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T he classical discriminant relates to a polynomial

In one variable
fly) =ag+ary+ ...+ any"
IS an irreducible polynomial,
Ap, = An(ag,a1,...,an)

with integer coefficients that vanishes if and only

if f(y) has multiple roots.



The Newton polytope of a polynomial is the

convex hull of the exponents set of the monomials.

[Gelfand, Kapranov and Zelevinsky, 1994]:

Newton polytope N (Ay) of the indicated discri-
minant is combinatorially equivalent to an (n—1)-
dimensional cube. Since such a cube has 271
vertices, it iIs natural to encode these vertices by

all possible subsets of the set {1,2,...,n— 1}.



Example.

F@)™ =1+ a1y + aoy® + v°.

The discriminant is equal to

AL aq,a0) = —27 — 4a? — 4a3 + a%a3 + 18aias.



In the case there are four subdivisions:
Io =9, I ={1}, I ={2}, I3 ={1,2}.
with associated vertices
(0,0),(3,0),(0,3),(2,2),
and corresponding monomials are

—27, —4a:f, —405’, a%a%.



(4]



Since the discriminant is known to be bihomo-
geneous, the polytope N(Ay) lies in a plane of

R*T1 of codimension 2 defined by two equations

IINgE

t; = 2(n — 1), ]i jt] =n(n—1).

O 1

J



Lemma 1. Within the indicated plane the Newton
polytope N (Ay) is defined by 2(n—1) inequalities

Z(n—k)Jt + Z k(n —3)t; <nk(n —k),
J= 1=k—+1

k=1,...,n— 1.



The face h; has 2772 vertices and lies in the

hyperplane
Fi, = {t € R"1L (,uJ(k),t> = nk(n —k)},
whose normal vector ,u,(k) has the coordinates

(n—k)-1,....,.(n—k)-kk-(n—k—-—1),...,k-1.



Main objects of interest in this report are trun-
cations of the discriminant A to the faces of
Its Newton polytope. Recall that the truncation
of a polynomial A to a face h of its Newton
polytope N(A) is the sum of all monomials from
A whose exponents belong to A. This truncation
is denoted by A\h.



Example. As an example we calculate the trun-

cation of the polynomial

f(y) = ag + a1y + axy® + azy>.



The discriminant A3 is equal to
A3z = —27a§a%—|—18a3aoa1a2—|—a%a%—4ag’a0—4a:1)’a3.
Since inequalities for the face hq are the following:

t1 2 0,t0 > 0,t1 + 2t < 6,21 + 12 = 6,
then the truncation Ag|, is equal to

2 2 3
A3)h1 — a1a2 — 4a1a3.



In the report we will give a plan of proof to

formulae for the truncations of A,, to faces
hi = hklﬂ...ﬂhkp,

obtained by intersection p non-coordinate hyper-
faces. The multi-index K = {kq,...,kp} determi-
nes a partition of the tuple {0,1,...,n} into p+1

subtuples

Ki:{kivki_l_la---aki—l—l}a izo,l,...,p,



assuming that kg = 0 and kp—l—l = n. Let [; :=
kiy1 — k; denote the length of K; and

o l;
fK; *=ap, +ag 41y + . Fag, Y



Main result

T heorem. In previous notations, the truncation

of Ay to hy admits the following factorization
5 P
An|h[{ — aK H Alz(sz)a (1)
1=0

where a% = a2, ...a% , and /\;. are the discrimi-
K ]f]_ kp 1
nants of polynomials of degrees ;.



Our proof of the theorem is based on Horn-

Kapranov parametrization for the reduced disc-

riminant set
vg@d = {z € cn—1. Aged(a;) = 0},

This parametrization is n-valued and it is given




where 8 and « are integer vectors
(1,2,....n—1) and (n—1,n—2,...,1)
respectively, and s = (s1 :...:s,_1) iSa parameter

from CP" 2\ {s: (e, s)(B,s) = 0O}.

The complete discriminant set Vy,, = {Ap(a) =
O} admits the parametrization




Lemma 2. The truncation of A\, to the face

hy admits the factorization

_ P
Al = ak 1 Ay (fi).

where aj; = af, ...af , and Ay, are the discriminants

of polynomials of degrees I;.



Now we describe the relationship between the
reduced discriminant and its truncation to the
face hyg = hy, N...Nhg . Let z = (x1,...,27_1)
and AT¢(z) is a reduced discriminant.

T he normal space to the face hx is generated by
vectors ptk1) . u(kp) et u be the p x (n — 1)-
matrix composed by the rows u(ki). Denote by

,u(l), Ce ,,u(n_l) the columns of L.



In the complex algebraic torus (C\ 0)"~1 with
coordinates x consider a complex p-dimensional
surface x = 7#, 7 € (C\ 0)P where the matrix
monomial 7 means the usual monomial map = —
x:

(1) (p)

=D = D 5O,



Define the function

Hy (i z) 1= Tiil . .Tgp : A?,;ed (Tfj(ll), e T:Ii?n_—ll)) :
(4)
where d; is the weighted degree of AT¢ respective
the weight (5 l.e. the maximum among the
scalar products (A, u(i)>, when A runs over all expo-

nents of monomials from AT€%(z).



Lemma 3. When  — 0, the function Hg (7, x)
converges to the truncation of the discriminant

tOhKZ

Hy (15 ) 4 Aged(iv)‘h[(-



Remark, at the points of the union of hyperplanes
{{a, s) = 0} U {(B,s) =0} C CP" 2,

where s; 7= 0, (2) does not take finite value.
However at uncertainly points, where some coor-
dinate functions s; vanish simultaneously with at
least one of the forms («a,s), (8, s), this paramet-
rization gives limit positions for the discriminant

set.



According to the theory of correspondences these
limit positions are interpreted as blow-ups in the
space CP?~2 x C2~1 which contains the graph of
the map (2).



It suffices to prove the assertion of the theorem

for the discriminant

Aged(xla .o 73771—1) — An(l,ili]_, ey In—1, 1) :

o _
Aged(ib’ﬂh[{ = ax A (1, 21,...,T),) 'H1 AL (fK;)
1=

XA (Tg,, -+ Tp—1,1) (5)
where the first and the last discriminants A;  and

Alp correspond to the "half-reduced'" polynomial.



Lemma 4. In equality (5) the zero set of the
truncation Ag€d|hK on the left-hand side contains
the zero of the product on the right-hand side.

To prove the Lemma 4, we examen the zero sets
Zr={x € cr—1; Hy(r;x) =0}, 7#0

of the function (4). According to (2), these sets
admit the parametrization

___ngy ™S (oz,s>% . B
z; = <><a78>(<673>), ji=1,....n—1. (6)



We have to prove that the zero set of the trunca-
tion to hy for the reduced n-discriminant contains
the zero sets of two extreme (in the right-hand
side of (5)) semi-reduced discriminants and of
each complete discriminant Ali, 1<:<p-—1:

1) Ko=1{0,1,...,k1},
2) Ki={kiki+1,..., k1), 1<i<p-—1,
3) Kp={kp,kp+1,...,kn}.



1) Ko=4{0,1,...,k1}
In view of (6) one has

i s (wk1<a,s>)”’“

7=1,..., k1 — 1.
Let us define in the projective space with homo-

geneous coordinates (sy :...:s,_1) the plane ¢’
by equations

(B,5) =0, spyq1 = =5, 1=0.



Computations give

ks sk1<o/,s’> ik
SRR NN B

7 =1,..., k1 — 1; Ly = Skq-

T his parametrization of semi-reduced discriminant
set of the equation 1+ z1y + ... + z,y*1 = 0.



Thus, we conclude that, under the projection
onto the subspace of coordinates xy,...,x, the
limit (as 7 — 0) set of the left-hand side of (5)

IS mapped into the discriminant set
{8 (1,21, .. 2p,) = O},



2) Ki=AHki,k;+1,...)k41}, 1<i<p-—1,
Computations give

/
Skr+t<$kr+1 Sk; \1i

ajk-—l—t — .Cl?k.
Z DSk N Thy Sk

Consider the restriction of x4, on the plane

0" = {{os) = (B,5) =0, s;=0 Vj¢ K.



Finally, fort=1,...,[; — 1 we get

1o
:Bk _ ZZS]{:Z_I_t Sk Sk’i—|—1 <a y S >
i+t (o, )" Sk, (8", 8"

Ly = Sk, 33/*%‘4—1 = Ski—l—l’ where



By (3) under the projection onto subspace of

coordinates xp, Tg. 41, - - - » Thyy 1 the limit zero set

of the left-hand side of (5) is mapped into discri-
minant set {Alz(sz) = O}



Equality (5) is proved as follows. By Lemma 1,
the Newton polytopes of the polynomials on the
left and right-hand sides of (5) coincide. In thise
case, intersection theory and Lemma 4 imply that
these polynomials have identical zero sets. However,
by Lemma 1, their extremal parts coincide, so the

polynomials coincide as well.



Theorem. The discriminant of the polynomial

ro + 1y + ...+ zsy + gy

can be written down as

n(d—1) B
(—1) 2 d" (zoweq1)? 1

d
X|[A(xg+ 212" + .. F w2 a4 12™)|

where my, .= %, m =7, d=GCD(ny,...,ns,n).



