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Introduction

»> The classical Hartogs extension theorem: Let D C C"(n > 1) be a domain
and K C D be a compact set such that D\ K is connected. Then the restriction
homomorphism H%(D,0) — HO(D \ K, ©) is an isomorphism.

» A natural question arises if this is true for complex analytic varieties.

> Let (X, O) be a connected complex analytic variety (It means that, locally, X is
an analytic set A in a domain D C C" and O|a4 = Op/la, where 4 is an ideal
sheaf of A).
Definition
We say that a connected complex space X admits the Hartogs phenomenon if for any
domain D C X and a compact set K C D such that D \ K is connected, the
restriction homomorphism H°(D, Ox) — H°(D \ K, Ox) is an isomorphism.
» In this or a similar formulation this phenomenon has been extensively studied in
many situations, including Stein manifolds and spaces, (n — 1)-complete normal
complex spaces and so on.

» Our goal is to study the Hartogs phenomenon in toric varieties.



Toric varieties

Let Ty be a complex algebraic torus associated with a lattice N (note:
Ty = N ®z C* = (C*)", here C* =C\ {0})

Definition
A normal algebraic variety equipped with an algebraic action of the torus Ty is called
toric variety if it contains an open Ty-orbit.

>
>
>

Ex: (C*)",C", CP".
Toric varieties classified by fans.
A strictly convex cone is a subset 0 =Rx>(n; | i=1,---,5) C Ng = N®z R
for some nje N;i=1,--- s
A fan is a pair (X, N) where X is a finite set of strictly convex cone o C Ng
with the properties: 1) Vo € X AVT <0 =T € ¥; 2)
Vo,0' € X = (cNo’ <o)A(ocnNdo’ <d’)
The support of a fan X is aset |X|:= | o.
oEX




Examples of toric varieties
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Puc.: CP' x C*,CP?\ {pt}, (C*)?, CP*




Two examples

For any cone o € ¥ corresponds an affine toric variety U, = Spec(C[o¥ N N*]) which
is gluing together to a toric variety Xy = ILrg Uy (here inductive limit is taken with

o1 =R>((1,0),(0,1))

o2 =R>((0,1),(-1,-1))

r=R(01)

Ugy = (Czl,zz’ Uo, = CW1,W2’

Ur =CxC*

Us, <= Ur = Uy,

Gluing map:
1 1

1= —, 2= —W

w1 wi

Xs = Og¢p1(1) or CP?\ {pt}

ocX
respect to a partial order "to be a face")

o1 =Rx>((1,0),(0,1))
02 = Rz <(07 1)7 (717 1))
T =R>((0,1))
U0'1 = (Cgl,zy U0'2 = (Call,wzl
Ur=CxC*
Us, <= Ur = Us,
Gluing map:
1
Z] = —,22 = wiwp
wi

Xs = Ogp1(—1) or BlgC?



Smoothness and compactness

> A toric variety Xy is smooth (i.e. is a complex manifold) if and only if for every

cone o € X there exists a Z-basis {ny,--- , n/} of the lattice N such that
o = Cone(ny, -+ ,ns) fors <r
> A toric variety Xy is compact if and only if |X|:= |J o =R".
cEX

Puc.: CP?\ {pt}, CP?

» A noncompact toric variety admits torus equivariant compactification. In terms
of fans it means that an incomplete fan can be completion by cones to a
complete fan.



Orbit-cone correspondence

There is 1-1 correspondence between cones in a fan X and a set of Ty-orbit of Xs.
Moreover

» 7 <o if and only if O(c) C O(7);
> U, = || O(r).

7<o0
Example:
Let zp, z1, 2> be a homogeneous coordinates in CP2.
o1 01:R2<e17ez><—>O(01):[1:0:0]
2 e, —e1 —e) +— O(o2) =[0:1:0]

=Rx>(
=R>(e2,—e1 — &) +— O(03) =[0:0:1]

= RZ <61> < 0(7'1) = {2021 75 07 Zy) = 0}

= RZ <62> < O(Tz) = {2022 75 0, z1 = 0}

3 =Rx(—e1 — &) +— O(13) = {2122 # 0,20 = 0}

0 «— (C*)? = {z0z120 # 0}

Note that 71 < o1 if and only if O(c1) = [1:0:0] C

O(m1) = {z =0}
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Marciniak conjecture

» In the context of toric varieties the Hartogs phenomenon was first studied by M.
A. Marciniak.

Theorem

Let X5 be a smooth toric surface. If the support |E| of ¥ is a strictly convex cone
then for any compact set K C Xy such that Xs \ K is connected, the restriction
homomorphism HO(Xs,0) — HO(Xs \ K, ©) is an isomorphism.

» Example:

» Marciniak conjecture: Let Xy be a smooth toric variety. If the complement of
|Z| has at least one concave connected component then for any compact set
K C Xg such that X5y \ K is connected, the restriction homomorphism
HO(Xs, ©) — H(Xs \ K, ) is an isomorphism.

» What is concave connected component in dimension at least 37



Main results

Theorem 1
Let Xy be a noncompact toric variety with the fan ¥’. Assume that the complement
of the fan’s support C := RP \ |Z'| is connected, then H(Xs:,©) = 0 if and only if

conv(C) = RP.

Theorem 2

Let Xy be a noncompact toric variety with the complement RP \ |Z| being connected.
The cohomology group HX(Xs, ©) is trivial if and only if X5 admits the Hartogs
phenomenon.

This allows us to specify what concavity in the conjecture formulated above means.

Definition

Let ¥ be a fan in RP, and RP \ |X| = | | C;. A complement component C; is called
J

concave if conv(C;) = RP.

Corollary

Let Xy be a noncompact toric variety with the fan ¥ whose complement is
n
RPN\ |Z| = || G. Then
=

» if at least one of C;'s is concave then Xy admits the Hartogs phenomenon.

» if n =1 then the converse is also true, i.e. if Xy admits the Hartogs
phenomenon then RP \ |X| is concave.



A fan with concave components in complement




Theorem 1

Theorem 1: Let X5/ be a noncompact toric variety with the fan ¥’. Assume that the
complement of the fan's support C := RP \ |Z’| is connected, then H}(Xs/, O) =0 if
and only if conv(C) = RP.

Steps of the proof:

1. Let Xy be a toric compactification of Xy,. We describe Z := X5/ \ X5/ in
terms of Ty-orbits and consider an open toric variety Xy C Xs/ such that
Z C Xy and with the following property: any neighborhood of Z intersect with
all Ty-invariant divisors of X ;

2. We describe H}(Xs/, ©O) in terms of the ring H(Z, O) of germs of holomorphic
functions on Z;

3. We prove that any germ in H%(Z, ©) can be represented by a Laurent series
S~ ast! which converges in a neighborhood of Z.
€A

4. We show that the support A of the Laurent series contained in T’ n N



Step 1

> Let Xg/» be a compactification of Xy/ and Z := Xz \ Xg/. Since the set Z is

Ty-invariant, it follows that Z = U o(7).
TEY! relint(r)eR"\ |/ |

» Denote by ¥ the fan which consists of cones ¢ in ¥’/ such that
o C R"\ int(]X’]). Note that C = |X|.

» Orbit-cone correspondence implies that: 1) the set Z and a small neighborhood
of Z is contained in Xx; 2) and any such neighborhood of Z intersect with all
Tn-invariant divisors of Xy.

Puc.: ¥/ Puc.: " Puc.: ©



Step 1

Example:
> Let Xy = CP?\ {pt} and Xz = CP2. Then Z = {pt} is a O-dimensional
Tn-orbit corresponding to the cone o = R>p(e1, —e1 — e2) and Xz = Uy =2 C2.
» The point Z is exactly a 0-dimensional Tp-orbit in U, and it corresponds to the
origin in C2. Ty-invariant divisors in U, correspond to coordinate lines in C2.

Puc.: ¥’ Puc.: X" Puc.: ©



Step 2

» We have a long exact sequence of cohomology groups

0 — HY(Xy/, 0) —— H(Xs1, O) —— HY(Z,0) ——

—> H}(Xs/,0) —— H(Xgr,0) —— HX(Z,0) — - --

> Cohomology of toric variety: If X5/ is a compact toric variety, then
Hi(Xs11,0) =0 for all i > 0 and H*(Xyrr,©) = C.
> Since Xy/ is noncompact it follows that H(Xy/, ©) = 0.
> Thus HY(Xs/, 0) = H(Z,0)/C, here H*(Z,0) = lim H*(U,0).
Uoz



Step 3

» Assume that Xy is a smooth toric variety. It admits an open covering

Xs = U Us, where Uy 2 C" is an affine chart corresponding to a cone
o€X(p)
o € X(n) of dimension n.
> Aset ZNUy = U O(7) C Uy is a union of coordinate

7<o,relint(7)€int(|X])
subspaces of U,.
> Consider equivalence class [f, V] € HO(Z, O) that is a function f is holomorphic
in a neighborhood V of Z.
> A function f|y v € H°(U, NV, O) can be represented as a convergent power
series in a sufficiently small neighborhood W, of Z N U,.
» Choose a neighborhood D of Z suchthat DC |J Wy and DNUs; C W,
oce¥(n)
So, flp = 3 ajt!, where t = (t1,--- , t) are coordinates in the torus Ty.
IEA

> Thus [f, V] = [ ast!, D).
IeA



Step 4

> Since the order of vanishing of a Laurent monimial t/ along a Ty-invariant
divisor V(p), p € (1) is equal to (up, I), it follows that A C |Z|¥ N N* (here u,
is a primitive generator of 1-dimension cone p).

> Since C = ||, it follows that
HO(Z,0) = {[3_ ait!, D] | series converges in D,AC C’ N N*}. Moreover
IeA
HO(Z,0)=C ifand only if C' = O

> Note that if A is a closed (but not necessarily convex) cone, then
conv(A) = AVV.

> We obtain that conv(C) = RP if and only if ¢’ =o.



Theorem 2

Theorem 2: Let X5 be a noncompact toric variety with the complement R” \ |Z|

being connected. The cohomology group H}(Xs, @) is trivial if and only if X5 admits
the Hartogs phenomenon.

The proof of Theorem 2 is based of the following lemmas
Let (X, ©) be a noncompact connected complex analytic variety.

1. If HY(X,0) = 0, then for any compact set K C X such that X \ K is connected,
the restriction homomorphism H°(X,0) — H°(X \ K, O) is an isomorphism.

2. Suppose X admits a compactification X’ such that X’ is a compact connected
complex analytic variety and H1(X’,0) = 0. If HX(X, ©) = 0 then the Hartogs
phenomenon holds in X.

3. Suppose X admits a compactification X’ as in (2) and a compact exhaustion
{Vin}nen, such that X \ V, is connected. If for any n € N the restriction
homomorphism HO(X,0) — H°(X \ V;, ©) is an isomorphism, then the natural
homomorphism H(X,0) — H}(X’, ©) is monomorphism.



Conclusion

Corrected Marciniak conjecture: Let Xy be a noncompact toric variety. If the
complement of |X| has at least one concave connected component then the Hartogs
phenomenon holds in Xy

Theorems 1 and 2 implies the validity of the corrected Marciniak conjecture.
Corollary

Let Xy be a non-compact toric variety with the fan ¥ whose complement is
n
RPN\ |X| = || Gj. Then
=1

> if at least one of C;’s is concave then Xy admits the Hartogs phenomenon.

» if n =1 then the converse is also true, i.e. if Xy admits the Hartogs
phenomenon then RP \ |X| is concave.



