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Standard interpolations

Basic, classical (standard) interpolations include interpolations of
Lagrange, Hermite, Newton, and others.

Lagrange: By the given points {w;}7”; C C and the values ¢; € C,
find a polynomial f(z) of degree m — 1 with the property

flw))=c¢,Vj=1,...,m.

Note that the interpolation polynomial is defined in terms of the
polynomial p(z) = (z —w1) - ... (z — wp) by the formula:

f(e) = p(z)g s (i) |

Thus, setting the interpolation nodes as the zero set of the ideal
(p) provides tools for constructing the interpolation polynomial.
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Hermite: By the given points {w;}; C C and the values

¢k €C,wherej=1,...,m, k=0,...,u; —1find the
polynomial f(z) having at given points given values of derivatives
up to orders p; — 1, that is

FO(w) =y, ¥ =1,...,mVk=0,... 1

In this problem, the corresponding ideal is taken by the generated
polynomial
p(z) = (z = w1}t - (2 = wim )7
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Non-standard 1-dimensional interpolation

Problem Letaj, (j=1,...,m k=0,...,u; —1) and c are the
given complex numbers. It is necessary to describe the set of all
functions f that are analytic in the neighborhood of Q C C of
points wi, ..., wn, and satisfy the equation:

> 2 akf(w) =c. (1)

(D. Alpay, P. Jorgensen, |. Lewkowicz, and D. Volok, 2016). Note
that if £ is the solution of (1), then f + ph is also the solution,

where
m

p(z) = [[(z— w)"i. heHEQ).

j=1

In other words, we can work in the quotient ring H(2)/(p) over the
ideal generated by the polynomial p.

4/27



Noetherian operators

definition (Ehrenpreis-Palamodov)

Let I C C[sy,...,ss] be a primary ideal. The family of linear
differential operators with polynomial coefficients 9y(s, D),
¢=1,...,tis called Noetherian operators for / if the conditions

8@(57 D)SO(S)|V(I) =0, V=1,...,t

is necessary and sufficient for the function ¢(s) to belong to the
ideal /.
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Noetherian operators in the one-dimensional case

In the one-dimensional case, an arbitrary polynomial has the form:
p(s) =(s—wp)" ... (s — wg)lk,

and the ideal generated by it is decomposed into the intersection of
the primary components

pi = (s —w)"), j=1,...k

A necessary and sufficient condition for a given polynomial ¢ to
belong to the primary component p; is the vanishing of ¢ by the
following operators with constants coefficients:

Ljo, Ljrs oo Ljpy—1,

rae Lijlo(s)) = £

S=w;
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Noetherian operators in the multidimensional case

For an arbitrary n > 1, the p; of the zero-dimensional polynomial
ideal (p1,...,pn) are assigned to the roots of w;. The Noetherian
operators for p; are sets of differential operators with constant
coefficients

L, 0(0/05)|w;, € € Auw;.

Here Ay, is a finite subsets in N,
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Nonstandard n-dimensional interpolation problem

Problem (Alpay D., Yger A., 2019):

Let p~(0) = {wi,...,wn}, U be an open subset of C",
containing p~*(0). Let aj¢ (j =1,...,m, £ € A,,) together with
the number ¢ be given complex numbers. It is necessary to describe
the space of holomorphic functions f : U — C, with the property:

D D el lfl(w) =c. (2)

ﬁ:leeAM
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Basis in C[s]/(p)

One of the tools for solving the interpolation problem is the
monomial basis

B={sl;k=0,...,N(p) — 1}

in the factor space C[s]/(p). In fact, this quotient is the space of
remainders when dividing polynomials by the ideal (p). The B basis
is constructed using the Grobner basis for the ideal (p).
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Grothendieck residue

definition Let h, py,..., p, be a holomorphic functions in the
neighborhood U, of a point a € C", and the map p = (p1,...,pPn)
has an isolated zero at the point a. Local Grothendieck residue of
the meromorphic form w = hdz/(p1 - - pn) at the point a is called

the integral
h(z)dzy A ... A d.
resw = (27ri)_"/ (2) dz1 “n.
2 pi(z) - pn(2)
In the case of a finite set of zeros of map p = (p1,...,pn) the

global Grothendieck residue is defined as the sum of all local
residues

Res[w] = E res w.
a
a
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Solving of the multidimensional problem

Theorem(Alpay, Yger) Mycts {wi,...,wy} = p~1(0), U be an
open subset in C", containing p~1(0). Let the sequence

a={aj0j=1...,mLc A}

and the complex number c are given. Let's define the germs in
Ocn
A
hay(s)= Y aia(s —w)*/Al,

AEA%

which make up the set hi, = [h3, ..., h3 ]. Then:

wy?
o either the coordinate system (ao[hg], ..., an(py—1[hy]) is null
system, then the problem has no solutions in the case ¢ # 0,
and any function f € H(U) is the solution in the case ¢ = 0;
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either the coordinate system («o[h3],. p)—1lhw]) isn't
null system, then f € H(U) satisfies the condltlon (2) if and
only if

ao([hy])
[ao[f]v s 70‘N(p)71[f]] ’ QP[B] =,
aN(p)fl([hzl])
where
§BatBia dg
Qp[B] = Res [P1(S) — Pn(S)] b koo .
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Local case of non-standard problem

Let p = (p1,-..,pn) be an ideal with isolated null at the origin.
Denote {Lg} as a set of Noetherian operators for the primary
component of this ideal at zero. We consider the problem of
constructing a holomorphic germ at the origin with the condition

> ai£0,lf1(0) = . ©

where {a;} and c are given numbers.
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Let's consider the following system in C3:

_ 3
p1 =27 — 2223
p2 = 223 — 2123
_ 3
p3 =2z3 —z12

This map p(z) : C3 — C3 has a discrete zero set consisting 17
isolated zeros:

{(0,0,0),(1,1,1),(1,-1,-1),(1, —i,1),(1,i,—i),
(-1,-1,1),(-1,1,— 1),( 1,i,0),(=1,—i,—1),
(i, -1, ),(/,l, 1),( =1,1),(i,1,—i),

(_ivi’ )v( - )v(_’>17’.)?(_’.7_1’_i)}
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Set of differential operators:

o a9 0 0* 09 0
R o v = =
{Lojljm {3 "0z 0z 023" 0227 0237 025’

PE 52 PE 52 PE 52
(a+6aa><a+6m)<a+6m>
o4 ot o* 03
(ot + 5 55+ *50mm ) |
is a set of Noetherian operators for the ideal:

h(p) = (7 — 2223)M + (z3 — z1z3)h2 + (23 — 2122) h3},

rge hl, hg, hs € Oo.
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If the coordinates of the germ h§(s) aren't all equal to zero, then
the holomorphic function f(s) satisfies problem 2, if and only if the
following condition on the coefficients of this function in the factor
space is satisfied H(Up) /(37 H(Uo)pj)ioc:

7310

(al T Zall) al[f] I = 738 [f] 043[f] I = [f]

+Zaslf] + faﬁ[f] —oq[f] + as0g]f] + a3ag[f] (4)
+azaqo[f] + a1ca1[f] = —

That is, the coordinate vector of the function f in the factor space
lies in the given affine hyperplane M@ € C!!
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Multidimensional analog of the Blaschke product

definition

A Blaschke product is a function of the form:

zn| zn —

7ela K | n 5

z H Zn 1—z,, (5)
n>1

in which € R, K € Ny and {z1, z,...,2p,...} is a sequence in

the open unit disk without origin D\{0} that satisfies the Blaschke

condition:
> (1 —|zi) < o0

n
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definition

A finite Blaschke product is a function of the form:

Bz) =[] 22 (6)

1— 3.z’
k>1 =

where {z1, 2, ..., z,} — a finite set in the open unit disk D.

The definition of Blaschke product allowed us to solve important
problems of the interpolation theory in the unit disk. For example,
Blaschke's theorem states that a sequence {z.} in a disk is a null
set for a holomorphic function bounded in D if and only if the
sequense satisfies the Blaschke condition.
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In addition to bounded functions, similar descriptions could be
applicable for functions from Hardy classes.
Each factor 422 of the product (6) is a rational function of the

form:
by — p(z) _ a(l/z)
q(z) q(z)
In the case when g has real coefficients, b, can be represented as:
b, — 291/2)
q(2)
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By the analog of the Blaschke factor in C3, we mean the triple of
special inner rational functions in the unit polydisk of C3. We
construct inner rational functions using the Lee-Yang polynomial.
To do this, we fix an arbitrary symmetric n* n matrix (ajc) with
real coefficients satisfying the condition 0 < |ajk| < 1. The
corresponding Lee-Yang polynomial is constructed from the given
matrix as follows:

f(Z]_,ZQ,...,Zn):ZH (ZjHajk> ;

J jeJ k¢ J

where J runs through the set of all subsets of the set {1,2,...,n}.
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In view of the following expression:
f(zi,22,...,2n) = z2120...2pf (1/21,1/20,...,1/2p)

the amoeba of the polynomial f is symmetric with respect to the
origin. Moreover, the following theorem is valid:

theorem (M. Passare, A. Tsikh)

Let A be an amoeba of the Lee-Yang polynomial, then the closed
positive and negative orthants £R!] intersect the amoeba A only at
the origin:

R7TNA=—R"NA= {0}

21/27



IS

Puc.: in the case n=2
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Let's consider the Lee-Yang polynomial of three variables. It is
associated with the following matrix:

all a b
(k)= a an c |,

c das33

where {a11, a22, as3, a, b, c} € (—1,1)\{0}. The corresponding
Lee-Yang polynomial will look like:

f = (z1z0z3 + bczyzp + abzyz3 + aczy z3) + (abzy + aczy + bezz + 1).
Denote the left bracket as f1, the right bracket as £, and fix some
point (22,28, 29) from the skeleton A = {|z;| = 1,j = 1,2,3} of
the polydisk D. Consider the following set of functions:
p1=Hh(2,2,23) p2=h(z1,20,23) p3=fi(z1,2,2))

q = h(22,2,23) @ =h(z,20,2) q3 = f(z1,2,29)

23 /27



definition

Mapping <%, %, %) we call the three-dimensional analog of the

Blaschke factor if the zeros of the denominators ¢; do not intersect
the open unit polydisk D3.(in this case, we will call g; admissible)

definition
A space HP(D"™) of holomorphic in the polydisk D" functions f
with norm

1/p
fllo= sup & [ Ifrw)edm, b
re(0,1)
weTn
where the measure dm, = (271,.),, dTV‘f‘ A LA dﬁ"' is called a Hardy

space of order p.

A
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definition

A function g € H>°(D") is called inner if its radial limit values
satisfy the condition |g*(w)| = 1 almost everywhere on T".

.

theorem (2)

Functions p;j/q; in the definition of the Blaschke factor are inner
functions in the polycircle D3.

.
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To describe the admissible denominators g;, consider the polar set
of cube K = [—1,1]3, which consists of solutions of inequality
|x| + |y| + |z| <1 (in the conjugate space).

The denominators q; are admissible if and only if
(ab, ac, bc) = (x,y, z) lie in the polar set and satisfy the system of
inequalities:

x| > lyzl, ly| > [xzl, 2| > [xy|.

Puc.: triple (x, y, z) corresponding to valid denominators on the bound of
the polar set
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Thank you for your attention!
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