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Statement

® Distributed saddle-point problem:

M
min max f(x, y) := Z

xeX yeY
m=1

® Relevance: GANs [3], Reinforcement Learning [4], SVM, Distributed
and Federated Learning [5].
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® Sets X CR™ and ) C R™ are convex compact sets. For simplicity,
we introduce the set Z = X x ), z = (x,y) and the operator F:

Fon(2) = Fm(x,y) = <_VVX;?”E)(<X)3)> '

® We do not have access to the oracles for Fp,(z), only to some
stochastic realisation Fp,(z,&).

e . is stored locally on its own device. All devices are connected in a
network (undirected graph G(V, &) with diameter A and condition
number y of Laplace matrix).
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e Assumption 1. f(x,y) is Lipschitz continuous with constant L, i.e.
forall z;,zp € Z

|Fm(z1) — Fn(22)| < Ll|z1 — 2]

e Assumption 2. f(x,y) is strongly-convex-strongly-concave with
constant p, i.e. forall z1,z, € Z

(F(z1) — F(22), 21 — 22) > pllz1 — 2|)°.

e Assumption 3. Fp,(z,&) is unbiased and has bounded variance, i.e.
forallze Z

E[Fin(2, €)= Fin(2), E[l|Fmn(z,€)—Fm(2)|*] <0
e Assumption 4. Z — compact bounded, i.e. forall z,z/ € Z
lz— 72| < Q,.
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Lower bounds for distributed algorithms with K communications and T
local iterations. Achieved on a bilinear problem min, max, x” Ay with
"bad" matrix.

centralized
sc Q(RBexp (—%) + )

c Q(LQA )

decentralized
sc Q (Rg exp <— 12?%() + 2"727.>
c Q (LQ 2 VX + (&Z )

Table: Lower bounds for distributed smooth stochastic
strongly-convex—strongly-concave (sc) or convex-concave (c) saddle-point
problems in centralized and decentralized cases.
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Algorithm 1 Centralized Extra Step Method

Parameters: Stepsize 7 < ﬁ Communication rounds /', number of local steps 7.
Initialization: Choose (2. y") = z° € 2.k = | £ and batch size b = | £ |.
fort =0,1,2,..., k do

for each machme m do

{— ot 11 . t
Im =% Z Fo (28, &5, send g,
on server:

Jt+H1/2 t4+1/2
22 = projz (2 — 37 Z Ghn). send 2112,
m=1

for each machine m do
b
t+1/2 _ o ct41/2,y t+1/2
gm / Z (212 6, / ), send gm 2,

on server:

S - f+1/ ) t+1
2 = projz (' — 3% Z gm 7)., send z
m=1
end for
. Skt Jk+1
Output: zF ! or 2 Zaug -

Aleksandr Beznosikov On Distributed Saddle-Point Problems 02 May 2021 6 /17



Convergence

Theorem

Let {z¥} k>0 denote the iterates of Algorithm 1. Let Assumptions 1, 3 be
satisfied. Then, if v < ﬁ, we have the following estimates for the distance
to the solution z* in

- p-strongly-convex—strongly-concave case (Assumption 2):

2
k+1 21 _ A 0 _x(2 pK o
Bllz4+ 2721 =6 (127" Pexp (- 1) + )

- convex—concave case (Assumption 2 with = 0 and 4):

LO2A o2
Elea k+1 -0 < z + z ) :
[g p(zavg )] K \/W

k
where zit! = 25 Z t+1/2 and gap(z) = max,s f(x,y’) — miny f(x',y).
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Decentralized Extra Step Method

Decentralized algorithms use mixing procedures [2], in this case FastMix [6].

Algorithm 2 Decentralized Extra Step Method

Parameters: Stepsize v < fL; Communication rounds &, number of local calls 7".
Initialization: Choose (2°,y°) = 20 € 2,20, = 20 k = | £ | and batch size b = [ L |.
fort =0,1,2,..., k do

for each mdchme m do

t stH1/2 ¢ ot
Im = Z Fn(z ‘m W)s Zm =Zm — Y9m-

commumcatlon
t+1/2 +1/2 St41/2
:1+ 2. \J[r / _FdstMlx( / s Zpp / VH),
for each machine m do
_t+1/2 St4+1/2
Pl fprolz( ):
t+1/2 _ 1 LLFL/2 tr1/2i
gm / ZFm / s Em /7 )
st+l _ ot tHL/2
“m - ~m rgm ’
communication
L = FastMix (20T L 200 H),
for each machme m do
~f ( f+l)
Z o = Projz (%),
end for
. sh41 o sk+1
Output: z¥7 or Z; /.
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Convergence

Theorem

Let {z5} k>0 denote the iterates of Algorithm 2. Let Assumptions 1, 3 be
satisfied. Then, if v < 4L, we have the estimates for the distance to the
solution z* in

- p-strongly-convex—strongly-concave case (Assumption 2):

2
—k+1 %121 _ A 0 _x2 pK g
Bl =2'17)=6 (1~ Perp (~g40) + )

where zk+1 = L Z Zooh

- convex—concave case (Assumption 2 with = 0 and 4):

L (L2 X 0Q, _ LY 1/2
Bleap(zi1 = O (T + ) 2 = g L D A

t=0 m=1
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Extra Step Local SGD

Assumption 5. The values of the local operator are considered sufficiently
close to the value of the mean operator, i.e. forall z € Z

IFm(2) — F(2)|| < D.

Algorithm 3 Extra Step Local SGD

Parameters: stepsize v < g7 I%m.“ : number of local steps 7',
sets I of communications steps for x and y (|| = K).
Initialization: Choose (2, 3°) = 2° € Z, for all m 29,
fork=0,1.2..... T do

for each machine m do
k+1/2

=2%and z = 2°.

Zm 7pr0.]2( “m m( ms gm))
k+1 _ T I\+l/2 k+1/2
*’m+ plo]Z( “m ,‘FI77(~I77 m ))
if k € I, send 2% on server,
on server:
M
if k € I compute z = & > 2Kl send z.

m=1
for each machine m do

if k € I, get 7 and set 25! = z,
end for
Output: .
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Convergence

Theorem

Let {zX}i>0 denote the iterates of Algorithm 3 and z = z7*+1 is an
output. Let Assumptions 1(1), 2, 3 and 5 be satisfied. Also let

H = max,, |kp+1 — kp| — maximum distance between moments of
communication (k, € ). Then, if v < ﬁmax, we have the following
estimate for the distance to the solution z*:

T 2002
B[l -2 < (1) 12 -1+ T
+25072H3L2 (202 + D?)

max

1 ’
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Convergence

Corollary

— 12HLmax _ 2 1 _ 2 .
Let o = Y = a S Ao and T = alog o, then we get:

- 2
E[z7 - 2] < |12° — z*||?log® @® 2002 log o

T2 w2MT
N 250H312 , log? a?(202 + D?)
pA T2 :

It can be seen that if we take H = O(T"/*/m*/3), we have a convergence

rate of about O(1/mT). The estimate for the number of communication
rounds is C = T/H = Q(MY/3T?/3).

Aleksandr Beznosikov On Distributed Saddle-Point Problems 02 May 2021 12 /17



When Local method better that Optimal?

Bilinear problem:

. 1 T T T
minmax — X" "Amy + b, x+ ¢ ),
x,ye[-1;1]" M mz: ( mYy m mY

Bilinear: different frequencies Bilinear: MiniBatch VS Local
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Figure: Left: comparison of Algorithm 3 with different communication frequencies
H, as well as Algorithm 1 with batch size 1 (blue line — "Every"). Right:
comparison of Algorithm 3 (L) with communication frequencies H = 3 and
Algorithm 1 (MB) with batch size 6.
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Federated GANs

The experiment simulates a classic federated learning setting:

® Each of the nodes has highly heterogeneous data. In the case of the
MNIST dataset, each node is given unique digits.

® Devices rarely communicate with server - once every 20 epochs.
® Privacy - devices do not send local data, but only model parameters.

® |n spite of federated restrictions, a global models (generator and
discriminator) are trained with taking into account all local data.
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Federated GANs

Results of Federated GANs training:
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Figure: Heterogeneous case (each device has its our unique digits). Digits
generated by global generator during training. 2 nodes, Local SGD (left) and 4
nodes, Local Adam (right).
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Federated GANs

DCGAN on MNIST, comm.freq.=20 DCGAN on MNIST, fy =10, f, = 20
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Figure: Generator empirical loss in Figure: Generator empirical loss in
experiment with 2 nodes, Local experiment with 4 nodes, Local
SGD, Hy = Hy =20 Adam H, = Hy =20
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Federated GANs

DCGAN on MNIST, comm.freq.=20
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Figure: Discriminator accuracy in
experiment with 2 nodes, Local
SGD, Hy = Hy = 20.

DCGAN on MNIST, f, = 20, fy =10
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Figure: Discriminator accuracy in

experiment with 4 nodes, Local Adam,

Hy = Hy =20
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