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1. Main question

Find a criterion for �nite dimensionality of Lie algebra of
in�nitesimal holomorphic automorphisms in the case of real
analytic CR manifolds of uniformly in�nite Bloom-Graham type.

This criterion gives the criterion in the general case of real
analytic CR manifolds, because the criterion for �nite Bloom-
Graham type manifolds is known (holomorphic nondegeneracy).
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2. De�nitions

Let M ⊂ CN be a real analytic submanifold.

Complex tangent space T cp M = TpM
⋂
i TpM is the

maximal complex subspace in TpM .
M is a CR manifold, if dimT cp is constant.

A CR submanifold M is generic, if TM + iTM = CN .
n = dimC T

cM is CR dimension.
K = dimR TM − dimR T

cM is codimension.
n + K = N.
(n,K) is CR type.
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Let p ∈M and let Mp be a germ of M at p.
M is holomorphically nondegenerate, if at all it's points

there is no germ of holomorphic vector �eld, which is tangent to
M .
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Let M ⊂ Cn+K be a real analytic generic submanifold of CR
type (n,K), de�ned in a neighbourhood U of zero,Mp is it's germ
at point p.
Let D1 = T cM be the distribution of complex tangent spaces

on M , de�ned at a neighbourhood of a point p ∈M .
De�ne inductively distributions

Dν+1 = [Dν, D1] + Dν,

where [·, ·] is commutator.
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Let Dν(p) be the value of Dν at point p. We have the sequence
of nested real linear spaces

T cp Mp = D1(p) ⊆ D2(p) ⊆ ... ⊆ Dν(p) ⊆ ... ⊆ D(p) ⊆ TpMp,

whereD(p) =
⋃∞
ν=1Dν(p). The sequence is stabilized from some

moment.
M has �nite type at p, if D(p) = TpM .
If D(p) $ TpM , then M has in�nite type at p.
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Let dν = dimDν(p).
Consider all ν, for which dν > dν−1. We obtain a sequence

of increasing natural numbers: 2 ≤ m1 < ... < ml. Let kj =
dmj
− dmj−1

.
If M has �nite type at p, then it's Bloom-Graham type is
m = ((m1, k1), ..., (ml, kl)); If M has in�nite type at p, then it's
Bloom-Graham type is m = ((m1, k1), ..., (ml, kl), (∞, d)), where
d = dim(TpMp) − dim(D(p)) = K − k1 − ... − kl. We call the
value d = d(p) the defect ofM at p. For a manifold of �nite type
d(p) = 0.
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M has uniformly in�nite type in U , if it's Bloom-Graham
type is in�nite for all points p ∈M ∩ U .
If for all p ∈ M ∩ U defect d(p) equals d, then we say that M

has uniformly in�nite type of defect d in U .
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Theorem. Let M ⊂ CN be a real-analytic, connected, generic
submanifold. If M is holomorphically nondegenerate and has
�nite type at some point, then dim autMp <∞ for all p ∈M .

Reference: M. Bauoendi, P. Ebenfelt, L. Rothschild, "Real
submanifolds in complex space and their mappings".
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Theorem. Let M be a manifold of uniformly in�nite type
in U . Then outside a proper analytic set dim autMp = 0 or
dim autMp =∞.
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3. Examples

Let (z, w = u + iv,W = s + it) be coordinates in C3.

Example 1. Consider M , given by
v = |z|2, t = 0.
dim autM0 = ∞, because 2Re(W ν ∂

∂W ) ∈ autM0 for any
natural ν.

Example 2. Consider M , given by
v = |z|2 + (z2z̄ + zz̄2)u + |z|4s, t = 0.
Direct calculations show that dim autM0 = 0.
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4. Notation

Let z = (z1, ..., zn);
w = (w1, ..., wl), wj has dimension kj;
W = (W1, ...,Wd).
De�ne weights: [z] = 1, [w1] = m1, ..., [wl] = ml,
[W1] = ... = [Wλ] =∞. The corresponding weights are given to

conjugate variables.
Let o(mj) be terms of weight greater than mj.
Denote uj = Rewj, vj = Imwj.
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Lemma. The following conditions are equivalent:
1) M is a manifold of uniformly in�nite type of defect d in U

outside a proper analytic set;
2) There exist a coordinate system (z, w = u + iv,W = s +
it) (z, w,W are vectors), such that de�ning equations for M in
reduced form outside a proper analytic set are
v1 = Φ1(z, z̄) + o(m1),
...
vl = Φl(z, z̄, u1, ..., ul−1) + o(ml),
t = 0.
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5. Reduced form for unformly in�nite type

≈ Φj are in standard form in the sense of Bloom and Graham.
More precisely:
Φ1, ...,Φl are homogeneous vector forms of weihgts m1, ...,ml,

respectively. Renumber coordinates of forms Φj and redesignate
them by φν. I.e., if ν = (k1 + ... + kj) + µ, then φν is the µ-th
coordinate of form Φj+1.
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Conditions for Φj:
I) Φj does not contain monomials of the form

c zα1
1 · ... · zαnn · u

β1
1 · ... · u

βj−1

j−1

and their conjugates for any multidegree α, βν and for c 6= 0;
II) it is impossible to compose a polynomial

c φj u
βj
j · ... · u

βl
l

with the help of some monomials in φJ for all j < J , such that
mj < mJ , and for c 6= 0;
III) φj are linearly independent.
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6. Criterion of zero dimensionality of autMp

We call Mp real nondegenerate, if dim autMp = 0,
i.e. there exists no germ of nonzero in�nitesimal holomorphic
automorphism. This de�nition is analogous to that of holomorphic
nondegeneracy.
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6. l-nondegeneracy
It is possible to describe holomorphic nondegeneracy for M

constructively.
Let (Z1, ..., ZN) = (z, w,W ) be coordinates, ρj = 0, j =

1, ..., K, be local de�ning equations of M near p.
CR vector �elds are tangent to M �elds of the form∑N
j=1 aj

∂
∂Z̄j

Let L1, ..., Ln be a basis of CR vector �elds near p ∈ M . Then
M is l-nondegenerate at p, if

span{Lα
(
∂ρj
∂z

)
(p, p̄) : j ∈ {1, ..., K}, |α| ≤ l} = CN .
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Theorem. The following conditions are equivalent.
(i) M is holomorphically nondegenerate.
(ii) There exists p0 ∈M and l0 > 0 such that M is
l0-nondegenerate at p0.
(iii) There exists V , a proper real analytic subset of M and an

integer l ≤ n, such thatM is l-nondegenerate at every p ∈M\V .

Reference: M. Bauoendi, P. Ebenfelt, L. Rothschild, "Real
submanifolds in complex space and their mappings".
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Theorem. The following conditions are equivalent.
(i) M is real nondegenerate.
(ii) There exists V , a proper real analytic subset ofM and some

�nite set of integers J , such that M is J -nondegenerate at every
p ∈M \ V .
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J-nondegeneracy

Let X = 2 Re(f (z, w,W ) ∂∂z + g(z, w,W ) ∂
∂w + h(z, w,W ) ∂

∂W ),
where f, g, h are vectors of germs of holomorphic functions.
Let f = (f1, ..., fn); g = (g1, ..., gl), gj = (gj1, ..., gjkj); h =
(h1, ..., hd). We write the tangency condition of X to M :
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Im gj = 2 Re
(
f
∂

∂z
Φj(z, z̄, u1, ..., uj−1)+g

∂

∂w
Φj(z, z̄, u1, ..., uj−1)+

f
∂

∂z
Fj(z, z̄, u, s)+g

∂

∂w
Fj(z, z̄, u, s)+h

∂

∂W
Fj(z, z̄, u, s)

)
, 1 ≤ j ≤ l,

Imhj = 0, 1 ≤ j ≤ d,

w = u + i(Φ + F ), W = s + i(Ψ + G).
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When there are no solutions?
It can be veri�ed constructively.
Using coe�cients in Taylor series of (f, g, h), we can write d+ 1

matrices. And then give the answer in terms of ranks of these
matrices. j0, ..., jd are sizes of the matrices.
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J = (j0, j1, ..., jd)
We obtain the following criterion of real nondegeneracy at points

outside a proper analytic subset:
Theorem. Real nondegeneracy at p is equivalent to J -

nondegeneracy for some J at this point.
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Thank you!
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