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Introduction

o Multilattice logic generalizes logics of billatices, trilattices, and
tetralattices which were studied, respectively, by Arieli & Avron
(1996), Shramko & Wansing (2005), and Zaitsev (2009).

o The logic of bilattices itself generalizes Belnap and Dunn’s logic
which algebraic semantics is based on De Morgan lattices.
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The family of multilattice logics

o Multilattice logic ML, itself (Shramko, 2016), which is also
refered as classical multilattice logic,

o first-order multilattice logic FML,, (Kamide and Shramko, 2017),
e modal multilattice logic MML,, (Kamide and Shramko, 2017),
o linear multilattice logics LML,, and EML,, (Kamide, 2017),
@ bi-intuitionistic multilattice logic BML,, as well as connexive
multilattice logic CML,, (Kamide, Shramko, Wansing, 2017).
We are extending this list by the following logics:
o MMLS® MMLS* MMLMNT4,
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The language of multilattice logic

Letn>1land 1 <j<n P={piq,ri|i€N}isaset of
propositional variables; P/ = {p’/ | p € P} us a set of indexed
propositional variables; P* = (JiZ] P C = {—=,0,0,A,V, =, + }
C* = UZT{—i Ay Vi, =4, i85 € = UiZ1 {0, ©;}. Let us fix three
languages which we are going to use in the sequel.
o .7 is the language of the modal logics MINT4, S4, and S5. It
has the alphabet (P, P*,C, (,)).
o %y is the language of multilattice logic ML,,. It has the
alphabet (P,C*, (,)).
o %\ is the language of the modal multilattice logics MM
MMLS54, and MMLS®. It has the alphabet (P,C*,C*, (,)).
The sets .#, Fn, and Fyr, respectively, of all Z-, “x-, and
LAu-formulas are defined in a standard inductive way.

MNT4
Ln

)
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What is multilattice?

An n-dimensional multilattice (or just multilattice or n-lattice) is a
structure A, = (%, <1,...,<pn), where n > 1, & £ 0, <4,...,<, are
partial orders such that (., <1),...,(,<,) are lattices with the
corresponding pairs of meet and join operations (Mg, Us), ..., (Nn, Uy)
as well as the corresponding j-inversion operations —q, ..., —, which
satisfy the following conditions, for each j < n, k < n, j # k, and

z,y €.

z <; y implies —; ¥y <; —;@; (anti)
z < y implies —; x < —;y; (iso)
= =g = (per2)

V.
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Ultramultifilter

Let A, = (¥,<1,...,<pn) be an n-lattice. Then %, C . is an
n-ultrafilter (ultramultifilter) on ., iff it satisfies the following
conditions, for each j, k < n, j # k, and x,y € .7
o xN;y E U iff x € U, and y € U, (%, is an n-filter (multifilter)
on Ay);
o xU;y € U, ift x € U, or y € U, (%, is a prime n-filter on .4,,);
o €U, iﬂ‘—j—kl‘g%n.
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Ultralogical multilattice

A pair (M, %,) is called an ultralogical n-lattice (ultralogical
multilattice) iff .4, is a multilattice and %, is an ultramultifilter

on AMy.
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Implications and coimplications

Let A, = (¥,<4,...,<n) be a multilattice. Then we can define for
all (Z,<1),...,(<, <) the corresponding pseudo-complement
operations Dy, ..., D, as well as pseudo-difference ones C1,...,C,, as
follows (z,y € &, j < n, k < nis fixed and j # k):

rTD;Y = —p—5xU;y;
rCijy = xNj —k—5Y.
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The entailment relation

The entailment relation in multilattice logic ML, is defined as

follows, for each finite sets of formulas I'; A and each formulas «, f:

(1) o =; B iff for each multilattice ./, and each valuation v, it holds
that v(a) <; v(B).

(2) T E=muw, A iff for each ultralogical multilattice (., %,) and

each valuation v, it holds that if v() € %, (for each v € T"), then
v(0) € %, (for some § € A).
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Modal multilattices

A multilattice 4, = (%, <1,...,<,) is said to be modal iff for each
j < n the unary operations of interior I; and closure C; can be
defined on .# and satisfy the following conditions (z,y € %):

Ii(z) < (decreasing)

Ii(x) = I;I;(x); (idempotent)
Li(xnjy) <5 Li(z) Ny I;(y); (sub-multiplicative)

z <5 Cj(@); (increasing)

Cj(z) = C;C;(); (idempotent)

Cj(z) U; C;(y) <5 Ci(z Uj ). (sub-additive)
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Algebraic semantics for MML,,

An algebraic completeness of MML,, with respect to modal
multilattices is left as an open problem by Kamide and Shramko
(2017). We solved this problem, but the formulation of the notion of
modal multilattice has been changed. The conditions
(sub-multiplicative) and (sub-additive) have been strengthened as
follows:

Li(xNjy) = I;(x) Ny 1;(y); (multiplicative)
Cj(x) U; Ci(y) = Cj(x Uj y). (additive)

Moreover, the following 6 conditions have been added:

z <; y implies I;(z) <; I;(y); (I-monotonicity)

z <; y implies C;(z) <; C;(y); (C-monotonicity )

= I-( ) = Cj(=;2); (—I;-definition)
Cj(z) = Li(—jz); (—;Cj-definition)

—k I (@) = I;(—x2); (—I,-definition)
—k Cj(z) = Cj(— kiﬂ) (—kCj-definition)
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Algebraic semantics for MMLMNT4

A modal multilattice 4, = (%, <1,...,<y) is said to be Tarski
multilattice (or a modal multilattice with Tarski operators) iff for
each j < n operations I; and C; satisfy the following conditions
(—;1;-definition), (—;Cj-definition), (—xI;-definition),
(—xCj-definition), and the following ones:

;1) =1 (1 is open)
C;(0) = 0; (0 is closed)
Tl = =5 =p Chll=5 =m ), (I-definition)
Ci(x) = —j —x Li(—5 —& T)- (C-definition)
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Algebraic semantics for MMLS*

A Tarski multilattice 4 = (¥, <4,...,<y) is said to be Kuratowski
one (or a modal multilattice with Kuratowski operators) iff for each

j < n the operations I; and Cj satisfy the conditions (multiplicative)
and (additive).
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Algebraic semantics for MML?®

A Kuratowski multilattice .4, = (%, <1,...,<,) is said to be
Halmos one (or a modal multilattice with Halmos operators) iff for
each j < n the operations I; and C; satisfy the following condition:

Li(=51;(x)) = = 1;(2);
C;(—;C;(z)) = —;C;(x). (closure interconnection)

V.

(interior interconnection)
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Let A, = (¥, <1,...,<n) be S4-modal multilattice. Let v be a
valuation as in propositional case. Then we extend it for modal
formulas as follows:

(1) v(Oja) = Ljv(a);

(2) v(Qja) = Cjv(a).
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The definition of an entailment relation for the case of a modal
multilattice logic L € {MMLS* MMLMNT4 MMLS®} is almost the
same as for the ML,, case. The only difference concerns with a type
(Tarski, Kuratowski or Halmos) of a corresponding ultralogical
multilattice. Thus we presume that T’ Eppyrvnta A (T Epypvnsa A,
T Epnmvrss A) iff for each Tarski (Kuratowski, Halmos) ultralogical
multilattice (.#,,%,) and each valuation v, it holds that if

v(y) € U,, for each v € T, then v(d) € %,, for some ¢ € A.
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Sequents

A sequent is an ordered pair written as follows: I' = A, where I' and
A are finite sets of £-formulas (£ € {-Z, Zn, Zm}). A sequent is
called valid for L € {ML,,, MMLS* MMLS® MMLMNT4

S4,S5 MNT4} if T' =1, A holds. When I' = A is valid for L, we
write L =T = A.
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Let us introduce Indrzejczak’s (2005) cut-free sequent calculus for
MNT4. The only axiom is as follows (for any p € P U P*):

(Ax)p=1p
The structural rules are as follows:
I'= A« a,0 = A = A = A
(Cut) re=AA (W=) a,'= A & )F:>A,a
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The non-modal logical rules are as follows:

(A=) a, B, = A (:>/\)F:>A,a I'= A
anB, T =A I'=Aanp
a, = A 8, T'= A I'=Aa,p
V=) —VET=aA GV TS Aavs
I'=Aa f,0=A a, T = A, B
=) S sTesanx G S Aass

(—=) a,I'= A B (:><_)I‘:>A,a 5,0 = A
a+ B,T'= A o= AAa<+ g
(= =) I'= A« (= ) a,'= A
h —-a, ' = A B = A, —a«a
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The modal logical rules are as follows:

a=p = o Oa = f
Oa = 0p (No) = O« ) Oa = 0Of

The rule (Mg) is derivable due to (4) and (O =).

a,'= A

(Ma) Oa,I'= A

(O=)
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o Now we present yet another sequent calculus for MINT4 in the
language with both O and <.
o For the modal rules below we use the following convention:
o the letter v stands for the empty set or a one element set {05},
o the letter ¢ stands for the empty set or a one element set {1}
o This sequent calculus is obtained from Indrzejczak’s one by a
replacement of the rules (Mg), (Ng), and (4) with the following
ones:

0)

v=CA
v = OA, O

a, 0N = ¢
Sa,OA = §

I'= A«
I'= A, Ca

(0=) (=)
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The rules (4), (Ma), (Ms), (Na), (No) are derivable in this calculus
(where (M) and (No) are presented below).

a= 3 o=
M) Sazop W) sas
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o If one replaces v and ¢ in the rules (= O) and (¢ =) with the
sets of formulas (possibly, empty, but not necessarily one element
ones) OT and OA, respectively, then one obtains a cut-free
sequent calculus for S4 (Kripke, 1963).

o If in the rule (= O) one replaces v with OT" and puts § = () as
well as in the rule (¢ =) puts v = ) and replaces ¢ with CA,
then one gets an incomplete version of S4 (Kripke, 1963)
(although its restrictions for the O-free and <-free languages are
complete (Ohnishi, Matsumoto, 1957)), since the sequents
Oa = —=Cna, =O—a = Oa, "O-a = Ca and Ca = —~O-q are
unprovable in it (Kripke, 1963).

o We mention the latter fact, because Kamide and Shramko used
this incomplete version of S4 sequent calculus as a basis of their
logic MML,,. As a result (which can be checked by the use of
Kamide and Shramko’s embedding theorems [?]), in the system
MML,, the sequents 0o = ==, a,

—\kﬁjoj—'k—'ja = D]‘Oz, ﬁk—‘ij—'k—'ja = <>j04 and
&jo = —p—;0,7 =0 are no provable.

Oleg Grigoriev™, Yaroslav Petrukhin™™* On multilattice counterparts of MNT4, S4, and S5



o We present the logic MMLTSL4 which extends MML,, by these
sequents. Similarly to the case of S4, in MINT4 we need OA and
<A in the rules (= 0O) and (¢ =), respectively, to make the
sequents Do = O, =Cna = Oa, ~O-a = Ca and
<Oa = —O-a provable.

o Although Indrzejczak’s sequent calculus for MIN'T4 in the
O-language is cut-free, our calculus for MINT4 in the language
with both O and <, unfortunately, seems to be non-cut-free.
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o A standard S5 sequent calculus is known to be not-cut-free.

o There are various attempts to present cut-free non-standard
versions of sequent calculi (in particular, hypersequent calculi).

e Various hypersequent calculi for S5 were developed by Mints,
Pottinger, Avron, Lahav, Restall, Poggiolesi, Kurokawa,
Bednarska and Indrzejczak, and Indrzejczak himself.

o We consider Restall’s hypersequent calculus, since we think that
it is the simplest one.

o A hypersequent is a finite multiset of sequents written as follows:
H:=Ty=A1]|...|Ts = A,. A hypersequent is called valid iff
at least one of its sequents is valid.

V.
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Restall’s hypersequent calculus for S5

In Restall’s calculus, the (internal) structural and logical rules of
classical logic are in the hypersequent form. For example, the rules for
conjunction are as follows (here and below H and G are
hypersequents):

o, 8, =A|H
aANB,T=A|H

I'=Aa|lH T=AB|G
T=AarB|H]|G

(A=) (= N)
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Restall’s hypersequent calculus for S5

Restall’s calculus has (Cut) and several external structural rules
presented below:

H

E S
(EW=) =aol|H

oS H (=EW)

'=A|©0©=A|H
roe=AA|H

(Merge)
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Restall’s hypersequent calculus for S5

The modal logical rules:

(O =) a,I'=A|H (= 0) =al|H
Oa=|I'=A|H = Oa|H
a=|H I's Aa|H

& —_— &

Csasm C9Tsas0alm
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(Hyper)sequent calculi for modal multilattice logics

Consider the axioms (p € P):

(Ax) p=1p (Ax-) =jp = —yp

The structural rules are as follows: (Cut), (W=>), and (= W).
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The non-negated logical rules are presented below:

(A =) a, B, = A (:>/\»)F:>A’a r=Ap
J Oé/\j,B,F:>A J F:>A,Oé/\jﬁ
a,'= A B, I'= A = Aaq/p
VA o S —
(]:>> Ot\/j,B,F:>A (:> ])F:>A,a\/]‘ﬂ
= A« 8,0 = A o, '= A8
i=) S ar65a8 OV ToAas, s

(i) a,l'= A B (:><_‘)F:>A,a 5,0 = A
J a+; f,I'=A 7 T,0=> A Na+; B
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The jj-negated logical rules are as follows:

A —ja, = A -8, = A oy = A —ja, -0

(=i =) —i(an; B),T = A (= 230) L= A, —(ah; B)

—ja,—;3,T = A I'= A —ja = A, -8

=V % 256, =5V ! =
(=4Vs =) —(aVv; B),L = A (= 3V3) I'= A —j(aV;B)

FZ}A,—\jﬂ —\ja,@éA

-6, = A, —ja
F,@ = A,A,—g(a —j ﬁ)

i =) S0 AT = A

(= —i—3)

ﬂ]ﬂ,F = A,—ga

( ‘<__:>)F:>A,—|j/3 —\ja,9:>A (:> (_)
o —j(a+; B),T,0= A A 7T = A (e —; B)
(mimy =) a, = A (= ) '=s A«
g3 g3 1":>A,—|j—\joz

ﬁj“jCM,F = A
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The kj-negated logical rules as follows:
; —\ka,—\k,@,l":>A } F:>A,—\ka F=>A,—\kﬂ
(_‘k/\J :>) _‘k(a /\] ﬁ), I = A ($ k/\J) I == A, —|k(O{ /\J ﬁ)
—ra, I’ = A -3, = A I'= A, o, S
=iV s = Vi
(7kVs =) —k(aV; B),L = A (= % J)F:>A7_‘k(a\/jﬂ)
‘ I'= A —ra 53,0 = A ‘ —ra, [ = A, -
09 2) s AT e=AL & ) TS A S, B)
_ —ra, ' = A, -8 _ I'= A o 53,0 = A
(rt=j =) k(e B),I'=A = =) [,0= AA, k(a5 B)
( =) _I=Aa (= ) o' A
kg —|k_|jCM,F:>A W F:>A,_\k_|j05
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o the letter m denotes a set which is empty or consists of exactly
one formula from the list of formulas 0O;8, ;< ;8, ~,0;8, where
k # Js

o the letter & denotes a set which is empty or consists of exactly
one formula from the list ¢;8,—;0;8, 7,56, where k # j;

o the letter A* stands for the set (possibly, empty)
{DjAl,_‘jOjAQ, ﬁijAg,}, where k # 7j;

o the letter A° stands for the set (possibly, empty)
{CjA1,;0;A2, 7 A}, where again k # j.
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The jj-negated modal logical rules:

7 ﬁija,Aﬁ=>§ 7 FﬁA,—'J’DJ’O&
—ja,'= A ™= A", —a

—1: 05 = —4m = =0,) ——— 1 I J
(2595 =) —;050,T = A (=753 = A, ;0
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The kj-negated modal logical rules:
-k, [ = A 7= A, o
-0, =) — = 0;,) —
(=05 =) 00, = A ( kD) = A", 0
ﬁka,Aﬁ =0 I'= A —a
. =) — = S —m8M8M8 ———
x012) S mi=s I TS A0
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One can obtain sequent calculus for MMLS? [1] from the set of above
rules replacing in each of modal rule the letters = and ¢, respectively,
with the sets {DjFl, _|j<>jF2, ﬂijF:;} and {OjAl,—\ijAz, _‘k<>jA3}
(where k # 7).
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One can obtain a hypersequent calculus for MMLE5 [1] from the
sequent calculus for MMELMNT4 or MMLS4 as follows:

@ all the (internal) structural and logical non-modal rules should be
presented into the hypersequent form;

@ one should add the rules (EW=>), (=EW), and (Merge);
@ one should replace all the modal rules with the following ones.

The non-negated modal rules:

o, I =A|H =o¢|H
O, = =0;) ——1
o=|H F'=Aop|H

O;=) 221 (=0,
(©; )<>j<p:>|H ( J)F:>A|:><>jcp|H

Oleg Grigoriev™, Yaroslav Petrukhin™* On multilattice counterparts of MNT4, S4, and S5



The jj-negated modal rules:

) ETTE ) TR AT e E

o= BB o AL
The kj-negated modal rules:

(—kC; =) % (= ~#%5) ¢ :E;Ii;:kkiLfl H
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Soundness

All the rules of the sequent calculus MMLMNT4 are sound with
respect to modal multilattices with Tarskian operators.

All the rules of the sequent calculus MMLS? are sound with respect
to modal multilattices with Kuratowski operators.

All the rules of the sequent calculus MMLE5 are sound with respect
to modal multilattices with Halmos operators.

Let L € {(MMLMNT* MMLS* MMLS®}. For each pair of finite
sets I' and A of Ay-formulas, it holds that if L - T' = A, then
LET= A
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Let L € {(MMLMNT* MMLS* MMLS®}. For every pair of finite
sets of Ay-formulas ' and A, it holds that L =T = AMfLET = A.




Kripke semantics for MML?

A Kripke frame F is a structure (M, Ry, ..., R,) where M is a
non-empty set, each R; is a binary relation on M, 1 < ¢ < n.

An S5-Kripke frame is a Kripke frame where each R;, 1 < j < n, is
an equivalence relation.

A valuation on a Kripke frame is a mapping |=: IT — 2™ from the set
of propositional variables to the power-set of M. A Kripre model is a
pair (F, =), where F is a Kripke frame, = is a valuation on it.

For a model .# we say that it is based on the frame F if # = (F, )
for some valuation |=. We say that a model .# is an S5-model if it is
based on some S5-frame.
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Kripke semantics for MMLS®

IT U TII denotes the set of propositional variables joint with the set of
negated propositional variables, that is for each 7 € II and each j,
1<j<n, ~ymell

A paraconsistent valuation P on a Kripke frame is a mapping

=P: TTU ~II + 2M from the set of propositional variables and negated
propositional variable to the power-set of M. A paraconsistent Kripke
model is a pair (F, =P), where F is a paraconsistent Kripke frame,
=P is a paraconsistent valuation. An S5-paraconsistent Kripke model
is a paraconsistent Kripke model based on an S5-Kripke frame.
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Kripke semantics for MMLS®

=P an; fiff ¢ =P a and z =P 5,
—zEPaV;fiff =P aorx =P B,
—zcEPa—; Biffx P aor z =P B,
—cEPa; Biff x EP aor z [£P B,

— ¢ =P —j(an; B) iff ¢ =P —ja or x =P 0,

— z P —j(aV; p) iff z P —ja and z =P -6,
— z P —j(a—; B) iff z EP ;5 and x P —ja,
— z =P —j(a <+ B) iff z =P —ja or x P -,
— z =P njaiff 2 =P a,

— ¢ =P —p(aA; B) iff 2 =P ~paand =P~ 0,
— z EP —p(aV, B) iff x =P —pa or =P 0,
— z =P (o —; B) iff ¢ =P =46 or x P —a,
— ¢ =P (o B) iff © =P —po and o P -0,
— ¢ =P o iff o P o

Oleg Grigoriev™, Yaroslav Petrukhin™* On multilattice counterparts of MNT4, S4, and S5



Kripke semantics for MMLS®

— x P Ojo iff Vy(R;(z,y) =y P @),

— z =P Oja iff Fy( J( x,y) and y EP ),

— z P ~;0a iff Jy(R;(z,y) and y P —ja),
=z P =050 iff Vy(R;(x,y) = y EP —ja),
— o P O o iff Vy(R;(@,y) = y =P —wa),
— z P O aiff Jy(R,(x,y) and y EP ),

J

)

A formula « is true in a paraconsistent model .# iff for each z € #,
r =P a. A formula a is MMLS%-valid in an S5-frame F iff it is true
in every paraconsistent model .# based on F. A formula « is
MMLS5-valid iff it is MMLS®-valid in every S5-frame.
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Towards embeddings theorems

— f(x) :==mand f(—x) =7’ (where n? € IIY), for each 7 € II,
— flan; B) = flea) A f(B),

— flaVv;B) = f(e) Vv f(B),

— fla—; B) = f(a) = f(B),

— fla<; B) = fla) < f(B),

— f(mi(an; B)) == f(mja) V f(=B),

— f(mia Vv B)) i= f(=ja) A F(=5B),

= f(mi(a =5 B) = f(=;B) < f(mja),
= f(nila <5 B) = f(=B) = f(mja),
= f(mim0) = f(e),

— f(owla Ay B)) = (k) A f (k)
— [kl vy B)) = f(owa) V f(kB),
— f(ok(a =5 B)) = f(owa) = f(-wB),
— f(owla 5 B)) := f(mwa) < f(-wB),
= formia) = ~f ().
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Towards embeddings theorems

— f(Oja) == 0f(a),

_ f(<>JOl) = <>f(Oé)v

— f(=0;a) == O f(=ja),

— f(75050a) == 0f(mja),

— f(-x0j0) :=0Of(-ya),

= f(kOja) == O f(mxa). )
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Syntactical embedding theorem and its consequences

Let f be the above introduced mapping. Then, for each finite sets =
and X of Z,-formulas and each hypersequent I, it holds that:

(1) MMLS35 == % | Tiff S5+ f(E) = f(2) | f(I);

(2) MMLS5\ (Cut) FE= X | [iff S5\ (Cut) - f(B) = £(2) | f(I)

v

The rule (Cut) is admissible in the cut-free hypersequent calculus for
MMLSS.

MMLS5 is decidable.
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A few more syntactical embeddings

(1) g(r) :==m and g(77) := =, for each w € I, 77 € IIY, and j < n,

(2) glaAp):=g(a)A; g(B), where j is a fixed positive integer such
that j < n;

(3) glaVp):=g(a)V; g(B), where j is a fixed positive integer such
that 7 < n;

(4) gla— B) :=g(a) —; g(B), where j is a fixed positive integer such
that j < n;

(5) g(a <+ B) :=g(a) <, g(B), where j is a fixed positive integer such
that j < n;

(6) g(—a) :=—,—;9(a), where j and k are two fixed positive integers
such that j,k < n and j # k,

(7) 9(0a) := O;g(c), where j is a fixed positive integer such that
Jsm

(8) g(Ca) := <jg(a), where j is a fixed positive integer such that
Jj<n.
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A few more syntactical embeddings. Interpolation

For each finite sets = and X of .Z-formulas and each hypersequent I,
it holds that:

(1) S5F == | I iff MMLS3 F ¢(=) = ¢(2) | g(1);
(2) 85\ (Cut) - E = 2| I iff MMLE® \ (Cut) - (2) = g(%) | (D). |

Let n > 1, j,n < n and j # k. For any formulas « and 3, if

MMLS5 I— o= B and V(a) N V(B) # 0, then there exists a formula -y
such that

(1) MML;SI5 Fa = v and MMLISf’ F~y= 3,

(2) V(v) SV(e)NV(B).
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Semantical embedding theorem and its consequences

For any a € ), a is MMLS5-valid iff f(«a) is S5-valid.

For any a € Zy;, MMLS® - = « iff @ is MMLS®-valid.
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Thank you for attention!
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