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Denote by Y a complex manifold, X a normal variety,
F: X — Y a finite holomorphic map, deg F = d.

B:=Bpr={yeY | 4F~1(y) < d} the branch locus of F.



Denote by Y a complex manifold, X a normal variety,
F: X =Y a finite holomorphic map, deg F' = d.

B:=Bpr={yeY | 4F~1(y) < d} the branch locus of F.

e T he unramified d-sheeted cover
F: X=X\F1B)-Y=Y\B
defines a monodromy homomorphism
Fy :m1(Y \ B,p) = Sy,
where S; is the symmetric group acting on the fibre F~1(p).

Gp:=imFs C Sy is called the monodromy group of F.



Theorem (Riemann - Stein). B — effective reduced divisor in
smooth complex manifold Y, Y =Y \ B, and
F: X —Y — finite unramified cover =
31 extension X ¢ X (X — normal complex variety)

and finite holomorphic map F: X — Y s.t. Fjy = F.
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and finite holomorphic map F: X —Y s.t. Fx = F.
Remark. Unramified covers F': X — Y, deg F = d, are in 1-to-1
correspondence with monodromies Fi : m1(Y,p) — S, considered

up to inner automorphisms of §;.



Theorem (Riemann - Stein). B — effective reduced divisor in
smooth complex manifold Y, Y =Y \ B, and
F: X —Y — finite unramified cover =
31 extension X ¢ X (X — normal complex variety)
and finite holomorphic map F: X — Y s.t. Fjy = F.
Remark. Unramified covers F : X — Y, degF = d, are in 1-to-1
correspondence with monodromies Fi : m1(Y,p) — S, considered
up to inner automorphisms of §;.

e X is connected < Gr 1S a transitive subgroup of ;.
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Belyi pairs
e C — a non-singular irreducible projective curve of genus g = g(C),
f:C — Pl — a rational function on C, f € C(C).

e By C P! — the set of critival values of f.



Belyi pairs
e C' — a non-singular irreducible projective curve of genus g = g(C),
f:C — P! — a rational function on C, f € C(C).
e By C P! — the set of critival values of f.
e f1, fo € C(C) are equivalent if 3 ¢ € Aut(Pl) = PGL(2,C)
and ¢ € Aut(C) s.t. fo = o f107.
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f:C — P! — a rational function on C, f € C(C).
e By C P! — the set of critival values of f.
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and ¢ € Aut(C) s.t. fo = o f107.
e (C,f) —a Belyi pair if By < 3.
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e (C,f) —a Belyi pair if {B; < 3.
Theorem (Belyi) C is defined over Q if and only if
3feC(0) s.t. (C,f) is a Belyi pair.



Belyi pairs
e C' — a non-singular irreducible projective curve of genus g = g(C),
f:C — P! — a rational function on C, f € C(C).
e By C P! — the set of critival values of f.
e 1, fo € C(C) are equivalent if 3 ¢ € Aut(P!) = PGL(2,0C)
and ¢ € Aut(C) s.t. fo = o f107.
e (C, f) —a Belyi pair if By < 3.
Theorem (Belyi) C is defined over Q if and only if
3feC(C) s.t. (C,f) is a Belyi pair.
e (C,f) — a Belyi pair. We will assume that By C {0, 1, c0}.



o fi:m(P1\{0,1,00},p) = Sqeg f — Monodromy homomorphism.

71-1(IP)1 \ {07 1, OO},p) — <’70771> = IF>
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o fi:m(P1\{0,1,00},p) — Sdeg f — Monodromy homomorphism.
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G = imf« = (go,91) C Sdeg f — Monodromy group of (C, f)

where gg = f«(70), 91 = f«(71) € Sdeq f-

e Denote vo0o = vov1 and goo = 9091



o fi:m(P1\{0,1,00},p) — Sdeg f — Monodromy homomorphism.

7T].(IP)]- \ {Oa 1, OO},p) — <’707le> = >

Ot
70 71

G = imf« = (go,91) C Sdeg f — Monodromy group of (C, f)

where gg = f*(’YO): g1 — f*(Vl) S Sdeg f-
e Denote v = 7071 and goo = gog1-

e G = (go,91) is a transitive subgroup of Sgeq -



o fx:m(P1\{0,1,00},p) = Sqeg f — Monodromy homomorphism.

7T1(IP)1 \ {07 1, OO},p) — <’70771> = IF>

Ot
70 71

G = imf« = (go,91) C Sdeg f — Monodromy group of (C, f)

where gg = f«(70), 91 = f+(71) € Sgeq f-

e Denote voo = vo7v1 and goo = 9091.-

e Gy = (g0,91) is a transitive subgroup of Sgeg ;-

e Conversely, by Riemann — Stein Theorem, a homomorphism
fx 1 (P1\ {0,1,00},p) — S, s.t. Gy =imf. is a transitive

subgroup of S, = f«, defines a Belyi pair f: C — P, deg f = n.



o c(g;) = (m14,...,my,;) — cyclic type of permutations
9i = fx(vi) € Gy CSp, i =0,1, 00,
n+2=53"_1(mjo+mji1+mj)+ g(C).



o c(g;) = (m14,...,my,;) — cyclic type of permutations
9i = f+(1) € Gy CSn, 1=0,1,00,
n+2=73"_1(mjo+mj1+mj)+ g(C).
e N(f) = (c(g0),c(91),c(geo)) — Passport of Belyi pair (C, f)



o c(g;) = (m14,...,my,;) — cyclic type of permutations
9;i = f«(v) € Gy CSp, 1 =0,1,00,
n+2=73"_1(mjo+ mji1+mje)+ g(C).
e N(f) = (c(g0),c(g1),c(geo)) — Passport of Belyi pair (C, f)
N'(f) := (c(gp),c(g1)) — brief passport.



e c(g;) = (my4,...,my;) — cyclic type of permutations
g; = f«(;) € Gr CSp, 1=0,1,00,
n+2=73"_1(mjo+ mji1+mje)+ g(C).
o M(f) := (c(g0),c(91),c(goo)) — pPassport of Belyi pair (C, f) and
N'(f) := (c(g0),c(g91)) — brief passport.
Theorem. Two collections ((m1,...,my0),(M1,1,...,Mp.1)),
2?21 gm;,; =n for i =0, 1,
iIs a brief passport of some Belyi pair (C, f) of
genus g =¢g(C) and deg f =n &

n—37_1(mjo+mji1) > 29— 1.
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Bel = U Bel9
g=>0
Beld = {Belyi pairs f : C — P, ¢(C) = ¢},
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Notations:

Bel = U Bel9
g=>0
Beld = {Belyi pairs f : C — P, ¢(C) = g},

Bel® = Bel3 U Bel$
Beld = {Belyi pairs f : P} - P!, 4B, <2},
Bel§ = {Belyi pairs f : P! —» P!, $B; = 3}.

o (P1,f) € Bel iff f is equivalent to a cover given by

(o, 1) — (25, 27)

for some n € N,



Germs of finite covers



Germs of finite covers
o F: (U, d)— (Bs,0) — germ of finite cover,
i.e., finite holomorphic map s.t. F~1(0) = ¢,
Be = {(u,v) € C?| |u|? + |v|? < €2}, O<ek 1,
(U,0') — connected germ of normal complex surface,
SingU = {0’} if U is singular.
e d =deg, F — (local) degree of F.



e Fy : (U1,0") = (Bey,0) and F» : (Up,0') — (Be,,0) are equivalent
(F1 ~ F5) if there exist (W1,0) C (Bey,0), (Ws,0) C (Be,,0) and

biholomorphic maps ¢ : (W1,0) — (Wa,0), ¥ : (U1,0) = (Us, o)

s.t. the following diagram

is commutative, where Uy = F; 1(Wy) and Up = F5 (W5).



e B:= Bpr C (Bs,0) — germ of branch curve of F.
Theorem—Definition. 7{°¢(B,0) := 71 (B: \ B), ¢ < 1, is called

local fundamental group of (B,o).



e B:= Bp C (Bs,0) — germ of branch curve of F.
Theorem—Definition. wﬁOC(B,o) =m(B:\ B), e < 1, is called
local fundamental group of (B,o).
e FF: (U ) — (Be o), deg, F = d,
Fy : w°¢(B,0) = 71 (B: \ B,p) — S4 — monodromy of F,

Gp = imFy — monodromy group of F.



e B:= Bp C (Bs,0) — germ of branch curve of F.
T heorem—Definition. wlOC(B 0) =m(Bs\ B), e <1, is called
local fundamental group of (B,o).

e FF: (U,0) — (B o), deg, F =,
Fy : 7'%(B,0) = m1 (B \ B,p) — S4 — monodromy of F,
Gp = imF; — monodromy group of F.

e (G IS a transitive subgroup of §;.

e Conversely, by Riemann — Stein Theorem, a homomorphism
Fy : 7l0¢(B,0) — Sq, s.t. Gp =imF; is a transitive subgroup

of S, defines a cover F: (U,o) — (Be,0), deg F' = d.



Deformations of germs of finite covers



Deformations of germs of finite covers
Equisingular deformation of curve germs.
e Ds={reC||r| <},
e (V,B,prp) — family of curve germs (Bry,0r5) C (Viy, 01),
where B is an effective reduced divisor in V = B x Dy s.t.
the restriction to B of pro : V — Dyg is flat holomorphic map,

Vig = Be x {7 =70} = pry 2 (0), Bry = BN pr;t(70)), ory = 0 x {T = 70}



e (V,B,pro) — equisingular deformation of curve germs if
(1) Sing B= {0} x Dsg and 3 monoidal transformations
o; . V; = V;_1,1=1,...,n, (here Vg = V) with centers in
smooth curves S;_1 C Sing B,_1 (Bop =B and B; = &;1(15’7;_1));
(1) SingB; is a disjoint union of sections of projection

prooogqo---00; and By is a divisor with normal crossings in V.



e (V,B,pro) — equisingular deformation of curve germs if
(1) Sing B= {0} x Dsg and 3 monoidal transformations
o; . V; = V;_1,1=1,...,n, (here Vg = V) with centers in
smooth curves S;_1 C Sing B,_1 (Bog =B and B; = 82-_1(87;_1));
(1) SingB; is a disjoint union of sections of projection
prooogqo---o00; and By is a divisor with normal crossings in V.
e For 71, 7m € Dy the curve germs (Bry,0) and (Br,,0) are said to be
equisingular equivalent. Continue equisingular equivalence to

equivalence relation.



e (B1,0) and (B»,0) have the same singularity type T[B1] = T[B>]

if they are equisingular equivalent.



e (B1,0) and (B»>,0) have the same singularity type T[B1] = T[B>]
if they are equisingular equivalent.
Remark. (V,B,pry) — equisingular deformation of curve
germs = (locally) 3 C°°-trivialization of
projection pro oo : (Vp,Bn) — D,

i.e., (Vn,Bn) ~ 6 1((Vrg, Bry)) X D5, where 6 =Gq0---0dn,



e (B1,0) and (B»,0) have the same singularity type T[B1] = T[B>]
if they are equisingular equivalent.
Remark. (V, B, pr>) — equisingular deformation of curve
germs = (locally) 3 C°°-trivialization of
projection pro oo : (Vp,Bn) — Dy,
i.e., (Wn,Bn) ~ 5 1 ((Vry, Bry)) x Ds, where & = &1 0---0dp,

Theorem. (Zariski, Wahl) T[B1] = T[Bs] = 7{°¢(B1,0) ~ n{°“(B5,0).



e (B1,0) and (B»,0) have the same singularity type T[B1] = T[B>]
if they are equisingular equivalent.
Remark. (V, B, pr>) — equisingular deformation of curve
germs = (locally) 3 (C°°-trivialization of
projection pro oo : (Vp,Bn) — Dy,
i.e., (Wn,Bn) ~ 5 1((Vry, Bry)) x Ds, where & = &1 0---0dp,

Theorem. (Zariski, Wahl) T[B1] = T[Bs] = 7{°¢(B1,0) ~ nl°“(B5,0).

e (B,0) C (B, o) is a rigid germ if for V(B’,0) C (B./,0) s.t.

el

T[B'] = T[B] there exist (V,0) C (Be,0), (V',0) C (B.,0), and
biholomorphic map G : (V/,0) — (V,0) s.t. G(B'NnV)=BnNYV.



Deformations of germs of finite covers



o F:U—V = (Beo0) x Dy — family of germs of finite covers
Fry = ‘7:|UTO Ury = F 1(Be x {T =10}) = Be x {T =10}, 70 € Dy,
if F is a finite holomorphic map, dimi = 3,

oy = F (o x {r =10}) is a single point for each 5 € D;.



o F:U —YV = (Beo0) x Ds — family of germs of finite covers
Fro = Flu,  Urg = F 1B x {r=19}) = B x {r =19}, 10 € Dy,
if & is a finite holomorphic map, dimi = 3,
oy = F (o x {r =10}) is a single point for each o € D.

e Denote by B C V the branch surface of F (in case deg F > 1).



o F:U—V = (Beo0) x Dy — family of germs of finite covers
Fro = Fly,, : Ury = FI(Be x {r =19}) = Be x {r =19}, 10 € D,
if F is a finite holomorphic map, dimi = 3,
oy = F (o x {r =19}) is a single point for each 5 € D.

e Denote by B C V the branch surface of F (in case deg F > 1).

e F is a deformation of Fy : (Ug,0p) = (Be x {T = 0},00) if
(V, B, pro) is an equisingular deformation of Bg = BN (B: x {7 = 0}).

Fr, and Fr,, 1,7 € Dg, are deformation equivalent.



o F:U —YV = (Beo0) x Ds — family of germs of finite covers
Fro = Flu, : Urg = F 1B x {r =19}) = B x {r =19}, 10 € D,
if F is a finite holomorphic map, dimi = 3,
o, = F (o x {r =10}) is a single point for each o € D.
e Denote by B C V the branch surface of F (in case deg F > 1).
e F is a deformation of Fy : (Ug,0p) = (Be x {T = 0}, 00) if
(V, B, pry) is an equisingular deformation of Bg = BN (B: x {r = 0}).
Fr, and Fr,, 71,7 € Ds, are deformation equivalent.

Continue deformation equivalence to equivalence relation

d
(FT]. Y FTQ)-



Remark. (B: x Dg, B, pro) — equisingular deformation of curve germs,
(Bg,0) = BN prgl(O) — branch curve of finite cover
Fy: (U, o) — (Be,0), degy F =d, =
71 ((Be X Dg) \ B) ~ Wlloc(BO, o) and Fp, : Wlloc(BO, 0) = Sy

define deformation F : U — Be X D5 of Fiy, = Fop.



o F: (U, o) — (Be,o) is rigid ifVF{ & F = F, ~F.



o F: (U o) — (Be,o) is rigid if V F{ L F = F| ~F.

Theorem. (i) F: (U,0) — (B, o) is rigid = (Bp,o) is rigid,



o F: (U o) — (Be,o) is rigid if V F{ & F = F| ~ F.
Theorem. (i) F: (U,0) — (B, o) is rigid = (Bp,o) is rigid,
(12) F: (U, 0) — (Bg,o0) s.t. (Bp,o) is rigid = F is rigid.



o F: (U o) — (Be,o) isrigidifVF Y F = F ~F.
Theorem. (i) F: (U,0) — (B, o) is rigid = (Bp,o) is rigid,

(i¢) F:(U,0) — (Be,o0) s.t. (Bp,o) is rigid = F is rigid.
Theorem. (Arnol'd) T[B] € {An, Dn, Eg, E7, Eg} = (B,o0) is rigid.
ADFE-singularity types:

o Ay i=T[v? — untl = 0], n > 0;
e Dy = T[u(v? —u"2)=0], n> 4
e Fg = T[v3 —u* = 0];

o By = Tlv(w? —ud) = 0];

o Bg:=T[v3 —u®=0].



o F: (U o) — (Be,o) isrigidifVF Y F = F ~F.

Theorem. (i) F: (U,0) — (B, o) is rigid = (Bp,o) is rigid,
(i) F: (U, o) — (Bs,o0) s.t. (Bp,o0) is rigid = F is rigid.

Theorem. (Arnol'd) T[B] € {An, Dn, Eg, E7, Eg} = (B,o0) is rigid.

ADFE-singularity types:

o Ap =T[2 —urtl =0], n>0;

o Dy :=T[u(w? —u"2)=0], n>4;

o Fg = T[v3 —u* = 0];

o F7:=T[w(w? —u3) =0];

o Bg :=T[v3 —u>=0].
Conjecture. (B,o0) is rigid = T[B] € {An, Dn, Eg, E7, Eg}.



e Denote by R the set of rigid covers F : (U,0) — (Bg, o),
T[BF] € {ATL7D7%E67E77E8}1

R = (Un>0RaA,) U (Un>4Rp,) U (Unefe,7,81 RE,):
e R the set of rigid covers F : (U,0) = (Bg,0) s.t. U is smooth.



e Denote by R the set of rigid covers F : (U,0) — (Bg, o),
T[BF] S {An7DnaE67E77E8}1

R = (Un>0Ra,) Y (Un>4 Rp,,) U (Upeqe.7,8) RE,).
e R the set of rigid covers F : (U,0") — (Bs,0) s.t. U is smooth.

Is to define a natural map 8 : R — Bel.



e Denote by R the set of rigid covers F : (U, o) — (Bg, o),
T[BF] S {AnaDn7E67E77E8}1

R = (Un>0RaA,) U (Un>4Rp,) U (Unee,7,81 RE,):
e R the set of rigid covers F : (U,0) — (Bg,0) s.t. U is smooth.

IS to define a natural map 5 : 'R — Bel.

For this purpose I need to remind presentations of wﬁOC(B,o).



Notations.

e (X,0) — germ of normal surface and B = U}T”le B; — the union
of irreducible curve germs (Bj,0) C (X, o).

e 0: X — (X,0) — resolution of singularities of the pair (X, B),

i.e., X is smooth and B = ¢~ 1(B) is a divisor with normal crossings.



Notations.
e (X,0) — germ of normal surface and B = U}”zl Bj — the union
of irreducible curve germs (B,,0) C (X,0).
e 0: X — (X,0) — resolution of singularities of the pair (X, B),
i.e., X is smooth and B = ¢~ 1(B) is a divisor with normal crossings.

e 711(X \ B) =7m1(X\ B).



Notations.
e (X,0) — germ of normal surface and B = UT:l B; — the union
of irreducible curve germs (B,,0) C (X,0).
e o: X — (X,0) — resolution of singularities of the pair (X, B),
i.e., X is smooth and B = ¢~ 1(B) is a divisor with normal crossings.
e 711(X \ B) =7m1(X\ B).
Assume that

FE .

j IS @ union of rational curves,

e 07 1(0) = U§:1
e dual weighted graph I'(B) of B is a tree having m + k vertices v;:
v; := b; with weights w; = 0 correspond to B;, 1 < j < m,

Vn+j ‘= em4; With weights w,, 4 ; = (Ef))z. correspond to E;, 1 <j <k.



Two vertices v; and v; of (B) are connected by an edge (vi, v;) iff
the corresponding curves have a non-empty intersection.

e For each pair of vertices v; and v; of I'(B), define

1, if v; and v; are connected by an edge in r(B),
0;; =14 0, ifv; and v; are not connected by an edge in I'(B),
0, ifi=j.



Two vertices v; and v; of [(B) are connected by an edge (v;,v;) iff
the corresponding curves have a non-empty intersection.

e For each pair of vertices v; and v; of ['(B), define

1, if v; and v; are connected by an edge in (B),

di; =4 0, if v; and v, are not connected by an edge in I(B),
0, ifz=y.
Renumber the vertices ey, ..., e+, (and corresponding them

curves E;1,,) so that the new numbering has the following property:
in the shortest way (e14m;€iy), (€ins€iz)s---5 (€ _15€,)
from the vertex e;y,, to each vertex e;, along the edges

(eij,eij+1), jg=1,...,k—1, we have inequalities i; < i;41.



Theorem. 71 (X \ B) = 71(X \ B) is generated by m + k elements

bi1,...,bm being in one-to-one correspondence with vertices
V1,..-,Um and ep,y1,..., e, beiNg in one-to-one
correspondence with vertices vy, i1, ..., Vi) of I(B),

and being subject to the following defining relations:

wm—|—z b(Sl m-+1 ) ) 5m,m+z 5m-|—z m-I—l 5m-|—z m+k __ 1 — 1 L
m_'_z o o o m m_l_l o o o €m+k: -_— 9 o o o 9 y

[bj7em—|—z'] =1 if 5],m—|—z — 1,
[em—l-’i17 em—l—ig] =1if 5m—|—i1,m—|-i2 —
Proof coincides almost word for word with proof of similar theorem

(D. Mumford: The topology of normal singularities of an algebraic

surface and a criterian for simplisity, Publ. Math. IHES, no. 9 (1961)).



Graph M(B) of curve germ (B,o) of singularity type
AQk—I—l — T[u2 — ’U2<k+1) — O], k 2 0
(if £k =0, then weight w3z = —1).

b1

P 2 . 2 o« o :2 -_1 °
€3 €4 €r+2 €43 Dbo




Graph (B) of curve germ (B,0) of singularity type
Aop = Tu? — 2+ = 0], k> 1

b1

2 2 . -3 -1 -2
€2 €3 €r+1 Ck+2  €p43




Graph M(B) of curve germ (B,o) of singularity type
D2k—|—2 — T’[’U(’UJ2 — ’Uzk) — O], k Z 1

(if k=1, then weight wg = —1).

bo

o . 2 o« .. :2 -_1 °
o} €4 C+2 Ck+3 b3




Graph (B) of curve germ (B,o0) of singularity type
Dopy3 = T[v(u? —v?*t1) =0], k> 1

bo

~2 ... =2 =3 —1 —2
b1 &3 €k+1Ck+2 ©k4+3  €ria



Graph (B) of curve germ (B,0) of singularity type
Eg = T[u3 — v* = 0]




Graph (B) of curve germ (B,0) of singularity type
E; = T[u(u? — v3) = 0]




Graph (B) of curve germ (B,0) of singularity type
Eg = T[u3 — v = 0]




Graph (B) of curve germ (B,o0) of singularity type
Eg = T[u3 — v = 0]

Remark. T[(B,0)] € ADE, T[(B,0)] € {Ag,A1}, = [(B) has the unique
vertex e of valence 3 and its weight w = —1 (denote by FE

the curve corresponding to e).



Proposition. (B,o0) C (B, o0) is s.t.
e the valences of all vertices of (B) is less than 4,
e ¢ IS the unique vertex of valence 3 and weight
of e is equal to —1.
Then
e ¢ belongs to the center of 7{°¢(B,0),
o wlloc(B,o) IS generated by elements g, v1, Yoo,
corresponding to the vertices of (B)

connected by edges with e,

® 7071700 = €.



Definition of

B:{F:U—=BYeR — {f=8(F):C—Pl}ecBel



U>o

F'eR

PleECV -B: D 0

o : V — B. — the minimal resolution of singularity of (Bg,o0) C (Be,o0),

B = O'_l(BF).



U
B

U
-

F

Pl~ FE C 1%
o

~

— the normalization of U xp_V,

~

= o~ 1(Bp), F is branched in B.

-U 3 0o

‘18590



CcCcU -U > o

PleEC V -B: D 0

U is normal and connected, F~1(0) =0 = C is irreducible

curve and ramification multiplicity of F in C is me = |(Fx(e))]|.



ccUuU -U 30

~

PleEC V B: O o

e Zo = (Fy(e)) C Z(Gfp) C G, me=|Z¢|,



CcCcU -U > o

PL~ECV -B: D 0

o 7o = (Fx(e)) C Z(Gp) CGp, me=|Ze,

Proposition. F : U — B: is a finite cover and Z is a subgroup of

~

the center Z(Gyp) C Gr. Then Z acts on U and U, and

-~ o~ i —~ ~ He ~
Fow=vuiz22B, F.- 0 w=0/222V.



2 Hjq Hq

CCW c W >o0q1 | F

f Ho Ho
Pl~EC V = .B: Do

Hy and Hy — quotient maps, deg H; = deg H{ = me, E ¢ B

~

Ho

()



2 Hy Hy
Cc W c W >o0q | F (%)
/ Hy Ho
Pl~ECV = -B: Do

H> : (W,01) — (Bs,0) Is a germ of finite cover, (C, f) is a Belyi pair.



2 Hy Hy

cCcWw : W >oq |F

J H» Ho
Pl~EC V -B: > o

B:{F:U—-B}teR — {f=p8F):C —Pl}cBel

()



Properties of
BﬁCéZO'_l(BF); E22ﬁ1—>‘7, BﬁQCB/IE\E.
f=Hyc:C—E~P!, BjcB=ENB.



Properties of g3
Bz C B=oc"1(Br), Hy:U; =V, By C B'=B\E.
f=Hpyo:C—E~P!, BjcB=ENB.
e [ =F,:m1(V\B) = Gp CSy, (Fu(e)) C Z(Gp) C Gp =
Hp, i (V\ B') - Gp/(Fe(e)) CS 4.

me



Properties of g3
B-CB=0"YBp), Hy:U3 =V, By C B'=B\E.
f=Hyc:C—E~P, BfcB=EnB.
e . =F,:m1(V\B) = Gp CSy, (Fu(e)) C Z(Gp) C Gp =
Ho, : m1(V\ B') - Gp/(Fx(e)) C Sm%'

e i : I — V induces

ix 71 (B\ B)) —» my(V\ B) ~ 1y (V\ B)/(e) = fu= Ha,ois.



Properties of 3
B-CB=0"YBp), Hy:U1 =V, By C B'=B\E.
f=Hyo:C—E~P!, BjcB=ENB.
e I, =F,:m1(V\B) = Gp CSy, (F(e)) C Z(Gp) C Gp =
Hp. : 11 (V\ B') - Gp/(Fx(e)) C Smi-
e i : E < V induces e
ix i (E\B) » 7 (V\B) ~ 71 (V\B)/{e) = f«=Hp,oix

o Gy(py~ Gp/(Fx(e)), deg B(F) = 99.L,



Properties of ;3
BzCB=0"YBp), Hy:U1—V, By C B'=B\E.
f=Hpyo:C—E~P!, BjcB=ENB.
e L =F,:m1(V\B) = Gp CSy, (Fu(e)) C Z(Gp) C Gp =
Hoy i m(V\B') - Gp/{Fx(e)) CS 4.
e i : E < V induces ;
i 11 (B\ B » my(V\ B) ~ my(V\ B)/{e) = fu=Hoyoiu
o Gypy = Gp/(Fu(e)), deg B(F) = 99.L.,

e (C,f)€eBel, P! =FEc B=oc"1(B), keris C ker fx =
f defines Hy : Wy — V and {H, : (W1,01) = (Be,0)} € R.



Properties of 3
BCB=0"YBp), Hy:U1 -V, By C B'=B\E.
f=Hpyo:C—E~P!, BjcB =ENB.
e L =F,:m1(V\B) = Gp CSy, (Fu(e)) C Z(Gp) C Gp =
Hp, 71 (V\ B') = Gp/(Fx(e)) C Smi-
e i : E < V induces e
is i1 (B\ B)) » m(V\B) ~ 7 (V\B)/(e) = fu=Haois.
o Gy = Gr/(Fi(e)), deg B(F) = %.
o (C,f)eBel, P =FEc B=0c"1(B), keris C ker fx =
f defines Hy : Wy — V and {H, : (W1,01) = (Be,0)} € R.

o 5(R) = Bel.



e Below we assume that {F : (U,0o) — B:} € R™.



e Below we assume that {F : (U,0o) — B:} € R5™.

Theorem. {F : (U,0) — (Bs,0)} € R¥ = 3 coordinates z,w in U

and u,v In B: s.t. F' is given by
_ fi1(z,w) _ fa(z,w)
u = Vv =

g1(z,w)’ g2(z,w)’
where f;(z,w) and g;(z,w) € Q[z,w] for i =1, 2.




e Below we assume that {F : (U,0) — B:} € R,

Theorem. {F : (U,0) — (Bs,0)} € R¥ = 3 coordinates z,w in U

and u,v Iin B: s.t. F'is given by
_ f1(z,w) _ fa(z,w)
u = VvV =

g91(z, w)’ g2(z, w)’
where f;(z,w) and g;(z,w) € Q[z,w] for i = 1, 2.

The following Theorem states that S(R§?) = BelP.



Theorem. Let (P1,f) € Bel®, deg f =n > 1 and By C {0, 1,00},

be given by coprime homogeneous forms h(x1,x5), ho(xo, o),
fi(z1:22) = (h(x1,22) * ho(z2,22)),

and let p;1 = (0,1) and p> = (1,0) € P! pbe s.t.

{f(p1), f(p2)} UBy ={0,1,00} and f(p1) =1 if f € Beld.

Then for mi,m> € N s.t. G.C.D.(m1,m») =1

a cover F : (U,o) — (V,0) given by functions

u=h1(2M1,wM2), v = ho(zM1,wWM2) (%)

(where m1 > 1 if f € Bel9) belongs to REY.



Theorem. Let (P!, f) € Bel®, deg f =n > 1 and By C {0,1, 0},

be given by coprime homogeneous forms h(x1,x2), ho(xo,x5),
fi (z1:122) = (h(z1,22) * ha(x2, 22)),

and let p; = (0,1) and p» = (1,0) € P! pbe s.t.

{f(p1), f(p2)} UBy ={0,1,00} and f(p1) =1 if f € Bel].

Then for mqy,m> € N s.t. G.C.D.(m1,m>) =1

a cover F: (U,o) — (V,0) given by functions
uw=h1(z™1,wm2), v = ho(2™1,wWM2) (*)

(where m1 > 1 if f € Bel9) belongs to REL.

Conversely, ¥V F € Rfj'z can be given by functions of the

form (*) and B(F) = f : (x1 :x22) — (h(x1,22) : holxo,x5)).



o (P, f) € Bel®. For each T € ADE the set 8~1(f) N RS™ can be

described in terms of brief passport M/(f).



o (P1,f) € Bel®. For each T € ADE the set B~ 1(f) N RS™ can be
described in terms of brief passport M/(f).
BﬁCEZJ_l(BF)r HQ ) (71—)‘7, Bf_jQCE/:B\E.
f=Hpyo:C—E~P!, BfcB=ENB.



o (P, f) € Bel®. For each T € ADE the set 8~1(f) N RS™ can be
described in terms of brief passport M/(f).
Bz C B=o0"1(Bp), Hr:Uy — V, B CB’ B\ E.
f=Hyo:C— E~PL ch_é’:EmB’.

o If T[B] € ADE\ {Ag, A1} = B = u3 , B, T(B') consists of

three connected components and each component is a chain.

€1 €L b
w1l (J.}k



o (P, f) € Bel®. For each T € ADE the set 8~1(f) N RS™ can be
described in terms of brief passport M/(f).
Bﬁ C EZO'_l(BF)r HQ ) (71 —>‘7, Bﬁg C EIZE\E
f=Hpyo:C—E~P!, BjcB=ENB.
o If T[B] € ADE\ {Ag, A1} = B = - B, T(B") consists of
three connected components and each component is a chain.

€1 €L b
w1l Wk

Lemma. (X \ Eg) is a cyclic group generated by e,

where X is a tubular neighborhood of E}.



2 Hjq Hq

cCcWwW : W 3 o1

f Ho Ho
Pl~EC V = B: 3 o

~

U is smooth = C~C~Pl ie. (C,f) e Bel

()



2 H - _ H
L g, S W 1
Sr Sm
Pl~CcCc W c W30, |F (%)
f Ho Ho
Pl~EC V = B: 3 o

U is smooth, T[Bp] € ADE, ¢ and gy resolutions of singular points



e The cyclic group Z. = (g = Fx(e)) acts on (U, 0") by the rule
g: (z,w)— (exp(2mi/me)z, exp(2mqi/me)w),

where me = mgomimo = |Ze|, GCD(m1,mo) = GCD(mg,q) = 1.



e The cyclic group Z. = (g = Fx(e)) acts on (U, 0") by the rule

g: (z,w) — (exp(2mi/me)z, exp(2mqi/me)w),
where me = mgmimo = |Ze|, GCD(m1,mo) = GCD(mg,q) = 1.
o (W,01) = (U,0")/Z. has (so called) cyclic quotient singularity,

sm . Wm — W — the resolution of the singular point o7 =

k
—1 — ~ ol 2 _
Sm (01) — U Ei) EZ ~ P, (Ez )Wm — —Wy.
1=1
b1 £ Eg Ba
—W1 — WL
mo 1
— = (w1 —
q 1 wo— 1
w3 — I



Example. (P!, f) € Bel®, F e 871(f)n R

el e = eo



Example. (P, f) € Bel®, Fe s~ 1(f)n R

+bq

-3 1 —2

eq e = eo €3
e In diagram (%) Hy : W — V is ramified only over By, E1, and E3
and it is not ramified in ¢ = H-1(E) =

H5'(E;) and H,!(E3) are disjoint unions of curves ~ PL,



Lemma. X is a tubular neighborhood of E; ~ P, (EJQ)X =-n =

(X \ E;) = Zn.



Lemma. X is a tubular neighborhood of E; ~ P, (EJ2)X =-n =

(X \ E;) = Zn.

—1 —1
—1 —1
C
—3 —2
-3 -2

By
—3e . «—?D




U H . -
1 Wi S W,
Sr Sm
Pl~CcCc W 5
/ Ho
Pl~ECV

153590



(P, f) € Bel®, deg f =n, Feﬁ—l(f)megg, deg F =d =

— / — — 2 — 1-
n — 6k! I—I (f) - ((27 3k72)7 (37 2k73)) =4 d - 6k m1m21 (m17m2) - 17

n=6k M(f)=(1,1,2...,2),3,...,3) = d= 12k
3k—1 2k
3k 2k
3k+1 2k
n==6k+3, N(f)=(1,2,...,2),(3,...,3)) = d =32k + 1)?(2m + 1),
3k+1 2k+1

n=6k+4, MN(f)=(2,...,2),(1,3,...,3)) = d = 2(3k + 2)?m.
3k+2 2k+1



Description of R N B~ 1(Bell).



Description of R§™ N B~ 1(Bell).

0
Theorem. F' ¢ (UgZ, RSA”;k) U R%”g U R]SE”; = B(F) € Belx.



Description of R§™ N B~ 1(Beld).
00 sm sm sm 0
Theorem. F ¢ (UgZ, RA%) U RE6 U RE8 = B(F) € Belx.
F e R]SE””'; U (U Riﬂ;kﬂ) U (UgZ R]SD”;) and
B(F) = f € Bely, deg f =n =
F' 1s equivalent to one of the following covers

(in all cases m1,m>» > 1, GCD(my1,m») = 1):



Description of R§™ N B~ 1(Beld).

0
Theorem. F' ¢ (UgZ, RSA”;]{) U R]SE"Z U ngg = B(F) € Belx.

Fe Ryl U (Upzq Ri”;kﬂ) U (Upz1 Rp,) and
B(F) = f € Bely, deg f =n =

F' 1s equivalent to one of the following covers
(in all cases mi,mo > 1, GCD(ml,mz) = 1):

F e 72]‘93”;’: w= 23"y =z2M1 L M2 my > 1;



u=2z" v=w, B(F) = id;

w=z"" = w2 n>1;

u= Q"+ wm)" v=w, n,m,mg>1, k+1=nmg;
uzz(k’l‘l)ml, v=2z"4+ w2 mo>1, n=k+ 1,

u = (w;zM — wm2)k+1 = zm1 _ gym2

Y

wj = exp(2mji/k+1), 1<j<k=n-1;



F e Rf)”i ; w=z"M" ¢y = (M1 4 wm2)" n > 2;
F e R]S__)”z : u = (2" —wm2)" v = (2" —w;wm2)",

n> 2, wj = exp(2mji/n), 1 <j<n-—1;

sm : — (M1 _ ,,yM2\N1 — . min
€ RD2k+2 o ou = (z wm2)", gy = MmN,
n=n1k > 1:
F e Ry Loy = 221 g = pm1(2k+1) 4 g yma
2k+3
mo >1, n=2, GCD(2k+ 1,m»o) = 1;
sm : — ,nimi — (-m1ko mo\n
F e RD2k—|—2 U=z , v=(z + w™m2)",

k= kiko,n =ni1ky > 2, GCD(an, kg) = 1,

u = (Zml — wmQ)nl’ vV = (zml — w-wmQ)n7

F S ;
< 7zDzk+2 J

n=nik > 2, w; = exp(27ji/n), j=1,...,n— 1.



