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1. I was initiated to the study of functions holomorphic along analytic
curves, by recent works of E. Chirka [2] and a series of papers [3-5] by K.-
T. Kim, E. Poletsky, G. Schmalz, J.-Ch. Joo and Ye-Won Cho, the results
type whell-known Forelli’s theorem|1]: if f is an infinitely smooth function
in a neighborhood of a point 0 and the restrictions f|; are holomorphic in
the disc U(0,1) = I N B(0,1) for all complex lines [ 5 0, then it can be
holomorphically extended to the ball B(0,1) C C™.

I will present some of them in a simplified form.

1. E. Chirka (2006). Let S, be a foliation of holomorphic curves pass-
ing through the origin. Suppose that the curves are closed and smooth in
B(0,1) C C? and pairwise transversal. If f(z) satisfies the following two
conditions:

(1) f € ¢>={0},

(2) fls, is holomorphic for each T.

Then f is holomorphic in B(0,1) C C2.

2. Joo-Kim-Schmalz (2013). Let Q be a domain in C", containing the
origin with a C* radial foliation S; at the origin. If f : Q — C satisfies the
following two conditions:

(1) f e c>{o},

(2) fls, ts holomorphic for each T.

Then f is holomorphic in Q.

The following theorem gives an answer to one of the problems of E.
Chirka.

3. Cho-Kim (2020). Let U C S(0,1) € C™ is an open set on the unit
sphere and 3 = (J{l, : z = w&,w € U,§ € C,|¢| < 1} is a pencil of

complez disks in C". Consider a domain €2 > 0 and a pencil ¢ : T — Q of
1
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Riemannian space, where ¢ is a diffeomorphism. If f : Q0 — C satisfies the
following two conditions:

(1) f e {0},

(2) floay) is holomorphic for each w € U.

Then 3r > 0 : f is holomorphic in B(0,7) U ¢(7J).

2. The present talk is devoted to an exact description of the domains of
holomorphy of functions that are holomorphic on some pencil of analytic
curves S,. In the descriptions, the pluripotential theory, more precisely the
multidimensional Green’s function V' (z, K') and its propertiesis widely used.
We begin with the following essential generalization of Forelli’s theorem.

Theorem 1 (cf. [AS]) Let a set (pencil) of complex lines
JC{z=wé:|w|=1,£ € C} =P"! be given. Let for each complex linel €
J

the restriction Y - ¢ (W) E™ of the formal homogeneous power series

(0.1) Fad eml2),

tol converges in a disk [§] <1;,0 <1 < oco. Herecp (2) = 325 -, e |k| =
(ki,koy .o kn) k| = k1 + ko + ...+ ky,
2P =Rk ke

B2

15 the homogeneous polynomaials.
Then this series converges in an open set

G = {ZGC" ;2| exp V* <|—Z|,E> < 1},
z

where E = J,c; 1B (0,7r;) and V* (w, E) is Green function of the set £ C
Cn.

Corollary 1. (Generalization of Forelli’s theorem) Let the pencil J is not
R— polar. If f is an infinitely smooth function in a neighborhood of the point
0 and the restrictions f|; holomorphically continues to the disk U(0,r;),0 <
r; < oo for all complex lines | € J, then f can be holomorphically continued

nto the domain

G = {ZGC” D |z|exp V™ <‘§|,E> < 1}.

Sketch of the proof The condition of infinite smoothness
of the function f reduces the proof of Forelli’s theorem to the proof of
holomorphy of the formal homogeneous power series

[e.e]

(0.2) F2)~ ) eij(z2) = ch () + > cijlz2),

i,5=0 i=0,j=1
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where

cij(z,2) = Z cry2' 20 T = (iy,igyoyin), |[I| = i1 +ia+ ... +ip,
|[T]=i, |J|=j

o . i1 12 in  =J =J12J2  =Jn
J_(jb]?a"'?jn)a ‘J’_]1+]2+ —|—]n,Z =R Ry Ry, BT R Ry R

is homogeneous polynomials of variables (z, z) of bedegree (3, j).

The conditions of the homomorphy of the restrictions f|; means that for

each | = {z = w&} € T the Y °°_ ;i (wé, , wE) of the series Z cij(z,2)

2,7=0
1,j=0
converges. Moreover,

o0

(0.3) D cij(wéwé) =0,

i=0,j=1

and the sum i cij(wé, we) = i ¢io(w€) is holomorphic in the disk U(0,7;),0 <
r; < 00. 0 0
Now applying Theorem 0.1 we take the proof of the Corollary 1.
Sketch of the proof of Theorem 1. We give the
proof in the simple case, 0 < r <1 VIl € J. We fix the numbers
NeNr>00<e<randputd,={l€T:r,>r}. Denote
Fy,e ={we S(0,1):l={z=w} €7, |Z;f:00m (W)™ < NV [¢]| <r—e}.
6)m,w € Fnreym=0,1,2,...,
iLe. ey ((m—e)w)| < Nyw € FNme,m = 0,1,2,....Since Fy,. is circu-
lar compact, then |c,, (2)] < N,z = w&, [§] < r—e,w € Fypeom =
0,1,2,.... This implies, |¢,, (2)] < NVz € Enye,m = 0,1,2,..., where
En,. ={z=w¢ : w € Fn,., || <r —c}. By Bernstein-Walsh inequality
lem (2)] < NexpmV* (2, En,e),2 € C*,m=0,1,2,.... In particular,

Then by Cauchy’s inequalities |¢,, (w)] <

Cm (ﬁ)‘ < NexpmV™* (’ K ENTE) 2 € CM\{0},m=0,1,2,...,
2

which is equivalent to the inequality

|cm<z>|szv{|z|expv*(| ! EN)} eC\ {0}, m=0,12,. ...

It follows that the homogeneous series Y >_, ¢, (2) converges in

GNye = {z €C":|z|expV* (ﬁ,ENmﬁ) < 1} .

Tending first N — oo and then ¢ — 0 we obtain the uniformly conver-
gence of the series Y °_ ¢, (2) inside the open set G, = {z €C":|z|expV* <é, ET) < 1} .

As r | 0, the set E, increasing converges to F. Consequently, V* <‘ |,E > J
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e <é’ E) and the series Y °_ ¢, (z) uniformly converges inside open set

G= {ze@" D |z exp V* <|—2|,E> < 1},

the sum of which coincides with f(z) in the neighborhood of 0. O

3. Theorem 2. Let an arbitrary set E C C" be given. Suppose the series
of homogeneous polynomials f (z) = > °_, cm (2), where ¢, (2) are homo-
geneous polynomials of degrees m, converge at each point 2° € E, f (2°) =

> o Cm (2°). Then this series converges uniformly inside the ball

(0.4) B(O,@):{zecn:\zkm}.

Here y(E) = lim [V* (2, E) — In |2]] is the Robin constant of the set E.
Corollarng.z (st. [9]) Under the conditions of Theorem 2, if the set E is
not pluripolar in C", then the formal series Y ~_ ¢w (2) has holomorphic
sum f(z) = >0, cm (2), at least in the nonempty ball |z| < exp™*y(E).
Proof of the theorem 4.5. FixanumbersO)<e<1, N € N.
Put

(0.5) By = {zeE:|cm ()™ < 1+€,m2N}.

It is clear that E. v C E. n11,N =1,2,..., and since the series Y~ ¢, (2)
m=1

converges at each point z° € E, then F = |J E. . From continuity,

1_/ mo

the inequality in (0.5) is true up to the closure E. y, i.e. |lcp (2)] 2 <

1+ ¢e,m > N. By Bernstein-Walsh inequality

(0.6) lem ()Y < (1 +e)expV (2, Bon),2 € C,m > N.
It follows that for a fixed radius R > 0

lem (2)]™ < (1 4 &) max exp V* (2,E.n),z€0B(0,R),m > N,

|z|=R
(1)
Cm | —
2|

,m > N.

and for arbitrary z € C", from here we have

c M.&
"\R

maﬁ exp V* (z, EE,N)
< (1+e)]z] 25

1/m
<

2 i

1/m < 1<l
n () =

R
Using this inequality, as R — oo we get

07)  len @™ < (1 +0)|zlexpy (Bon) 2 €Cm > N,
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It follows from (0.7) that the series f (z) =Y = ¢y (2) converges uni-
formly in the ball

09 5 ey ~ U< T e e )

Tending first N — oo, and then € — 0 we get from (0.8) that the series
> ¢m (2) converges uniformly in the ball

@) = @)

The theorem is proved.

3. Holomorphy along analytic curves. Using Theorem 2, we prove
the following curvilinear variation of Forelli’s Theorem.

Theorem 3. Let the domain 0 € Q C C" be fibered by a smooth ra-
dial family of analytic curves Ay = {z =p\ (&)}, N € P, at the point
0, where py (&) = (p3 (€),p3 (€), ..., P} (£)) is a holomorphic vector function
in the unit disk U = {|¢] <1} : pa(€) = ay (AN E+as (V) E2 + ...,ap (N) €
CHP" 1), k=1,2,..., a1 (\) #0, Q= A,. If the function f € C*> (V)
where V- C C" is some neighborhood of 0 € C", has the property that each
restriction fla,, N\ € P"71, that is defined in the neighborhood V () Ay, holo-
morphically continues to the whole Ay, then f continues holomorphically to
Q.

P roof. Expand, as above, the infinitely smooth function f in the Taylor

formal series

(0.9) F)~ D (20 =) o)+ Y ay(z2),
1,j=0 i=0 i=0,j=1

where

Ci,j (2,2) = Z C[JZIEJ, ]: (il,ig,...,in), |I| :ll—f—lg—f——f-ln,
=i, |J|=j

o . . . . I i o i =J _ Ziigi2 )
J=(J1,J2s s Jn) s |J|=g1+ 2+ oo+ Jn, 2" = 210272, 20 =21 222

is homogeneous polynomials of variables (z, Z) of bedegree (i, j). The condi-
tions of the theorem means that for each A € P"~! the restriction > 7 _ i (pa (§) , 5a (€))

[e.e]
of the series Y ¢;; (2, Z) to the A, converges. Moreover,
ZJZO

[e.e]

(0.10) Z ¢ij (P (€) ;DA (§))

i=0,j=1

0,
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and the sum Y ¢; 0 (pa (€) , P (€)) is holomorphic in the unit disk U = [£| < 1
i=0

and in a neigﬂborhood of zero coincides with f|a, = f (px (§)) -
Identity (0.10) for all A € P"! is equivalent to identities ¢;; (z,2) =
0, i =0,1,2,..., j = 1,2,.... This follows from the fact that Q = (), 4,

o0
and according to (0.10) the series > ¢ (2, Z) converges in (2, its sum is
i=0,j=1
identically equal to zero.

And so, we have proved that the formal series (0.9) has the form
f(z)~ Zcz’,o (2),
i=0

and it converges at each point 2 € . Moreover, it follows from the condi-
tions of the theorem 3, that f (z) = io: cio(2),Vz e V.

Now, we use the proof of Theorezrjlo 2 in order to establish the uniform
convergence of the series i ¢io (2) inside Q. According to inequality (0.6)

=0

(0.11) |cio ()Y < (14¢e)expV (2,E.nG), 2€C", i > N.

Here, e > 0, G CC Q is a fixed domain and

E.ng = {z eG: leip (z)]l/i <l+4e i> N} . Since V (z, E57N7G) =0,Vz €

E. nq, thenaccording (0.11) |e; g )M < (1+e),Vz e E. ngand|cig (p2)|"' <
p(1+¢),V0 < p<1, z€ E.ng. From here, it follows that the series

o —
> ¢io(2) converges uniformly on the compact ﬁE& NG Since E. yo C
i=0

E.ny1cg, N=1,2,..,and G C G = |J E.ng, then the series > ¢;0(2)
N=1 i=0

converges uniformly inside the domain leeé. Tending first ¢ | 0, and then

the domain G CC Q to © we get uniform convergence of ) ¢; o (2) inside
i=0
Q, i.e. the function f (z), which was infinitely smooth in a neighborhood

V' 3 0 extends holomorphically to Q, as a sum f(2) = > cio(2). The
i=0

theorem is proved.
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