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Let u be a positive Borel measure supported on A := [-1,1] and
such that u’(x) := du(x)/dx > 0 a.e. on A. Let

Ta(x; ) = xn()x" +---, n=0,1,2,---, %5(u) > 0, be the
polynomials orthonornal on A with respect to the measure u:

f T (% @) Ta(X: 1) da(X) = 6y ko =0,1,2,..., (1)
A

where dkn is the Kronecker symbol.

Let a function f be holomorphic on the compact set A,

f e H(A). Then f is expanded in the polynomial series with
respect to the system {Tk(X; 1)}

f(z) = icka(z;u), ck = ck(f) :f F(X) T (X: 1) du(x). (2)
k=0 A

which converges to f(z) inside (i.e., on the compact subsets) of
the maximal canonical (with rexpect to A) ellipse D,, p > 1.
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i(2) ;:fd“(x), z¢ A,
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ﬁ(z)::fd'u—(x), z¢ A, [9(2):% L N>,

zZ—X

2 2
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N .
ﬁ(z)::fzﬂ—(xx), z¢ A, [9(2)::2 L N1,

92_|_..._|_92 =l
! N Not(2) _ (1
o)~ T G ~ Ol ) 27

I'. Ceré: “Ucroputeckn OpTOrOHAJBHBIE MHOTOYJIEHHI ... BIIEPBBIE
PACCMATPUBAJINCH B TEOPUH HEIPEPBIBHBIX APOOEit. DTa CBI3b
OYeHb BaXKHA W SIBJISIETCsI OJHOU U3 BO3MOXKHBIX OTIIPABHBIX
TOYEK IIPU UCCJIEIOBAHIN OPTOTOHAIBHBIX MHOTOYICHOB (CM.

I1. JI. Yebpumeén [1855]...).
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N .
ﬁ(z)::fzﬂ—(xx), z¢ A, [9(2)::2 , N>1,

92_|_..._|_92 =l
! N Not(2) _ (1
o)~ T G ~ Ol ) 27

I'. Ceré: “Ucroputeckn OpTOrOHAJBHBIE MHOTOYJIEHHI ... BIIEPBBIE
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TOYEK IIPU UCCJIEIOBAHIN OPTOTOHAIBHBIX MHOTOYICHOB (CM.

I1. JI. Yebpumeén [1855]...).
o II. JI. Yebnmmuén [1855]: f(x) ~ X ck(f) Tw(X; u);
k=0
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N .
ﬁ(z)::fzﬂ—(xx), z¢ A, [9(2)::2 L N1,

92_|_..._|_92 =l
1 Nﬁ(z) ~ Np1(2) _o 1
To(z:i 1) Z2n+1
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) 20w

o I1. JI. YeGbumén [1855]: OTKprJIi(i)OpMyHy Kpucroddens-
HapGy;
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N .
ﬁ(z)::fzﬂ—(xx), z¢ A, [9(2)::2 L N1,

92_|_..._|_92 =l
! N Not(2) _ (1
o)~ T G ~ Ol ) 27

I'. Ceré: “Ucroputeckn OpTOrOHAJBHBIE MHOTOYJIEHHI ... BIIEPBBIE
PACCMATPUBAJINCH B TEOPUH HEIPEPBIBHBIX APOOEit. DTa CBI3b
OYEeHDb BAXKHA U SBJIAETCS OJTHONW U3 BOZMOXKHBIX OTIIPABHBIX
TOYEK IIPU UCCJIEIOBAHIN OPTOTOHAIBHBIX MHOTOYICHOB (CM.

I1. JI. Yebpumeén [1855]...).
o II. JI. Yebnmmuén [1855]: f(x) ~ X ck(f) Tw(X; u);

k=0
o I1. JI. Yebbmmén [1855]: orkpbur dhopmyny Kpucroddes-
HapOy;
e I1. JI. YeObIéB: UCIOIB30BAI TEOPHUIO BBIYETOB (XOTSI, KaK
[PUHSATO CUNTATH, HE JIIOON KOMILIEKCHBIE YHCIIA...).
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Bajaua, paccmarpubaemast deobimésbiM B [1855], cocront B
craemytomeM. [lycts mekoTopasi dpyukius f 3agana Ha R B
KOHEYHOM (IIPUTOM JOCTATOYHO OOJIBIIIOM) HYHCIIE Y3JIOB X;,
j=1,...,N> 1. Tpebyercs no sunadenusm f; = f(X;) B arux
y3J1aX IMOCTPOUTH NMPUOJINZKEHHOE IpecTaB/enne MyHKiun f
TOJTMHOMOM (puKcHpoBaHHOM "Masoit” creneru N, N < N,
KOTOPOE SIBJISIETCS B OIPEJIETIEHHOM CMBICJIE OIITUMAJIHLHBIM.
OnTUMAIBHOCTE MIPEJICTABIEHUS] TIOHUMAETC KAK MUHUMUABATIHST
CPETHEKBAIPATUYHOIO YKJIOHEHUS 3HAYEHUI TIOJUHOMA B y3J1aX
Xj oT 3Hadennil GyHKIWU f;, IPUTOM C HEKOTOPLIMHU BECaMU
0;>0,j=1,...,N, B rouxax X;. Pernenne, YeGprmén [1855]:
oproHopMupoBaHHasi cucrema { Tk (X; 9)}?20:

N
> T(% 0) T, )67 = Skem,
j=1
N N
f(2) ~ > ek Tu(zim), ok = ak(f) = D H(x)Ti(x; 0)6F.
k=0

=1
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Following the idea of [1] we define the nth diagonal

Frobenious-Padé approximation to the series (1) as the rational

function ®,(z) = Pn(z)/Qn(z) such that the polynomials

Qn, Pn € P, and the following relation holds true

(Qnf — P)( Z ank T(z: ). (3)
k=2n+1

Since anx = ck(Qnf — Py) and Pp € Py, it is easy to see that the
relation (3) is equivalent to the relations

c(Qnf) =0, k=n+1,...,2n. (4)
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The relations (4) form a system of n linear homogenuos
equations for n + 1 unknowns, the coefficients of the polynomial
Qp € P,. Thus a nontrivial solution of (4) always exists. In
contrast to the Padé approximants [n/n] of a power series, the
rational funcrion ¢, = P,/Q, maybe not unique. The rational
functions ®, are ussually referred to as Frobenious—Padé or
“linear” Padé approximations to the series (2). The polynomial
Qp is the main object of the problem. If Q, is known, the
corresponding polynonial P, is determine by representation

n

Po(2) = )" ck(Quf) Ti(zi ). (5)

k=0

It is easy to see that to find the polynomial Q, from the
system (4), the 3n + 1 coeffitients cx(f), k = 0,1,...,3n, of the
series (2) should be given.
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In addition to Frobenious definition for Padé approxmants there
is the so-called Baker definition.

[4 J. T. Holdeman (Jr.), A method for the approximation of
functions defined by formal series expansions in orthogonal
polynomials, Math. Comp. , 23, 106, 1969, 275-287

[4 J. Fleischer, Nonlinear Padé approximants for Legendre
series, J. Math. Phys., 1973, 14, 2, 246-248

[4 A. A. Gonchar, E. A. Rakhmanov, S. P. Suetin, On the
convergence of Padé approximation of orthogonal
expansions, Number theory, algebra, analysis and their
applications, Trudy Mat. Inst. Steklov., 1991, 200, 136-146

[4 A. A. Gonchar, E. A. Rakhmanov, S. P. Suetin, On the rate
of convergence of Padéé approximants of orthogonal
expansions, Progress in approximation theory, Tampa, FL,
1990, Springer Ser. Comput. Math., 19, Springer, New York,
1992, 169-190
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The extension of that Baker definition for Padé approximants to
the polynomial series is the following (see first of all 1], [2] and
also [3], [4], [1]). We seek for a rational function F, of order not
greater than n, such that F, € H(A) and the following relation
holds true

(o)

(F=F)(x) = > bakTk(x;p). (6)
k=2n+1
Such rational function does not always exist; see [1]. If F, exists
it is called the diagonal nonlinear Padé approximation to the
polynomial series (2). In general F, # ®,.
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du(x) = _ax = Tk(x); peamuzosanst B MAPLE

V1 —x2
[§ C.II Cyerun, O CymecTBOBAHNN HEIMHEHHBIX

annpoxkcumMariuii [lage—YeObImépa 111 aHATATHIECKITX
dyuxmit, ,Marem. 3amerku, 2009, 86, 2, 290-303
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du(x) = _ax = Tk(x); peamuzosanst B MAPLE

i

[§ C.II Cyerun, O CymecTBOBAHNN HEIMHEHHBIX

annpoxkcumMariuii [lage—YeObImépa 111 aHATATHIECKITX

dyuxmit, ,Marem. 3amerku, 2009, 86, 2, 290-303
[TpuBossiTCst IpUMeEPBI JIByX aHAJIUTHYECKUX Ha oTpeske [—1,1]
dyHKINIE TaKWX, YTO HA IIPU KAKOM N = 2,3,... JJIsd IepBoil u3
HUX HE CYIIECTBYET HEJMHEHHBIX allllPOKCAMAIINI
[Tage—Yebprmésa Tuma (n,2), a ayst Bropoii — tuna (n, n) (r.e.
JINArOHAJILHBIX allllpokcuMaruit). Biiarogapst mosrydeHHOMY
B paboTe KPUTEPHUIO CYIECTBOBAHUS HEJTNHENHBIX
ammpokcumanuii [Tage—Pabepa, 0ba TpuMepa BBITEKAIOT U3
IMAPOKO M3BecTHBIX KoHTprpuMmepoB B. 1. Byciraesa
COOTBETCTBEHHO K runorese beiikepa—I'peitec-Moppuca u
K runorese Beiikepa—ammerns—Yuica s AIl. O6e dyHKIIMI
3a/1AI0TCs SBHBIM aHAJIMTUICCKIM BBIPAYKEHHEM.
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du(x) = \/% = Tk(x);

“Teopus Ilrans” mig HeJTMHEHHBIX ANTPOKCAMAIAI
[Tane—YebbimeBas:

[4 A. A. Gonchar, E. A. Rakhmanov, S. P. Suetin,
Padé-Chebyshev approximants of multivalued analytic
functions, variation of equilibrium energy, and the
S-property of stationary compact sets, Uspekhi Mat. Nauk,
2011, 66, 6(402), 3-36
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Let the measures u and o be as before and define the functions

— o} o(x)d
1) =7 = [ 2, 62 = uon(z) = [ TLE,
c @
where z€ D, D :=C\ A and &(2) : f dG—(tt). For the tuple of
d

three functions [1, fi, f2] and multiindex n=(n-1,n,n), n > 1,
we define the corresponding type I Hermite-Padé polynomials
Qno € Pp—1 and Qn 1, Qn2 € Py by the following relation

1
(Qn,o + Qnifi + Qn,zfz)(z) =0 (22n+2), z— oo  (8)
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It is well-known that for arbitrary functions fy, f, € H(c0) and a
fixed n such polynomials Qnj are not unique (see |7, Chapter 4,
§ 1, Statements 1.1 and 1.2]). But for the functions given by
representations (7) the tuple [Qno0, Qn.1, Qn2] is uniquelly
determined up to a nontrivial constant multiplier. More over the
following statement holds true.
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fixed n such polynomials Qnj are not unique (see |7, Chapter 4,
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Proposition

Let f(z) =0, Tk(z; 1), Kk =0,1,..., be the orthogonal
polynomials given by the relations (1), polynomials Q, and P,
be defined by the relation (3) and the polynomials Qn 1 and Qn2
be defined by the relation (8). Then for each n € N

deg Q, = deg P, = deg Qn1 = deg Qn2 = n and

—Qh.1/Qn2 = Pn/Qn = ¥y, ie., the rational function —Qn1/Qn2
gives the unique Tschebyshev—Padé(—Frobenious) approximation
®, to the series (2).

v
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From (8) it directly follows that

fF?n(t)q(t) dt =0 for each q e P, 9)
y

where 7y is a closed curve that separates the set A from the
infinity point z = co. Thus we have that

f (Qu1f + Qnah)(D)g(t) dt = 0. (10)
Y

Finally taking into account the representation (7) of the
functions f; and f» we obtain from (10) that the following
equality holds true

fA (Qut + Qn27)(x)q(x) du(x) = 0, (1)
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where g € Py, is an arbitrary polinomial. From (11) it directly
follows that for the function f(z) = o(z) we have

(Qn1 + Qnaf)(z Z Cnk Tk(2: ). (12)
k=2n+1

Since Qn.1, Qn2 € Pp, the relation (12) is equivalent to the
relation (2). By uniquenece property of Frobenious—Padé
approxaimation ®, to f(z) = o(z), we have that

q>n — _Qn,1 /Qn,2-
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. 1 1 f(x) dx =
fi(z) == -1 f2(z) == FL ) Vi — zeD=C

(13)
where the function f: A — C is a holomorphic function on A.
For the tuple of three functions [1, fi, 5] and multi-index
n=(n-1,nn), n>1, we define the corresponding type I
Hermite-Padé polynomials Qno € Pp—1 and Qn 1, Qn2 € Py by the
following relation

1
22n+2

Rn = (Qn,o i Qn,1 f1 aF Qn’zfg)(Z) = O( ), Z — 090, (14)
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Since f € H(A) and Tk(x; 1) = Tk(x), then f(x) can be expanded
into the Chebyshev series

f(Z) = i Cka(Z). (15)
k=0

So, we obtain from (14) and (??) that the ratio —Qn1/Qn2 gives
a “linear” Tschebyshév-Padé approximation to the series (15).
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into the Chebyshev series

f(Z) = i Cka(Z). (15)
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So, we obtain from (14) and (??) that the ratio —Qn1/Qn2 gives
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Definition

For a finite set X, #¥ < o0, 2 C @\ Ay, let denote by A°(A,X)
the set all functions f such that f is given by a “germ”

fla € H(A) and this germ f|a can be continued analytically
along each path avoiding the set X but f is not a singlevalued
function in C \ X. We shall call this set of functions by Stahl’s
class of multivalued analytic function (with respect to A and

5)..
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armporcuManyun ednrmépa—Ilare

Cuacubo 3a BHUMaHUE !
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