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Grothendieck residue

Let w be a meromorphic n-form on an n-dimensional complex-analytic
manifold M, and Fi,...,F, are polar hypersurfaces of w, F =
FyU...UF,. In a sufficiently small neighborhood U, of an isolated
point a of the intersection Z = Fy N ...N F,, the form w is given by

h(z)dz A ... N\dzy,
fi(z) . fulz)

where h, f1,... f, are holomorphic germs at a, Fxly, = {fx = 0}.
The Grothendieck residue of the form w at the point a is represented

by the integral
1
reS, W = W / w,

7(“)

w =

where (@) is a local cycle at a having the form

Y ={z € Ua: [1(2)| = e, [ful2)] = en}.



Property of residue
If h € (fi,..., fn) C Oq then res,w =0

It suffices to prove this property for h = hy f. In this case the form

h(z)dz1 N ... Ndzy,
f1(z) - fu(2)

has only n — 1 polar hypersurfaces Fi,...[k]..., F,.
At the same time ¥(%) ~ 0in U, \ (Fy U...[k]--- U F,) since y(®) =
0oy, for the chain

w =

O-k:{‘f1|:€17"‘7|fk‘ Sgkv'”7|fn‘:5n}.

So by Stokes' theorem [ w = 0.
'y(a>



Separating Cycles

Let M be n-dimensional complex manifold and F = {F},..., F},}
be the set of hypersurfaces in M, F' = F1 U...UF},, and Zj be the
discrete part of their intersection Z = F1 N ... N F,.

Definition

The cycle v € Z,,(X \ F) separates the set of hypersurfaces F if

y~0in M\ (FAU...[k]...UF,) forall k=1,...,n

The local cycle v(%), a € Z, separates the set of polar hypersurfaces
of the meromorphic form w. So if v ~ Zt (@) then v is the
separating cycle and [ w = (2mi)" 3" t,res,w

Remark

If the integral fww of a meromorphic form is represented as the sum
of residues, then « is the separating cycle.



Example 1 (in C?)

Let F = {Fy, F»} be the set of complex curves in C2 such that Z =
FyNF; is discrete. Consider the open cover {Uy, Us} of C?\ Z, where
U; = C?\ F}. There is the exact long Mayer — Vietoris sequence

= Ho(Uh) @ Hy(Us) <2 Ho(Uy NU) €2 Ha(Uy UTs)4— . ..

where Uy NUy = C?2\ F, U UUy = C?\ Z,

s is induced by 0: v — (v, —7),

¢ is the connecting homomorphism, ¢: [7] = [01 + 02| — [D01], 0
is the chain in Uj;, j = 1,2.

If v € Zo(C2%\ F) separates the F, then [] € ker d,, so [y] € im ¢.
Homology group H3(Uy UUs) = H3(C?\ Z) is generated by classes
of 3-dimensional spheres S, of small radius surrounding the point «,
a€ Z.



Class [S,] can be represented by the cycle 911, where
o = {z € Ua: [1(2)| < e, [f2(2)] < €2},

is the special analytical polyhedron. Moreover, the boundary 011, of
the polyhedron II, is the sum of its 2-dimensional faces

T ={|fil = €1, |fo| L2}, m={lfil <e1, [fo| = &2}

Therefore, ¢[S,] = ¢[011,] = @[m1 + 12| = [071] ['y(“)]. Since

[v] € im g there is a cycle o ~ > t,5, such that [y] = ¢[o] and
ac”Z

['7] = 90[0] = Z ta‘P[Sa] = Z ta[’y(a)]'

a€”Z a€”Z

we get

So we proved that « is the separating cycle if and only if v ~
Sty .



Separating cycles in Stein manifolds

Problem

What should be a manifold and a set of hypersurfaces so that any
separating cycle can be represented in terms of local cycles?

The problem arose even in the first works on multidimensional residues:
Didon (1873), Picard (1926).
Partial solutions to this problem:

Fantappie (1931), Martinelli (1955), Sorani (1960),
Yuzhakov (1970).

The most complete solution for Stein manifolds: Tsikh (1975).
More generally for Stein manifolds and sets of N > n hypersurfaces:

Tsikh, Yuzhakov (1988), Ulvert (2018).



Example 2 (Borromean rings)
Each circle separates the set of other two

circles. For example, the cycle S' separates
the set {5, 91} since

St~ 0inR3\ 5" and S* ~0in R3\ S

Consider the cover {Uy, Uz} of R3, where
U =R3\ 5", Uy =R3\ St

As it was above in Example 1, there is the
exact long Mayer — Vietoris sequence

cee 4 Hl(Ul)@Hl(UQ) & Hl(UlﬂUQ) <i Hg(UlLJUQ)(— RN

where Uy NU; = R?\ (5" U SY), Uy UU; = R3. Since 6,[5'] = 0
and Hy(R?) =0, then [S!] € ker 0, = im ¢ =2 0. So

St~0in R\ (STush).



$l-chains

Let 84 = {U; }ier be an open cover of topological space X, where I
is an ordered index set.

Definition
A $l-chain in X of multiplicity p and dimension ¢ is an alternating
function o on IP*! with values

U(io,il, e ,ip) € Sq(Uio NU;N...N Uip),
which vanishes except at a finite number of a points of IP+1.

$l-chains can be identified with elements of the bigraded group

Cog= P SU,NU,N...NU), pg=0,1,...

10<11 <...<@p



Mayer—Vietoris sequence for the groups of U-chains

We denote by Sél = Sf;l(X) the subgroup in S,(X) generated by
singular g-simplices A, such that supp A C U; for some U; € L.
The natural inclusion ¢: S¥ — S,(X) is a chain mapping and the
homomorphism «,: H(S¥) — H(X) is the isomorphism.
Consider the Cech boundary operator §: Cy,; — Cp_14

(60)(io, i1, ip—1) = Y o(isio,- .. ip-1),
el

. TN -
and the operator e: Cp 4 — S7, €0 = %a(z).
K3

Theorem

The following sequence is exact:

6 ) )
O(—S§<i007q<—01,q<—027q<—....



We get the following extended double complex for the group of 4-
chains which is dual to the familiar Cech—de Rham double complex
for differential forms:

J/ € il J il
0 Syt Coq Clq
a| 2| 2|
0<— Sél_l <i CO,q—l <i Cl,q—l L e
& %}
o ol ol
0 Sy Co,0 Cio

| | |

0 0 0

0

0




Mayer—Vietoris spectral sequence

Consider also the double complex C' = (C), 4; d, 9). Based on a double
complex C' we build a total complex T'C, formed by a graded group

(Tc)n: @ Cp,q

p+q=n

and a boundary operator D: (TC),, = (T'C)p—1, D = 6 + (—1)P0.
Consider the spectral sequences {(£}, ;;d")} of the complex C' which
corresponds to filtration for T'C' determined by the formula

Fp(TC) = P Cini-

1<p



We have E) = Cp 4 and d° = £0, so E} , = Hy(Cp..) (the vertical
homology of the complex C)) and the differential d': E} , — E
coincides with the mapping induced by the chain mapping

§: Cpu = Cpo14, ie. db =0,

Further, the term Eg’q (the horizontal homology of the vertical
homology of the complex C') describes the homology of the complex

5+ 5, 5a
04— Hy(Cox) «— Hy(Cr4) «— Hy(Cos) — ...,

Therefore, this spectral sequence (called the Mayer—Vietoris spectral
sequence) is a generalization of the long exact Mayer—Vietoris sequence.



In passing to homology of columns of the extended double complex,
we get the sequence (for ¢ =0,1,...)

04— Hy(SY) <= Hy(Co.) = Hy(Ch) €= Hy(Coh) = ...,

about which, in general, we can say that it is only semi-exact.
The existence of the connecting homomorphism assumes that the
open cover {1 of topological space X is finite. We will assume that
this covering consists of m > 2 elements.

Definition (A. Gleason)

The $l-resolution for the cycle & € Z,.(SY) is a sequence {¢, ;’"‘:_01 of
Y-chains, &, € Cp r—p, such that:

1) eo=¢&;
2) 6 =0—-1,p=1,...,r
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Remark

A $l-resolution {&, ;’"‘:_01 exists for any cycle ¢ € Z,(S¥), wherein
agmfl =0.

Theorem

Let &4 = {U;} be a finite open cover of a topological space X,
consisting of m > 2 elements. Then the correspondence of homology
classes [£] = [£_1], where € € Z,.(S¥) and &,,_1 is the end term
of the arbitrary -resolution {{,} of cycle &, defines a connecting
homomorphism

p: Hr(sil) = Hr—m41(Crm—1,5)-



Semi-exact long Mayer — Vietoris sequences of homology
groups

Theorem

For m > 2 the connecting homomorphism ¢ generates a semi-exact
long Mayer — Vietoris sequence of homology groups

6* *
ot Hy i1 (Cona.4) <2 Hy i1 (Cr1.4) <= Hy(SY) <=

* 5* 6*
& Hy(Cos) & oo <2 Hy(Cro14) = Hypm—1(S%)— ...

In this sequence there are
H,(S%) = H, (U, U...UU,) = Hy(X),

Hy(Cp) = € H(U( U,N...NT;,), p=0.1,...,m—1.

10<11 <...<ip



Definition
The cycle ¢ € Z,(Cy—1,+) Separates the set of open subspaces
{U1,...,Un} (the cover ) if 6,[¢] = 0.

We denote by HgP(Cy,—1,+) the subgroup ker ., € Hy(Cpy,—1,.) of
classes of all separating cycles. We will assume that the codomain of
the connecting homomorphism is the subgroup Hg™ (Cy—1.4).

Remark

The connecting homomorphism ¢: Hyyp1(S%) — Hg®(Cr1.4)
is an epimorphism if and only if the semi-exact long Mayer — Vietoris
sequence is exact in term Hy(Cp,—1 +).



Separating cycles in the complex manifold

Let again M be n-dimensional complex-analytic manifold and F be
a set of n hypersurfaces in M.

It is required to find out in which case the given n-cycle v in M\ F
is homologically expressed in terms of local cycles 4(*), a € Zj. In
view of the above, for this it is necessary the cycle v separates the
given set of hypersurfaces F.

Consider the space X = M \ Z and its cover il formed by open sets
Uj=M\Fj, j=1,...,n. Consider the part of the semi-exact long
Mayer — Vietoris sequence:

Ex

& HA (M F) <2 Hapq (SY) < ..

The subgroup HyP(M\ F) C H, (M \ F) is the subgroup of classes
of all cycles separating the set of hypersurfaces F. Also we denote by
H!°¢(M \ F) the subgroup in H, (M \ F) generated by the classes
of all local cycles 4@, a € Z,.



We have
HP(M\ F) C H?(M\ F).

Problem

What should be a manifold and a set of hypersurfaces so that

HP(M\ F) = H(M \ F)?

Let us show that H!°°(M \ F) C im ¢, where
¢: Hop 1 (M\ Z) — H;(M \ F).

It suffices to show that each generator [y(%)], a € Zj, of the group
H!°¢(M \ F) have preimage in Ha, 1(M \ Z). For a fixed point
a € Zy, consider the (2n — 1)-dimensional sphere S, centred at the

point a of a small radius. The class [S,] can be represented as a cycle
OI1,, where

I, ={2€U,: |fi(2)| <& i=1,...,n}.



Moreover, the boundary 011, of the polyhedron II, is the sum of its
(n — 1)-dimensional faces

Tj:{’f1|Sé‘l,...,‘fj’:Ej,...,|fn’SEn}, jzl,...,n,

taken with suitable orientation, at that supp7; C Uj. Therefore,
Oll, € Za, 1(S¥), and for the cycle 91, can be built the $-
resolution {&,}. It is directly verified that terms of the resolution
can be taken as follows:

fp(io,il, - ,ip) =x7,N7, N... ﬂTip.

Moreover, the final term &,—1 = &,—1(1,...,n) of the resolution
is the local cycle (). So ¢[S,] = ¢[0T1,] = [y¥)], as required
to prove. It also follows from the last reasoning that if the group
Hy,—1(M \ Z) is generated by the classes of cycles S,, a € Zj, in
particular if Hy,_1(M) = 0and Z = Zp, then H°°(M\ F) = im ¢.



Let Hop—1(M) = 0 and let the intersection Z = F1 N...N F, be
discrete.

Theorem

The groups H,P(M \ F) and H/°°(M \ F) are coincide if and only
if the corresponding semi-exact long Mayer — Vietoris sequence

6* *
o Hy (M N\ F) & Hop 1 (SY) & ...
is exact in the term H, (M \ F).
Theorem

The groups Hy®(M \ F) and H°°(M \ F) are coincide if the
following condition is hold:

H2n—2(00,*) = H2n—3(01,*) 2.8 Hn-i—l(cn—S,*) = 0.



Theorem (Tsikh)

Let M be a Stein manifold of dimension n. Then
HP(M\ F)=H(M\F)
for any set {F1,..., F,} of hypersurfaces in M.

It suffices to prove this theorem for the following assumptions:

1) Hop—1(M) =0;2) M\ Fj, j = 1,...,n, are the Stein manifolds;
3) the intersection Z = Fy N...N F, is discrete. It remains to note
that all possible intersections of the sets U; = M \ F}j are also Stein
manifolds. The triviality of the required homology groups follows
from the fact that for an arbitrary Stein manifold X the homology
groups Hy(X) are trivial for ¢ > dim X.

Remark

For the Stein manifold M and an arbitrary set of hypersurfaces F in
M the connecting homomorphism ¢: Hy,_1(M\Z) — HyP(M\F)
is an isomorphism.



Combinatorial coefficients in the G-Kh formula

[A. G. Khovanskii, Leonid Monin, “The resultant of developed systems
of Laurent polynomials’, Mosc. Math. J., 17:4 (2017)]

Let f1,..., fn be Laurent polynomials with developed Newton
polyhedra Ay, ..., A, A= A;+...+A,. Let F be a hypersurface
in T" = (C\ 0)" defined by the equation f; = ... = f, = 0. We

denote by 77} the toric cycle corresponding to the vertex A of A.

Theorem (Topological theorem of Gelfond & Khovanskii)

In T™\ F' the sum of the local cycles 7(*) over all roots a of the system
fi=...= f, = 0is homologous to the cycle (—1)" Y kT, where
the sum is taken over all vertices A of A and k4 is the combinatorial
coefficient at the vertex A.



Let X, be the dual fan of the Newton polyhedron A, j =1,...,n.
So {¥1,...,X,} is a set of tropical hypersurfaces in R",

YX=X1U...UX,.
The condition of the developing of the set of polyhedra {A;} implies
¥in...nx, ={0},

where O is the origin. Each vertex A of the polyhedron A corresponds
to the connected component Cy of R™ \ X. Let t4 be an arbitrary
point in C'4. So the homology group Hp(R™ \ X) is generated by
classes of O-dimensional cycles t 4, A € Vert A. Consider the space
R™ \ {O} and its cover il formed by open sets U; = R™ \ ¥,
j =1,...,n. There exists a polyhedron A combinatorially equivalent
to the polyhedron A such that DA € Z,,_1(SY).



Proposition

0([0A]) = Y kaltal,

A€eVert A

where ¢ is the connecting homomorphism in the corresponding semi-
exact long Mayer — Vietoris sequence

L Hy R\ B) <2 Hy g (SY) & .,

Ho 1(8Y) = H, 1R\ {O}) 2 2,
imp = HP(R"\ X) 2 Z.
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