüñòâî.

Ïóñòü X àôôèííîå òîðè÷åñêîå, e ∈ R � êîðåíü Äåìàçþðà êîíóñà X .
Ga = {expα∂e | α ∈ K} íîðìàëèçóåòñÿ òîðîì T (T iGa)
Gn−1

m = Kerχe ⊆ T êîììóòèðóåò ñ Ga (Gn−1
m ×Ga)

Gn−1
m ×Ga ↪→ X � ãðóïïîâîå âëîæåíèå.

Ñîãëàñíî (Arzhantsev, Kotenkova'15, Theorem 2) ëþáîå ãðóïïîâîå âëîæåíèå
êîììóòàòèâíîé ãðóïïû ðàíãà n − 1 ïîëó÷àåòñÿ òàêèì ñïîñîáîì.
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Èçîìîðôèçìû

τ : X1 → X2

Ìîðôèçì ìîíîèäîâ:
τ(x ∗ y) = τ(x) ∗ τ(y) ∀x , y ∈X1

τ(e1) = e2

⇔
Ìîðôèçì ãðóïïîâûõ
âëîæåíèé ãðóïïû G :
τ(g · y) = g · τ(y) ∀g ∈G , y ∈X1

Ñòðóêòóðû ìîíîèäà íà X , ñîîòâåòñòâóþùèå îäíîìó äåéñòâèþ G × X → X è
ðàçíûì òî÷êàì x0 â îòêðûòîé îðáèòå, èçîìîðôíû.

(Arzhantsev, Kotenkova'15, Proposition 10) =⇒

Ïðåäëîæåíèå

Ìîíîèäû ðàíãà n − 1, ñîîòâåòñòâóþùèå êîðíÿì Äåìàçþðà e1, e2 ∈ R, èçîìîðôíû
òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò àâòîìîðôèçì ðåøåòêè N, ñîõðàíÿþùèé
êîíóñ X è èíäóöèðóþùèé àâòîìîðôèçì äâîéñòâåííîé ðåøåòêè M, êîòîðûé
ïåðåâîäèò e2 â e1.
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Êîóìíîæåíèÿ

µ : X × X → X ←→ Φ: K[X ]→ K[X ]⊗K[X ]

Òåîðåìà

Ïóñòü X � íîðìàëüíîå àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå ðàçìåðíîñòè n ñî
ñòðóêòóðîé êîììóòàòèâíîãî ìîíîèäà ðàíãà 0, n − 1 èëè n. Òîãäà X òîðè÷åñêîå, òî
åñòü K[X ] =

⊕
u∈SX

Kχu, è êîóìíîæåíèå K[X ]→ K[X ]⊗K[X ] ñ òî÷íîñòüþ äî

èçîìîðôèçìà çàäàåòñÿ îäíîé èç ñëåäóþùèõ ôîðìóë:
1) r = n: χu 7→ χu ⊗ χu äëÿ âñåõ u ∈ SX ;
2) r = n − 1:

χu 7→ χu ⊗ χu(1⊗ χe + χe ⊗ 1)〈pi ,u〉

äëÿ âñåõ u ∈ SX ,
ãäå pi � ïðèìèòèâíûé âåêòîð íà ëó÷å êîíóñà X è e ∈ Ri � îäèí èç êîðíåé
Äåìàçþðà, ñîîòâåòñòâóþùèé ýòîìó ëó÷ó;
3) r = 0: X = An, χu 7→ χu ⊗ 1 + 1⊗ χu äëÿ âñåõ u ∈ Zn

>0.
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Ïåðåôîðìóëèðîâêà ÷åðåç âû÷èñëÿþùèå ãîìîìîðôèçìû

òî÷êè íà X ←→ âû÷èñëÿþùèå ãîìîìîðôèçìû K[X ]→ K

Ïóñòü X äîïóñêàåò ñòðóêòóðó àëãåáðàè÷åñêîãî ìîíîèäà ðàíãà 0, n − 1 èëè n. Òîãäà
X òîðè÷åñêîå, K[X ] =

⊕
u∈SX

Kχu, è ïðîèçâåäåíèå xy ëþáûõ äâóõ òî÷åê x , y ∈ X

çàäàíî îäíèì èç ñëåäóþùèõ âû÷èñëÿþùèõ ãîìîìîðôèçìîâ K[X ]→ K:
1) r = n: χu 7→ χu(x)χu(y) äëÿ ëþáûõ u ∈ SX ;

2) r = n − 1: χu 7→ χu(x)χu(y)
(
χe(x) + χe(y)

)〈pi ,u〉 äëÿ ëþáûõ u ∈ SX ,
ãäå pi � ïðèìèòèâíûé âåêòîð íà ëó÷å êîíóñà X è e ∈ Ri � îäèí èç êîðíåé
Äåìàçþðà, ñîîòâåòñòâóþùèé ýòîìó ëó÷ó;
3) r = 0: X = An, χu 7→ χu(x) + χu(y) äëÿ âñåõ u ∈ Zn

>0.
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Ïðèìåð

Àôôèííîå òîðè÷åñêîå ìí-çèå X , σ⊆N è ω=σ∨⊆M èçîáðàæåíû íà ðèñóíêå.
Ïîðîæäàþùèå ïîëóãðóïïû SX =M ∩ ω: (1,0,0), (0,1,0), (0,0,1), (1,1,−1).
Ïóñòü a = χ(1,0,0), b = χ(0,1,0), c = χ(0,0,1), d = χ(1,1,−1)

⇒ K[X ] = K[a, b, c, d ]/(ab − cd) ⇒ X ∼= {ab = cd} ⊂ A4.

p1 = (1, 0, 0) p2 = (0, 1, 0)

N M

σ
ω

0

p3 = (1, 0, 1)
p4 = (0, 1, 1)

0

R1 = {(−1, l2, l3 + 1) | l2, l3∈Z>0}, R2 = {(l1,−1, l3 + 1) | l1, l3∈Z>0},
R3 = {(l1, l2, l1 + 1) | l1, l2∈Z>0}, R4 = {(l1, l2, l2 + 1) | l1, l2∈Z>0}.
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Ïðèìåð

X = {ab = cd} ⊆ A4, ìîíîèäû ðàíãà 2 äëÿ p1 = (1, 0, 0).
Êîóìíîæåíèå: χu 7→ χu ⊗ χu(1⊗ χe + χe ⊗ 1)u1 .
Òàê êàê a = χ(1,0,0), b = χ(0,1,0), c = χ(0,0,1), d = χ(1,1,−1),
äëÿ e=(−1, l2, l3+1) ∈ R1 èìååì χe(x)=a(x)−1b(x)l2c(x)l3+1, l2, l3>0.

a(x ∗ y) = a(x)b(y)l2c(y)l3+1 + b(x)l2c(x)l3+1a(y),

b(x ∗ y) = b(x)b(y), c(x ∗ y) = c(x)c(y),

d(x ∗ y) = d(x)b(y)l2+1c(y)l3 + b(x)l2+1c(x)l3d(y).

Ñèììåòðè÷íîñòü ëó÷åé ⇒ ýòî âñå ñòðóêòóðû ìîíîèäà ðàíãà 2 íà X = {ab = cd} ñ
òî÷íîñòüþ äî èçîìîðôèçìà.(

a1 d1
c1 b1

)
∗
(
a2 d2
c2 b2

)
=

(
a1b

l2
2 c

l3+1
2 +a2b

l2
1 c

l3+1
1 d1b

l2+1
2 c l33 +d2b

l2+1
1 c l32

c1c2 b1b2

)
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Äîêàçàòåëüñòâî

Ñîãëàñíî ïðåäëîæåíèþ: e ∈ Ri , G = Kerχe ×Ga. ËÍÄ ∂e : χu 7→ 〈pi , u〉χu+e .
Äåéñòâèå ϕ : G ×K[X ]→ K[X ]: ýëåìåíò (t, α) ∈ G äåéñòâóåò ñ ïîìîùüþ t expα∂e ,
ïðèìåíÿÿ ê χu ∈ K[X ] ïîëó÷àåì

tu
(
χu + α〈pi , u〉χu+e +

α2

2
〈pi , u〉〈pi , u + e〉χu+2e + . . .

)
= tu

〈pi ,u〉∑
j=0

(
〈pi , u〉

j

)
αjχu+je ,

Òîãäà Φ: K[X ]→ K[G ]⊗K[X ] çàäà¼òñÿ êàê Φ(χu) = t−u

〈pi ,u〉∑
j=0

(
〈pi , u〉

j

)
(−α)jχu+je .

Áåð¼ì â îòêðûòîé îðáèòå òî÷êó x0: χ
u(x0) =

{
1 åñëè 〈pi , u〉 = 0

0 åñëè 〈pi , u〉 > 0
.

Äåéñòâóåì íà x0; âëîæåíèå K[X ] ↪→ K[G ] åñòü χu 7→ t−u(−α)〈pi ,u〉, (t, α) ∈ G .
Â ÷àñòíîñòè, ôóíêöèÿ χu+je îòîæäåñòâëÿåòñÿ ñ t−u(−α)〈pi ,u+je〉 = t−u(−α)〈pi ,u〉−j ,
ãäå 0 6 j 6 〈pi , u〉. Òàêèì îáðàçîì, èñêîìîå êîóìíîæåíèå Φ: K[X ]→ K[X ]⊗K[X ]:

Φ(χu) =

〈pi ,u〉∑
j=0

(
〈pi , u〉
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Òåõíè÷åñêàÿ ëåììà ê äîêàçàòåëüñòâó

Ëåììà
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Êîíñòðóêöèÿ Êîêñà

T y X � àôôèííîå òîðè÷åñêîå ìíîãîîáðàçèå ñ âååðîì σ, 〈σ(1)〉 = N ⊗Q.

ρi ∈ σ(1), 1 6 i 6 m � ëó÷è âååðà ←→ T -èíâàðèàíòíûå äèâèçîðû Di .

Âñå T -èíâàðèàíòíûå äèâèçîðû Âåéëÿ íà X :
∑

aiDi ∈ M ' Zm

0→ M → M → Cl(X )→ 0, ãäå
M → M, u 7→ div(χu) ' ū := (〈p1, u〉, . . . , 〈pm, u〉)

M → Cl(X ), D 7→ [D]

1← T
π′←−−T
‖
← HX ← 1

(K×)m y Am = X

=⇒
Cl(X )-ãðàäóèðîâêà íà êîëüöå Êîêñà

R(X ) = K[x1, . . . , xm], deg xi = [Di ] ∈ Cl(X )

K[T ]
∪

(π′)∗−−−→ K[T ]
∪

= K[x±11 , . . . , x±1m ], χu 7→ χū

K[X ]
∼−−−→ K[X ]HX =⇒ π : X

//HX−−−→ X
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Ñîãëàñîâàííîñòü äåéñòâèé

Îïðåäåëåíèå

Äåéñòâèå ãðóïïû µ : G×X → X ñîãëàñîâàíî ñ äåéñòâè-
åì µ̄ : G ×X → X , åñëè ñóùåñòâóåò òàêîé ýïèìîðôèçì
π′ : G → G , ÷òî äåéñòâèÿ G è HX íà X êîììóòèðóþò è
äèàãðàììà êîììóòàòèâíà.

G × X X

G × X X

//
µ̄

��
π′×π

��
π

//
µ

Ëåììà

Äåéñòâèå òîðà T íà X ñîãëàñîâàíî ñ äåéñòâèåì òîðà T íà X .

Äîêàçàòåëüñòâî.

T × X X

T × X X

//
µ̄

��
π′×π

��
π

//
µ

K[X ] K[X ]

K[X ] K[X ]

oo
µ̄(t̄, · )∗

� ?

OO

π∗

oo
µ(π′(t̄), · )∗

� ?

OO

π∗

χū(t̄)χū
χū

χu(t)χu
χu

�oo
t̄

_

OO

π∗

�oo
t

_

OO

π∗

Ëåììà

Äåéñòâèå ïîäòîðà Kerχu ⊂ T íà X äëÿ ëþáîãî u ∈ M ñîãëàñîâàíî ñ
äåéñòâèåì ïîäòîðà Kerχū ⊂ T íà X äëÿ ū ∈ M.

Äîêàçàòåëüñòâî.

χu(t) = χū(t̄) äëÿ u ∈ M, t̄ ∈ T è t = π′(t̄) =⇒ Kerχū � ïðîîáðàç Kerχu.

1← Kerχu π′←− Kerχū ← HX ← 1

e ∈ Ri � êîðåíü Äåìàçþðà X =⇒ ē = (〈p1, e〉, . . . , 〈pm, e〉) � êîðåíü
Äåìàçþðà X = Am: 〈pi , e〉 = −1 è 〈pj , e〉 > 0, j 6= i .
Ëåììà

Ga-äåéñòâèå íà X , ñîîòâåòñòâóþùåå êîðíþ Äåìàçþðà e ∈ M, ñîãëàñîâàíî ñ
Ga-äåéñòâèåì íà X , ñîîòâåòñòâóþùèì êîðíþ Äåìàçþðà ē ∈ M.

Äîêàçàòåëüñòâî.

(π′)∗: expα∂ē ↔ expα∂e .

K[X ] K[X ]

K[X ] K[X ]

oo
∂ē

� ?

OO

π∗

oo
∂e

� ?

OO

π∗

π∗: ∂e(χu) = 〈pi , u〉χu+e ↔ ∂ē(χū) = 〈ei , ū〉χū+ē
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χu(t) = χū(t̄) äëÿ u ∈ M, t̄ ∈ T è t = π′(t̄) =⇒ Kerχū � ïðîîáðàç Kerχu.
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χu(t) = χū(t̄) äëÿ u ∈ M, t̄ ∈ T è t = π′(t̄) =⇒ Kerχū � ïðîîáðàç Kerχu.
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χu(t) = χū(t̄) äëÿ u ∈ M, t̄ ∈ T è t = π′(t̄) =⇒ Kerχū � ïðîîáðàç Kerχu.
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χu(t) = χū(t̄) äëÿ u ∈ M, t̄ ∈ T è t = π′(t̄) =⇒ Kerχū � ïðîîáðàç Kerχu.
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(π′)∗: expα∂ē ↔ expα∂e .

K[X ] K[X ]

K[X ] K[X ]

oo
∂ē
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Êîíñòðóêöèÿ Êîêñà � äîïîëíåíèå

X � àôôèííîå òîðè÷åñêîå ìíîãîîáðàçèå, 〈σ(1)〉 = N0 ⊗Q 6= N ⊗Q.

X = X0 × (K×)m̃

Am//HX = X0 −→ Am × (K×)m̃︸ ︷︷ ︸
X

// HX = X

K[X ] = K[x1, . . . , xm, x
±1
m+1, . . . , x

±1
m+m̃]

K[X ]HX = K[x1, . . . , xm]HX [x±1m+1, . . . , x
±1
m+m̃] ' K[X0][x±1m+1, . . . , x

±1
m+m̃] = K[X ]

χū ↔ χu

u = u0 + ũ ∈ SX = SX0 + Zm̃ ⊆ M = M0 + Zm̃,

ū = (〈p1, u〉, . . . , 〈pm, u〉, ũm+1, . . . , ũm+m̃) ∈ M = M0 + Zm̃.
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Ñîãëàñîâàííîñòü ìîíîèäîâ

Îïðåäåëåíèå

Ïóñòü X è X íàäåëåíû ñòðóêòóðàìè ìîíîèäà.
Óìíîæåíèå µ : X × X → X ñîãëàñîâàíî ñ óìíîæåíèåì
µ̄ : X × X → X , åñëè äèàãðàììà êîììóòàòèâíà.

X × X X

X × X X

//
µ̄

��
π×π

��
π

//
µ

Ëåììà

Ïóñòü G è G äåéñòâóþò ñîãëàñîâàíî ñ îòêðûòûìè îðáèòàìè íà X è X
ñîîòâåòñòâåííî. Ïóñòü x̄0 ∈ X � òî÷êà â îòêðûòîé îðáèòå è x0 = π(x̄0). Ðàññìîòðèì
óìíîæåíèÿ íà X è X , ïîñòðîåííûå ïî ýòèì äåéñòâèÿì è òî÷êàì. Òîãäà ýòè
ñòðóêòóðû ìîíîèäîâ ñîãëàñîâàíû.

Äîêàçàòåëüñòâî.

G X

G X

� � //

��
π′

��
π

� � //

=⇒
π ïðîäîëæàåò π′

ïðè îòîæäåñòâëåíèè ãðóïïû ñ îòêðûòîé îðáèòîé
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Ìîíîèäû íà ÿçûêå êîíñòðóêöèè Êîêñà

Òåîðåìà

Ïóñòü X � íîðìàëüíîå àôôèííîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå ðàçìåðíîñòè n,
äîïóñêàþùåå ñòðóêòóðó ìîíîèäà ðàíãà 0, n − 1 èëè n. Òîãäà X òîðè÷åñêîå, è
óìíîæåíèå íà X ñîãëàñîâàíî ñ óìíîæåíèåì íà X = Am × (K×)m̃. Ñ òî÷íîñòüþ äî
èçîìîðôèçìà ìîíîèäîâ íà X è X óìíîæåíèå íà X çàäà¼òñÿ îäíîé èç ñëåäóþùèõ
ôîðìóë:
1) r = n: (x1, . . . , xm+m̃) · (y1, . . . , ym+m̃) = (x1y1, . . . , xm+m̃ym+m̃).
2) r = n − 1:

(x1, . . . , xm+m̃) · (y1, . . . , ym+m̃) =
(
x1y1, . . . , xiy

ē,i + yix
ē,i , . . . , xm+m̃ym+m̃

)
,

ãäå pi � ïðèìèòèâíûé âåêòîð íà ëó÷å âååðà X , e ∈ Ri � êîðåíü Äåìàçþðà,

ñîîòâåòñòâóþùèé ýòîìó ëó÷ó, ẽ ∈ Zm̃, x ē,i =
∏

16j6m
j 6=i

x
〈pj ,e〉
j

∏
m<j6m+m̃

x
ẽj
j ;

3) r = 0: X = X = An, (x1, . . . , xn) · (y1, . . . , yn) = (x1 + y1, . . . , xn + yn).
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Äîêàçàòåëüñòâî òåîðåìû

e ∈ R, G = Kerχe ×Ga.

Ga-äåéñòâèå expα∂e íà X ñîãëàñîâàíî ñ Ga-äåéñòâèåì expα∂ē íà X .
Äåéñòâèå Kerχe íà X ñîãëàñîâàíî ñ äåéñòâèåì Kerχē íà X .

ē � êîðåíü Äåìàçþðà X =⇒
äåéñòâèå Kerχē ×Ga äëÿ ëþáîé òî÷êè x̄0 ∈ X äà¼ò ñòðóêòóðó ìîíîèäà íà X .
Îíà ñîãëàñîâàíà ñî ñòðóêòóðîé ìîíîèäà äåéñòâèÿ Kerχe ×Ga äëÿ òî÷êè x0 = π(x̄0).

ē = (〈p1, e〉, . . . , 〈pm, e〉, ẽ1, . . . , ẽm) =⇒ ËÍÄ ∂ē = x ē,i ∂
∂xi

=
∏

16j6m
j 6=i

x
〈pj ,e〉
j

∏
m<j6m+m̃

x
ẽj
j

∂
∂xi

.

Äåéñòâèå (t, α) ∈ Kerχē ×Ga íà X :

(t, α) · x̄ =
(
t1x1, . . . , ti−1xi−1, ti (xi + αx ē,i ), ti+1xi+1, . . . , tm+m̃xm+m̃

)
.

Áåð¼ì òî÷êó x̄0 = (1, . . . , 1, 0
i
, 1, . . . , 1) ∈ X â îòêðûòîé îðáèòå.

Äåéñòâóÿ íà íå¼, ïîëó÷àåì âëîæåíèå Kerχē ×Ga ↪→ X :

(t, α) 7→ (t, α) · x̄0 = (t1, . . . , ti−1, tiα, ti+1, . . . , tm+m̃) =: ȳ = (y1, . . . , ym+m̃).

t ∈ Kerχē =⇒ t−1i t ē,i = 1. Ïîäñòàâëÿåì tj = yj äëÿ j 6= i è tiα = yi , ïîëó÷àåì
óìíîæåíèå íà X : x̄ · ȳ = (x1y1, . . . , y

ē,ixi + yix
ē,i , . . . , xm+m̃ym+m̃).
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Ïðèìåð

σ: p1 = (1, 0, 0), p2 = (0, 1, 0), p3 = (1, 0, 1), p4 = (0, 1, 1), D1, . . . ,D4 � äèâèçîðû.
Ñîîòíîøåíèÿ íà [D1], . . . , [D4] ∈ Cl(X ): [div(χu)] = 0 äëÿ áàçèñíûõ u, òî åñòü1 0 1 0
0 1 0 1
0 0 1 1




[D1]
[D2]
[D3]
[D4]

 =

00
0

 =⇒

Cl(X ) ' Z ïîðîæäåíà

[D1] = −[D2] = −[D3] = [D4],

R(X ) = K[x1, x2, x3, x4],

deg xi = [Di ] ∈ Cl(X )

=⇒

HX = K× y X = A4 êàê t · (x1, x2, x3, x4) = (tx1, t
−1x2, t

−1x3, tx4) =⇒
K[x1, x2, x3, x4]HX =K[x1x2, x1x3, x2x4, x3x4] =⇒ A4//HX åñòü X = {ab = cd}, ãäå

a = χ(1,0), b = χ(1,1), c = χ(1,2) èç K[X ]

χ(1,0) = χ(0,2) = x22 , χ
(1,1) = χ(1,1) = x1x2, χ

(1,2) = χ(2,0) = x21 èç K[X ].

Óìíîæåíèå íà X = A4, ñîîòâåòñòâóþùåå êîðíþ e = (−1, l2, l3 + 1) ∈ R1:

(x1, x2, x3, x4) · (y1, y2, y3, y4) = (x1y
l2
2 y l3

3 y l2+l3+1
4 + x l2

2 x l3
3 x l2+l3+1

4 y1, x2y2, x3y3, x4y4).
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Ñëåäñòâèÿ äëÿ ïîâåðõíîñòåé

Ñëåäñòâèå

Ïóñòü X � íîðìàëüíàÿ àôôèííàÿ ïîâåðõíîñòü ñî ñòðóêòóðîé êîììóòàòèâíîãî
ìîíîèäà. Òîãäà X òîðè÷åñêàÿ, òî åñòü K[X ] =

⊕
u∈SX

Kχu, è ñ òî÷íîñòüþ äî

èçîìîðôèçìà êîóìíîæåíèåì K[X ]→ K[X ]⊗K[X ] ÿâëÿåòñÿ îäíî èç ñëåäóþùåãî:
1) r = 2: χu 7→ χu ⊗ χu äëÿ âñåõ u ∈ SX ;
2) r = 1:

χu 7→ χu ⊗ χu(1⊗ χe + χe ⊗ 1)〈pi ,u〉

äëÿ âñåõ u ∈ SX , ãäå pi � ïðèìèòèâíûé âåêòîð íà ëó÷å âååðà X è e ∈ Ri � îäèí èç
êîðíåé Äåìàçþðà, ñîîòâåòñòâóþùèõ ýòîìó ëó÷ó;
3) r = 0: X = A2, χu 7→ χu ⊗ 1 + 1⊗ χu äëÿ âñåõ u ∈ Z2

>0.
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Ñëåäñòâèÿ äëÿ ïîâåðõíîñòåé

Ñëåäñòâèå

Ïóñòü X � íîðìàëüíàÿ àôôèííàÿ àëãåáðàè÷åñêàÿ ïîâåðõíîñòü ñî ñòðóêòóðîé
êîììóòàòèâíîãî ìîíîèäà ðàíãà r . Òîãäà X òîðè÷åñêàÿ, è ëþáàÿ ñòðóêòóðà
êîììóòàòèâíîãî ìîíîèäà ïðîèñõîäèò èç îäíîé èç ñëåäóþùèõ íà X :
1) r = 2, X = A2, X = X = A1 ×K×, (K×)2:

(x1, x2) ∗ (y1, y2) = (x1y1, x2y2);
2) r = 1, X = A2

(x1, x2) ∗ (y1, y2) = (x1y
〈p2,e〉
2 + y1x

〈p2,e〉
2 , x2y2), e ∈ R1,

(x1, x2) ∗ (y1, y2) = (x1y1, x2y
〈p1,e〉
1 + y2x

〈p1,e〉
1 ), e ∈ R2,

ãäå pi è Ri , i = 1, 2 � ïðèìèò. âåêòîðû íà ëó÷àõ è êîðíè Äåìàçþðà X ;
3) r = 1, X = X = A1 ×K×:

(x1, x2) ∗ (y1, y2) = (x1y
l
2 + y1x

l
2, x2y2), l ∈ Z;

4) r = 0: X = A2, (x1, x2) ∗ (y1, y2) = (x1 + x2, y1 + y2).
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p1 = (0, 1)

p2 = (d , −k)

N M

R1

R2
σ ω

0 0

r = 1, p1 = (0, 1), X = {ac = b2} ⊆ A3. Êîóìíîæåíèå:
χu 7→ χu ⊗ χu(1⊗ χe + χe ⊗ 1)u2 . a = χ(1,0), b = χ(1,1), c = χ(1,2). Äëÿ êîðíÿ
Äåìàçþðà e = (l ,−1) ∈ R1 èìååì χe(x) = a(x)l+1b(x)−1 =⇒

a(x ∗ y) = a(x)a(y), b(x ∗ y) = b(x)a(y)l+1 + a(x)l+1b(y),

c(x ∗ y) = c(x)a(y)2l+1 + a(x)2l+1c(y) + 2a(x)lb(x)a(y)lb(y).

Óìíîæåíèå íà X = A2 äëÿ e = (l ,−1) ∈ R1:
(x1, x2) · (y1, y2) = (x1y

2l+1
2 + x2l+1

2 y1, x2y2).

25 / 28



Èçîìîðôèçì

Íîðìàëüíàÿ ôîðìà ñòðîãî âûïóêëîãî äâóìåðíîãî êîíóñà σ: ñóùåñòâóåò áàçèñ
e1, e2 ∈ N σ = cone(e2, de1 − ke2), ãäå d > 0, 0 6 k 6 d è ÍÎÄ(d , k) = 1.
Òîãäà p1 = (0, 1), p2 = (d ,−k), êîðíè Äåìàçþðà

R1 = {e(l)
1 = (l ,−1) | l ∈ Z>0}

R2 = {(l1, l2) | dl1 − kl2 = −1, b > 0} = {e(l)
2 = e

(0)
2 + (d , k)l | l ∈ Z>0}

Ñëåäñòâèå

Åñëè k2 6≡ 1 ïî ìîäóëþ d , òî ñòðóêòóðû ìîíîèäîâ ðàíãà 1, ïåðå÷èñëåííûå â
ñëåäñòâèÿõ, ïîïàðíî íåèçîìîðôíû. Åñëè k2 ≡ 1 ïî ìîäóëþ d , òî ìîíîèäû
èçîìîðôíû òîãäà è òîëüêî òîãäà, êîãäà îíè ñîîòâåòñòâóþò e

(l)
1 è e

(l)
2 äëÿ

íåêîòîðîãî l ∈ Z>0.

Äîêàçàòåëüñòâî.

Â áàçèñå e1, e2 ìàòðèöà τ :

(
k d

1−k2

d
−k

)
� öåëî÷èñëåííà ⇔ d äåëèò k2 − 1.
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