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Preface

Preface

This report contains some results related to the holomorphic
extension of functions given on the boundary of a bounded
domain D ¢ C", n > 1, to this domain. Here we will discuss
boundary multidimensional variants of the Morera theorem. It
consists in the vanishing of integrals of a given function over the
intersection of the boundary of the domain with complex lines
(complex planes).
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Preface

Preface

A domain D in C" has a boundary 9D of class C¥ (we write
oD e C¥), if

D={zeC": p(z) <0},
where p is the real-valued function of class CX in some

neighborhood of the closure of D, and the differential dp # 0 on
oD.
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Preface

Preface

A domain D in C" has a boundary 9D of class C¥ (we write
oD e ck), if
D={zeC": p(z) <0},

where p is the real-valued function of class C* in some
neighborhood of the closure of D, and the differential dp # 0 on
oD.

If Kk =1, then we say that D is a domain with a smooth
boundary. We will call the function p a defining function for the
domain D. The orientation of the boundary 9D is induced by
the orientation of D.
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Preface

Preface

A domain D with a piecewise-smooth boundary 9D will be
understood as a smooth polyhedron, that is, a domain of the
form

D={zeC": pi(z)<0,j=1,...,m},

where the real-valued functions p; are class C'in some
neighborhood of the closure D, and for every set of distinct
indices ji, ..., js we have dp;, A --- A dpj;, # 0 on the set
{zeC":p;(2) =--- = pj(2) = 0}. Itis well known that the
Stokes’s formula holds for such domains D and surfaces 0D.
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Functions with the Morera property

Functions with the Morera property

First, | will tell you some well-known facts about functions that
satisfy the boundary Morera property.
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Functions with the Morera property

Functions with the Morera property

Definition 1

We say that a continuous function f on 9D (f € C(0D)) satisfies
the Morera property (condition) along a complex plane / of
dimension k, 1 < k< n—1,if

JRGEGE (1)

obnl

for any differential form S of type (k, k — 1) with constant
coefficients.
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Functions with the Morera property

Functions with the Morera property

It is assumed that the plane / transversally intersects the
boundary of the domain D.
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Functions with the Morera property

Functions with the Morera property

It is assumed that the plane / transversally intersects the
boundary of the domain D.

If Iis a complex line intersecting 9D transversally, then the
Morera property along / consists of the equality

oDnl obnl

for the given parameterization ( = z + bt (z,b € C", t € C) of
the complex line /.
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Functions with the Morera property

Functions with the Morera property

Clearly, the boundary values of functions F € A(D) (i.e.,
functions holomorphic in D and continuous in the closure of the
domain D) satisfy this property. Moreover, the same is true for
continuous CR-functions f on 9D.
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Functions with the Morera property

Functions with the Morera property

Recall that

Definition 2

A function f € C(9D) is called a CR-function on 9D if

/ (¢) Ba(¢) = 0 @)
oD

for all exterior differential forms « of type (n, n — 2) with
coefficients of class C* in the D.
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Functions with the Morera property

Functions with the Morera property

Recall that

Definition 2

A function f € C(9D) is called a CR-function on 9D if

/ (¢) Ba(¢) = 0 @)
oD

for all exterior differential forms « of type (n, n — 2) with
coefficients of class C* in the D.

Conditions (2) are called the tangential Cauchy-Riemann
equations.
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Functions with the Morera property

Functions with the Morera property

The Hartogs-Bochner theorem, which is now classical, tells us
that any continuous function f on 9D is a CR-function if and
only if it is holomorphically extended into D up to a certain
function F € A(D) (the boundary of D is connected).
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Functions with the Morera property

Functions with the Morera property

Globevnik and Stout considered the following inverse problem:
let a function f € C(9D) satisfy the Morera property (1) along
any complex k-plane [ intersecting 0D transversally. Is it true
that f is a CR-function on 9D?
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Functions with the Morera property

Functions with the Morera property

Obviously, the greater the dimension k of the complex plane,
the weaker the Morera property along complex k-planes.
Therefore, if the Morera property holds along all complex lines,
so it does along all complex hyperplanes. The following
theorem is the first sufficiently general assertion on the solution
of this problem.
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Functions with the Morera property

Functions with the Morera property

Theorem 3 (Globevnik, Stout)

Let1 < k < n—1, and let a function f € C(0D) satisfy the
Morera property (1) along any complex k-plane | intersecting
oD transversally, then f is a CR-function on 9D (and, therefore,
it is holomorphically continued to D by the Hartogs-Bochner
theorem).
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Functions with the Morera property

Functions with the Morera property

Next, we will consider one-dimensional complex lines / of the
form

/:{CE(C”:Cj:Zj+bjt,j:1,...,n,t€(C} (3)

passing through a point z € C" in the direction of a vector
b € CP"" (the direction of b is determined with an accuracy of
up to multiplication by a complex number A # 0).
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Functions with the Morera property

Functions with the Morera property

Next, we will consider one-dimensional complex lines / of the
form

/:{CE(C”:Cj:Zj+bjt,j:1,...,n,t€(C} (3)

passing through a point z € C" in the direction of a vector

b € CP"" (the direction of b is determined with an accuracy of
up to multiplication by a complex number A # 0).

By Sard’s theorem, for almost all z € C™ and almost all

b € CP"', the intersection / N dD is a finite set of
piecewise-smooth curves (except for the degenerate case
where 0D N | = ).
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Functions with the Morera property

Functions with the Morera property

We now formulate the assertion belonging to J. Globevnik and
E. L. Stout (a particular case of Theorem 3).
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Functions with the Morera property

Functions with the Morera property

Theorem 4 (Globevnik, Stout)

Let a function f € C(0D), and for almost all z € C" and almost
allb e CP" ", let

obnl obnl

Then the function f is holomorphically extended into D up to a
function F € C(D).
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Functions with the Morera property

Functions with the Morera property

Theorem 4 (Globevnik, Stout)

Let a function f € C(0D), and for almost all z € C" and almost
allb e CP" ", let

apni aDn!
Then the function f is holomorphically extended into D up to a

function F € C(D). (If0D N | = @, then the integral in (4) is
assumed to be equal to zero.)
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Functions with the Morera property

Functions with the Morera property

Theorem 4 (Globevnik, Stout)

Let a function f € C(0D), and for almost all z € C" and almost
allb e CP" ", let

apni aDn!
Then the function f is holomorphically extended into D up to a

function F € C(D). (If0D N | = @, then the integral in (4) is
assumed to be equal to zero.)

We note that without the connectivity condition of the boundary
of the domain, Theorem 4 is obviously false.
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Functions with the Morera property

Functions with the Morera property

A generalization of this theorem is the following result.
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Functions with the Morera property

Functions with the Morera property

A generalization of this theorem is the following result.

Theorem 5

Let k be a fixed nonnegative integer and let a function
f € C(dD). If, for almost all z € C" and almost all b € CP"1,
the condition

/ f(z1 + bit, ..., zn+ bpt)th dt = 0
obnl

holds, then f is holomorphically extended into D.
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Functions with the Morera property

Functions with the Morera property

A generalization of this theorem is the following result.

Theorem 5

Let k be a fixed nonnegative integer and let a function
f € C(dD). If, for almost all z € C" and almost all b € CP"1,
the condition

/ f(z1 + bit, ..., zn+ bpt)th dt = 0
obnl

holds, then f is holomorphically extended into D.

For k = 0, we obtain Theorem 4.
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Functions with the Morera property

Functions with the Morera property

Definition 6

The condition

obnl

will be called the generalized Morera property.
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Functions with the Morera property

Functions with the Morera property

The problem of finding sufficient sets of complex lines £ = {/}
for which the condition (4) for / € £ implies a holomorphic
extension of the function f to D was posed by Globevnik, Stout.
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Functions with the Morera property

Functions with the Morera property

The problem of finding sufficient sets of complex lines £ = {/}
for which the condition (4) for / € £ implies a holomorphic
extension of the function f to D was posed by Globevnik, Stout.
For example, is a set £y of lines [ intersecting a certain open
set V C D such a sufficient set?
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Functions with the Morera property

Functions with the Morera property

For a fixed k and a function f € C(0D), let the condition (5) hold
for almost all lines | (of the form (3)) intersecting an open set

V c D (or an open set V c C"\ D), then the function f is
holomorphically extended into D.
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Functions with the Morera property

Functions with the Morera property

Theorem 7

For a fixed k and a function f € C(0D), let the condition (5) hold
for almost all lines | (of the form (3)) intersecting an open set

V c D (or an open set V c C"\ D), then the function f is
holomorphically extended into D.

Corollary 8

Let A be an algebraic hypersurface in C". If the condition (5) for
a function f holds for almost all complex lines | intersecting A,
then the function f is holomorphically extended into D.
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Functions with the Morera property

Functions with the Morera property

So let us consider a set of complex lines intersecting the germ
of a real-analytic manifold of real dimension (2n — 2) to be a
sufficient set.
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Functions with the Morera property

Functions with the Morera property

Let D € C" (n > 1) be a bounded domain with a connected
smooth boundary. Consider complex lines / of the form (3).
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Functions with the Morera property

Functions with the Morera property

Let D € C" (n > 1) be a bounded domain with a connected
smooth boundary. Consider complex lines / of the form (3).
Let I" be the germ of a real-analytic manifold of real dimension
(2n—2). Let a domain D C C" satisfy a conditions

Zapb;éo (6)

for the points z, lying in the neighbourhood of a manifold I
suchthatoDN I = 2.
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Functions with the Morera property

Functions with the Morera property

Let a domain D c C" satisfy a conditions (6) and a function
f € C(0OD) satisfy the generalized Morera property (5), i.e.,

/ H(z1 + bit,..., 20+ bpt)thdt = 0 7)
abni
forallz € ", b € CP"" and for a fixed integer non-negative

number k. Then the function f has the holomorphically
extension into the domain D.
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Functions with the Morera property

Functions with the Morera property

For k = 0 the condition (7) takes us to the boundary Morera
property
/ f(z1 + bit,...,zh+ bpt) dt = 0. (8)
aDnI
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Functions with the Morera property

Functions with the Morera property

For k = 0 the condition (7) takes us to the boundary Morera
property
/ f(z1 + bit,...,zh+ bpt) dt = 0. (8)
aDnI

Corollary 10

Let a domain D satisfy the conditions of Theorem 9, and a
function f € C(0D) satisfy the condition (8) for all z € I" and

b e CP"', then f is holomorphically extended into the domain
D.
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Functions with the Morera property

Functions with the Morera property

We also obtained an analog of the theorem 5 for domains with
a piecewise-smooth boundary.
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Functions with the Morera property

Functions with the Morera property

We also obtained an analog of the theorem 5 for domains with
a piecewise-smooth boundary.

Theorem 11

Let D be a bounded domain in C" (n > 1) with a connected
piecewise-smooth boundary and let k be a fixed nonnegative
integer and let a function f € C(9D). If, for almost all z € C" and
almost all b € CP"', the condition (5)

/ f(zy + byt, ..., zn+ bpt)tk dt = 0,
obnl

holds, then f is holomorphically extended into D.
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Functions with the Morera property

Functions with the Morera property

We also obtained an analog of the theorem 7 for domains with
a piecewise-smooth boundary.
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Functions with the Morera property

Functions with the Morera property

We also obtained an analog of the theorem 7 for domains with
a piecewise-smooth boundary.

Theorem 12

Let D be a bounded domain in C" (n > 1) with a connected
piecewise-smooth boundary and let for a fixed k and a function
f € C(0D) the condition (5) hold for almost all lines | of the form
(3) intersecting an open set V C D (or an open set V c C"\ D),
then the function f is holomorphically extended into D.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

| would like to say a few words about functions with the
one-dimensional holomorphic extension property along
complex lines.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

| would like to say a few words about functions with the
one-dimensional holomorphic extension property along
complex lines. This property is stronger than the Morera
property. And we consider the question of sufficient sets for
holomorphic extension for this property.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Definition 13

The function f € C(0D) has the one-dimensional holomorphic
extension property along complex lines / of the form (3) if for
any line / such that 9D N | # o, there exists a function F having
the following properties:
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Definition 13

The function f € C(0D) has the one-dimensional holomorphic
extension property along complex lines / of the form (3) if for
any line / such that 9D N | # o, there exists a function F having
the following properties:

Q@ Fec(Dn),
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Definition 13

The function f € C(0D) has the one-dimensional holomorphic
extension property along complex lines / of the form (3) if for
any line / such that 9D N | # o, there exists a function F having
the following properties:

Q@ Fec(Dn),

Q@ F=fonthesetdDn/,
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Definition 13

The function f € C(0D) has the one-dimensional holomorphic
extension property along complex lines / of the form (3) if for
any line / such that 9D N | # o, there exists a function F having
the following properties:

Q@ Fec(Dn),

Q@ F=fonthesetdDn/,

© the function F is holomorphic at interior (with respect to the
topology of /) points of the set DN /.
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Functions with the Morera property

Functions with the Morera property

It is shown that for a class of continuous functions given on
the boundary of a ball a family of complex lines passing through
finite points in the ball will be a sufficient family.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Let B={z e C":|z] < 1} be a unit ball in C" centered at the
origin and let S = 9B be the boundary of the ball.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Let B={z e C":|z] < 1} be a unit ball in C" centered at the
origin and let S = 9B be the boundary of the ball.

We denote by A a set of points ay e BC C", k=1,...,n+1,
lying outside the complex hyperplane in C".

The Holomorphic Extension of Functions with the Boundary More
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Theorem 14

Let a function f(¢) € C(S) has the one-dimensional
holomorphic extension property along the family £ 4, then f(¢)
extends holomorphically into B.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

In what follows we will need the definition of a domain with the
Nevanlinna property. Let G C C be a simply connected domain
and t = k(7) be a conformal mapping of the unit circle
A={r:|r|<1}onG.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Domain G is a domain with the Nevanlinna property, if there are
bounded holomorphic functions v and v in G such that almost
everywhere on S = JA, the equality

. u(k(7))
k() =
= k)
holds in terms of the angular boundary values. Essentially this

means
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

Give a characterization of a domains with the Nevanlinna
property. Domain G is a domain with the Nevanlinna property if
and only if k() admits a holomorphic pseudocontinuation
through Sin C\ A, i.e., there are bounded holomorphic
functions uy and v4 such that the function k(7) = 51 ET;

17

coincides almost everywhere with the function k(7) on S.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

In our further consideration we will need the domain G to
possess the strengthened Nevanlinna property, that is the
function u;(7) # 0 in C\ A and k has at infinity zero of no more

than first order. If G= A then 7 = ; on OA. Therefor

, .1 :
meromorphic function — has a zero of the first order at oc.
T
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

In our further consideration we will need the domain G to
possess the strengthened Nevanlinna property, that is the
function u;(7) # 0 in C\ A and k has at infinity zero of no more

than first order. If G= A then 7 = ; on OA. Therefor

, .1 :
meromorphic function — has a zero of the first order at oc.
T

For example, such domain will include domains for which k(r)
is a rational function with no poles on A and no zeros in C \ A.
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

We denote by A the setof pointsay e DC C", k=1,...,n+1,
which do not lie on the complex hyperplane in C".
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Functions with the Morera property

Functions with the one-dimensional holomorphic
extension property

We denote by A the setof pointsay e DC C", k=1,...,n+1,
which do not lie on the complex hyperplane in C".

Theorem 15

Let D be a bounded strictly convex circular domain with twice
smooth boundary in C" and possess the strengthened
Nevanlinna property in the points from the set A and the
function f(¢) € C(0D) have the one-dimensional holomorphic
extension property along the family £ 4, then the function f(()
extends holomorphically into D.
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