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Overview : Tropical varieties

Tropical varieties

Let C be the field of complex numbers. The map z 7→ log |z | is
a homomorphism from the complex torus (C×) to the real
numbers R. This induces the map Log : (C×)n → Rn. The
image of subvariety V of (C×)n under Log is its amoeba,
A (V ). More precisely, we have :

Definition

The amoeba A (V ) of an algebraic variety V ⊂ (C∗)n is by definition
(see M. Gelfand, M.M. Kapranov and A.V. Zelevinsky (1994)) the image
of V under the map :

Log : (C∗)n −→ Rn

(z1, . . . , zn) 7−→ (log |z1|, . . . , log |zn|).
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Overview : Tropical varieties

Let K be an algebraically closed valued field whose value
group G is a non-zero divisible additive subgroup of R. Its
valuation is a surjective homomorphism K× → G , which
induces a map ν : (K×)n → Gn. The closure in Rn of the
image of a variety V ⊂ (K×)n under the map ν is its
nonarchimedean amoeba, T (V ).

Mounir Nisse Topology of Phase Tropical Varieties



Overview : Tropical varieties

There is an equivalent definition of T (V ).

Let us consider the case of hypersurfaces.

An integer vector a ∈ Zn forms the exponents of a Laurent
monomial, xa := xa1

1 · · · xan
n . A Laurent polynomial f is a

K-linear combination of Laurent monomials,

f =
∑
a∈A

caxa where ca ∈ K× .

where A ⊂ Zn is the support of f which we suppose finite.

The coordinate ring of (K×)n is the ring of Laurent
polynomials K[x1, x

−1
1 , . . . , xn, x

−1
n ]. Given a vector w ∈ Rn

and a Laurent polynomial f with support A ⊂ Zn, we have a
piecewise linear map

Rn 3 z 7−→ min{ν(ca) + w · a | a ∈ A} . (1)
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Overview : Tropical varieties

The tropical hypersurface trop(f ) is the set where this
minimum occurs at least twice. This is also the set where the
piecewise linear map (1) is not differentiable. This is the
original definition of Kapranov.

Case where the variety is of codimension greater than one.

Given a variety V ⊂ (K×)n, let I be its ideal in the ring of
Laurent polynomials. Its tropical variety is⋂

f∈I

trop(f ) .
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Overview : Tropical varieties

By the fundamental theorem of tropical geometry, this tropical
variety equals its nonarchimedean amoeba, T (V ).

If V has dimension r , then T (V ) admits (non-canonically) the
structure of a polyhedral complex of pure dimension r .

There are positive integral weights ασ associated to each
polyhedron σ of maximal dimension r so that the weighted
complex is balanced.

Let me explain this condition carrefully.

Let τ be an (r−1)-dimensional polyhedron in T (V ). Modulo
the affine span 〈τ〉 of τ , each r -dimensional polyhedron σ
incident on τ (σ ∈ star(τ)) determines a primitive vector vσ.
The balancing condition is that∑

σ∈star(τ)

ασvσ = 0 mod 〈τ〉 .

We are primarily concerned with nonarchimedean amoebas
when the field K is the complex Puiseaux field.
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Overview : Tropical varieties

Let V ⊂ C∗ × (C∗)n be a subvariety whose every component
maps dominantly onto the first factor, C∗, with coordinate s.
We consider V to be a family of varieties over an open subset
U of C∗, with fiber Vs over s ∈ U.

Then V is a variety in the torus (C(s)∗)n over C(s). Extending
scalars to the Puiseaux field gives a variety V ⊂ (K∗)n with
tropicalization T (V ). In this context, Jonsson [1] proved the
following.

Theorem (Jonsson)

We have lim
s→0

−1

log |s|
A (Vs) = T (V ).

Mounir Nisse Topology of Phase Tropical Varieties



Overview : Tropical varieties

Let V ⊂ C∗ × (C∗)n be a subvariety whose every component
maps dominantly onto the first factor, C∗, with coordinate s.
We consider V to be a family of varieties over an open subset
U of C∗, with fiber Vs over s ∈ U.

Then V is a variety in the torus (C(s)∗)n over C(s). Extending
scalars to the Puiseaux field gives a variety V ⊂ (K∗)n with
tropicalization T (V ). In this context, Jonsson [1] proved the
following.

Theorem (Jonsson)

We have lim
s→0

−1

log |s|
A (Vs) = T (V ).

Mounir Nisse Topology of Phase Tropical Varieties



Overview : Tropical varieties

Let V ⊂ C∗ × (C∗)n be a subvariety whose every component
maps dominantly onto the first factor, C∗, with coordinate s.
We consider V to be a family of varieties over an open subset
U of C∗, with fiber Vs over s ∈ U.

Then V is a variety in the torus (C(s)∗)n over C(s). Extending
scalars to the Puiseaux field gives a variety V ⊂ (K∗)n with
tropicalization T (V ). In this context, Jonsson [1] proved the
following.

Theorem (Jonsson)

We have lim
s→0

−1

log |s|
A (Vs) = T (V ).

Mounir Nisse Topology of Phase Tropical Varieties



Overview : Tropical varieties

Let V ⊂ C∗ × (C∗)n be a subvariety whose every component
maps dominantly onto the first factor, C∗, with coordinate s.
We consider V to be a family of varieties over an open subset
U of C∗, with fiber Vs over s ∈ U.

Then V is a variety in the torus (C(s)∗)n over C(s). Extending
scalars to the Puiseaux field gives a variety V ⊂ (K∗)n with
tropicalization T (V ). In this context, Jonsson [1] proved the
following.

Theorem (Jonsson)

We have lim
s→0

−1

log |s|
A (Vs) = T (V ).

Mounir Nisse Topology of Phase Tropical Varieties



Overview : Tropical varieties

This means that the nonarchimedean amoeba of V is the limit
of (appropriately scaled) amoebas of fibers of the family V.
With this point of view, Jonsson’s Theorem holds in the large
context of tropicalizations of varieties in (K∗)n.

Theorem

Let W ⊂ (K∗)n be any variety. Then there is a smooth curve C, a point
o ∈ C, a local parameter u at o, and a family of varieties
V ⊂ (C r {o})× (C∗)n over C r {o} with fiber Va over a ∈ C r {o} such
that

lim
a→o

−1

log |u(a)|
A (Va) = T (W ) .

If W is a complete intersection, then we may choose the family V so that
every fiber Va is a complete intersection.
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Phase tropical varieties

Now, consider an algebraic hypersurfaces V in the complex
algebraic torus (C∗)n, i.e. the zero locus of a polynomial :

f (z) =
∑

α∈supp(f )

aαzα, zα = zα1
1 zα2

2 . . . zαn
n ,

where each aα is a non-zero complex number and supp(f ) is a
finite subset of Zn.
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Phase tropical varieties

For a strictly positive real number t we define the self
diffeomorphism Ht of (C∗)n by :

Ht : (C∗)n −→ (C∗)n

(z1, . . . , zn) 7−→
(
| z1 |−

1
log t

z1

| z1 |
, . . . , | zn |−

1
log t

zn
| zn |

)
.

This defines a new complex structure on (C∗)n denoted by
Jt = (dHt)

−1 ◦ J ◦ (dHt) where J is the standard complex
structure.
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Phase tropical varieties

A Jt-holomorphic hypersurface Vt is a holomorphic
hypersurface with respect to the Jt complex structure on
(C∗)n. It is equivalent to say that Vt = Ht(V ) where
V ⊂ (C∗)n is an holomorphic hypersurface for the standard
complex structure J on (C∗)n.

Recall that the Hausdorff distance between two closed subsets
A,B of a metric space (E , d) is defined by :

dH(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(A, b)}.

Here E = Rn × (S1)n is equipped with the distance defined as
the product of the Euclidean metric on Rn and the flat metric
on (S1)n.
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Phase tropical varieties

Definition

A phase tropical variety V∞ ⊂ (C∗)n is the limit (with respect
to the Hausdorff metric on compact sets in (C∗)n) of a
sequence of a Jt-holomorphic varieties Vt ⊂ (C∗)n when t
tends to ∞.

We have an algebraic definition of phase tropical
varieties as follows :

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

Definition

A phase tropical variety V∞ ⊂ (C∗)n is the limit (with respect
to the Hausdorff metric on compact sets in (C∗)n) of a
sequence of a Jt-holomorphic varieties Vt ⊂ (C∗)n when t
tends to ∞.

We have an algebraic definition of phase tropical
varieties as follows :

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

Definition

A phase tropical variety V∞ ⊂ (C∗)n is the limit (with respect
to the Hausdorff metric on compact sets in (C∗)n) of a
sequence of a Jt-holomorphic varieties Vt ⊂ (C∗)n when t
tends to ∞.

We have an algebraic definition of phase tropical
varieties as follows :

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

Definition

A phase tropical variety V∞ ⊂ (C∗)n is the limit (with respect
to the Hausdorff metric on compact sets in (C∗)n) of a
sequence of a Jt-holomorphic varieties Vt ⊂ (C∗)n when t
tends to ∞.

We have an algebraic definition of phase tropical
varieties as follows :

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

Let a ∈ K∗ be the Puiseux series a =
∑

j∈Aa
ξjt

j

with ξ ∈ C∗ and Aa ⊂ R is a well-ordered set with
smallest element. Then we have a non-Archimedean
valuation on K defined by val(a) = −min Aa. We
complexify the valuation map as follows :

w : K∗ −→ C∗
a 7−→ w(a) = eval(a)+i arg(ξ− val(a)).

Let Arg be the argument map K∗ → S1 defined by
Arg(a) = e i arg(ξ− val(a)) for any Puiseux series
a =

∑
j∈Aa

ξjt
j . Note that this map extends the map

C∗ → S1 defined by ρe iθ 7→ e iθ which we denote by
Arg.
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Phase tropical varieties

Applying this map coordinatewise we obtain a map :

W : (K∗)n −→ (C∗)n

Let LogK(z1, . . . , zn) = (val(z1), . . . , val(zn)), which
means that K is equipped with the norm defined by
‖z‖K = eval(z) for any z ∈ K∗. Then we have the
following commutative diagram :

(K∗)n W //

LogK ""

(C∗)n

Log||
Rn
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G. Mikhalkin proved the following for hypersurfaces :

Theorem (Mikhalkin, 2002)

The set V∞ ⊂ (C∗)n is a phase tropical hypersurface if and
only if there exists an algebraic hypersurface VK ⊂ (K∗)n over

K such that W (VK) = V∞, where W (VK) is the closure of
W (VK) in (C∗)n ≈ Rn × (S1)n as a Riemannian manifold with
metric defined by the standard Euclidean metric of Rn and the
standard flat metric of the real torus.
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Viro’s conjectures

Oleg Viro conjecture the following in his talk during
the fall of 2009 at MSRI (At that time phase tropical
varieties are called complex tropical varieties.).

Viro’s conjecture 1 (2009). Any non-singular
complex tropical variety is a topological manifold.

Viro’s conjecture 2 (2009). If under the
dequantization a non-singular complex varieties tends
to a non-singular complex tropical variety, then the
dequantization provides an isotopy between the
varieties.
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For every convex polyhedron ∆ ⊂ Rn with integer
vertices, there is a complex toric variety X∆

containing (C∗)n.

Indeed, we can consider the Veronese embedding
ρ : (C∗)n → CP#(∆∩Zn)−1 defined by the monomial
map associated to ∆ ∩ Zn :
(z1, · · · , zn) 7→ zα1

1 zα2
2 · · · zαn

n , for each
α := (α1, · · · , αn) ∈ ∆ ∩ Zn ; and X∆ is defined as
the closure of the image of (C∗)n

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

For every convex polyhedron ∆ ⊂ Rn with integer
vertices, there is a complex toric variety X∆

containing (C∗)n.

Indeed, we can consider the Veronese embedding
ρ : (C∗)n → CP#(∆∩Zn)−1 defined by the monomial
map associated to ∆ ∩ Zn :
(z1, · · · , zn) 7→ zα1

1 zα2
2 · · · zαn

n , for each
α := (α1, · · · , αn) ∈ ∆ ∩ Zn ; and X∆ is defined as
the closure of the image of (C∗)n

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

For every convex polyhedron ∆ ⊂ Rn with integer
vertices, there is a complex toric variety X∆

containing (C∗)n.

Indeed, we can consider the Veronese embedding
ρ : (C∗)n → CP#(∆∩Zn)−1 defined by the monomial
map associated to ∆ ∩ Zn :
(z1, · · · , zn) 7→ zα1

1 zα2
2 · · · zαn

n , for each
α := (α1, · · · , αn) ∈ ∆ ∩ Zn ; and X∆ is defined as
the closure of the image of (C∗)n

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

Theorem (Kim-Nisse & Kerr-Zharkov (2016))

Let Vt ⊂ (C∗)n be a family of smooth complex algebraic
hypersurfaces with a fixed degree ∆, and denote by V∞ the
phase tropical hypersurface associated to the family {Vt}t
(i.e., the limit of Ht(Vt) when t goes to ∞). Then for a
sufficiently large t � 0 the following statements hold :

(i) the hypersurface Vt is homeomorphic to V∞ ;

(ii) the compactification M∞ of V∞ in the toric variety X∆

associated to ∆ is homeomorphic to Vt , where Vt is the
closure of Vt in X∆.
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Viro’s Conjecture 2 is still open even for hypersurfaces, except
the particular case of a plane line Raffaele Caputo showed the
following :

Theorem ( R. Caputo (2017))

Let H be the complex line 1 + z1 + z2 = 0 in ((C∗)2 and H∞ the
associated phase tropical line. Then H and H∞ are isotopic as
topological submanifolds, by explicitly constructing the isotopy
map.
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Definition

Let H ⊂ CPk be an arrangement of k + 2 generic hyperplanes in
CPk . Let U ⊂ CPk be the union of their tubular ε-neighborhood
for a small 0 < ε� 1. The complement Pk = CPk\U is called
the k-dimensional pair-of-pants, and Pk = CPk\H is called the
k-dimensional open pair-of-pants.

As example the classical pair-of-pants C \ {0, 1,∞}.

Or if you take the hyperplane
H = {z1 + . . .+ zk+1 + 1 = 0} ⊂ CPk+1, then its toric part
i.e. H ∩ (C∗)k+1 is an open pair-of-pants.
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Definition

(i) A polyhedral k-complex is called weighted if there is a
natural number w(F ), called weight, prescribed to each of
its k-cell F .

(ii) We call a polyhedral k-complex a maximal polyhedral
complex if all its vertices are dual to k-simplices of volume

1
(k+1)!

.
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Definition

A phase tropical hyperplane is defined as follows :

H∞ = W ({(z1, . . . , zk+1) ∈ (K∗)k | z1 + · · ·+ zk+1 + 1 = 0})

Theorem

A phase tropical hyperplane H∞ ⊂ (C∗)k+1 is homeomorphic to a
hyperplane in the projective space CPk+1 minus k + 2 generic
hyperplanes.
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Let V ⊂ (C∗)n be a smooth k-dimensional algebraic variety with
defining ideal I = 〈f1, . . . , fl〉, where the polynomials
fr (z) =

∑
α∈Ar

ar ,αzα with ar ,α ∈ C∗, Ar a finite subset of Zn and
zα = zα1

1 zα2
2 . . . zαn

n . We denote by ∆r the convex hull of Ar in Rn

which is the Newton polytope of fr . We can consider the family of
hypersurfaces Vf(t; r)

⊂ (C∗)n defined by the following family of
Viro’s polynomials :

f(t; r)(z) =
∑
α∈Ar

ξr ,αtνPR(α)zα, (2)

with ξr ,α = ar ,αeνPR(α), and we view this family as a deformation
of fr .
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So, the ideal J = 〈f(t; 1), . . . , f(t; l)〉 is a defining ideal of an
algebraic variety Vt which is a deformation of the original
algebraic variety V . We can view J as an ideal in
K[z±1

1 , . . . , z±1
n ]. Let Γ be the tropical variety image of

W (V (J )) under the logarithmic map. Assume that all vertices
of Γ are k + 2 valent. Moreover, assume that if σ is a star
composed by a vertex v of Γ and all 1-cells adjacent to v , then
σ is dual to a (k + 1)−dimensional simplex of area 1

(k+1)!
.

Then we have the following :
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Definition (Forsberg-Passare-Tsikh (2000))

For a hypersurface Vft ⊂ CPn, let ft be its defining polynomial. Let
x ∈ Rn ⊂ TPn be a point outside the amoeba Aft . We define the
functional indft (x) on the space of loops in Tx the pre-image of x
in Cn \ {0} under the ma composition of the two maps

Cn+1 \ {0} → CPn → TPn

where the first map is the usual quotient by C∗, and the second is
the Logt , as follows :

indft (x) : γ 7→ 1

2πi

∫
γ

d log ft .
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More precisely they prove the following :

Theorem (Forsberg-Passare-Tsikh, (2000))

Each component of Rn \Aft is a convex domain and there exists a
locally constant function :

indft : Rn \Aft −→ Zn ∩∆ft

which maps different components of the complement of Aft to
different lattice points of ∆ft .

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

More precisely they prove the following :

Theorem (Forsberg-Passare-Tsikh, (2000))

Each component of Rn \Aft is a convex domain and there exists a
locally constant function :

indft : Rn \Aft −→ Zn ∩∆ft

which maps different components of the complement of Aft to
different lattice points of ∆ft .

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

More precisely they prove the following :

Theorem (Forsberg-Passare-Tsikh, (2000))

Each component of Rn \Aft is a convex domain and there exists a
locally constant function :

indft : Rn \Aft −→ Zn ∩∆ft

which maps different components of the complement of Aft to
different lattice points of ∆ft .

Mounir Nisse Topology of Phase Tropical Varieties



Phase tropical varieties

More precisely they prove the following :

Theorem (Forsberg-Passare-Tsikh, (2000))

Each component of Rn \Aft is a convex domain and there exists a
locally constant function :

indft : Rn \Aft −→ Zn ∩∆ft

which maps different components of the complement of Aft to
different lattice points of ∆ft .

Mounir Nisse Topology of Phase Tropical Varieties



Main Result

Theorem

Let V ⊂ (C∗)n be a smooth k-dimensional algebraic variety
with the above properties. Then the following hold :

(i) V admits a decomposition into pair-of-pants ;

(ii) The phase tropical variety V∞ corresponding to V (i.e.
V∞ = lim

t→∞
Ht(Vt)) is a topological manifold.
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Phase tropical varieties

Question

Let V be a k-dimensional algebraic variety in (C∗)2k and V∞
its corresponding phase tropical variety. Is V∞ the gluing of
Lagrangian submanifolds of (C∗)2k with boundary ? (in other
words V∞ admits a decomposition into Lagrangian
submanifolds of (C∗)2k)
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