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Program of the talk

» Equilibrium problems for vector potentials with matrix of
interaction

» Rational approximants of analytic functions with branch
points. (Pade aproximants, Nuttull-Stahl result, saddle
points of the energy functional)

» Asymptotics of Hermite-Pade approximants for a vector of
multivalued functions



Scalar case

» Logarithmic potential and energy

Vi(2) = [log T du). 10 = [10gV¥(x) ()

|z

of a measure p, S(p) C A, A isa compact in C.

» Extremal measure

I 1) = min (), \/,L\:/du.

= n
S(W)CA, |ul=1

» Equilibrium of the potential

VA(x) =const, x € A.



Energy of vector measures with matrix of interaction

» {Aq,...,Ap} compacts in C
» D= (di7j)!oj:1 real symmetric (nonnegative def.) matrix

» Vector of measures

ﬁ:(u]-’"'?/'l’p)? S(HJ)CAJ7 j:17"'7p7

» Energy functional

p p
Z Z /M :U’]
i=1j=1

where

(u.,m)—//log £ 4m00 di (1),

» A. Gonchar and E.Rakhmanov (1982).



Equilibrium of Vector Potential

» Extremal vector measure A

JIN: (N = min (i

» Equilibrium

5\' >\| Kj, X € S()\j) = A}
X)_ZduV X){>/€J x € A\ AF
) J'

» UX = (Uf‘, . Ug) is called the vector potential of the

vector valued measure X with respect to the interaction
matrix D



Examples

» Condenser : (Ju1| =1, |u2| =1), D := (_1 11>
» Angelesco system : (Jju1| =1, |u2| =1), D := < )

» Nikishin system : (Ju1| = 2, |p2| =1), D := (_1 2 >

» Two intervals scalar case :

(al + 1yl = 2). 5= (1 7). (1 =)



Definition of HP-approximants

> Given f = (f1,...,fp) a vector of p.s.

o0
=> ’—k i=1,...,p.
k=0

» The HP - rational approximants (of type II)

(Qé’l) Qrgfp)

Ty =

degP: < || =ny+---+np,
Pﬁ7 7Pﬁ>7 gn—“ 1+ +p

for the vector f and multi-index i € NP are defined by

12Ps(@) - Q@) =RV =0 (). 2

» C. Hermite, Sur la fonction exponentielle, C.R. Acad. Sci.
Paris 77 (1873), 18-24; 74-79; 226-233.



Limiting distribution of the poles of R.A.

» multi-index A is normal = Pj(z) = Lﬁil(z )

» diagonal case A = (n,n,....n)

» Poles of Rational Approximants — Singularities of the
function

» Goal is to determine the limiting distribution of the zeros of
the common denominator Pg:



Class of functions

» Functions with finite number of branch points

fe AC\A), 1A < oo.

» Domain of convergence of R.A. +» Domain of
holomorphicity.

Limiting positions of the poles of R.A. <+ Cuts making
functions singlevalued.



Pade approximants for functions with branch points

» (p = 1) Nuttall conjecture (f € A(C\ A), #A < o0);

» Stahl theorem (cap(A) = 0)
» T extremal domain Q* : f € H(Q*)
>
vp, = A\, S(\) = A =09,
where A is the extremal measure of A.

lim mn(z) =f(z), z € Q" in capacity,

n—oo



Characterization of the extremal domain of holomorph.

» Extremal compact A € F; := {0Q:f € H(Q)}:

» Compact of minimal capacity (Nuttall):

CapA = min Capof.
Fi

» Compact with S - (symmetry) property (Stahl):

V* = const.
ovr gy e on A,
8n+ - on_

» Support of saddle point of energy functional (Rakhmanov):

I(A) = max min (o).
Fi S(0)CONEFH



Statement of problem

» H-P approximants
ij.A(C\Aj), ﬁAj<OO, j=21...,p.
» p:=2, n:=(n,n), degP, <] =2n:
() ) 1 ,
fj(Z)Pn(Z)_Qn (Z) = Rn (Z) =0 m , L /00, | = 1)2

» The limiting distribution of the zeros of the common
denominator Pj:

2n
1
upn:ﬁZcS(z—zk,ﬁ)i)\? n — oo.
k=1



Example 1
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Example 2 (new phenomena)
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Example 3 (new phenomena)
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New phenomena

» S(vp,) < cut joining branch points

» Extra interpolation points, i.e. finite zeros of

. _ 1 .
RV (z) = fi(z)Pn(z)— Vz)=0 (m) , Z—o0, j=1,2.
» We denote . .
VRr(]j)—>Mj7 121)27
vp, L A

> Goal (AHU'].HU’Z) !



Special classes

» Kalyagin (79 - Mat. Sh.), Nikishin (80 - Mat. Sh.)
» Gonchar and Rakhmanov (81 - Proc. Stekl.)
» Nuttall (81-84 - JAT)

» Apt., Kuijlaars and Van Assche (08 - IMRP)



General result p = 2

» Class of functions
f:=(f1,f), fie AC\A), tA <o, j=1,2

Aj are br. points ( + .....)
» Class of compacts F; := {F : f e H(Qg), F := 0Qr}
» Class of vector compacts .7:( = {F:=(F1,F2,F3) }:

F1 ::F]_E}_fl, F» ::EZ ::FZ\F]-’ FZE}}Z’

fo —f1_
Fy:=E : 1% €H(Qe), E = 09 .
f2+—f2_ FiNF,

> ... Dual class ]_-f(Z)



Example of ff(j)

> A= {al, b} A, = {az, b} :
T .

>

PI/I(’,.: F]_ = A]_’zUA]_, F2 = A]_’zUAz, E = E]_ U E2



Vector measures with matrix of interaction

» Class of vector measures on F € ff(j) j=1,2:

Ly = {(01,02,03)} :
lo1| + 02| =2, o] — o3| =1

» Energy of vector measure with matrix of interaction D :
(&) =) dijl(ai,0).
P

» Matrix of interaction for Lp :

2 1 -1
D = 1 2 1
-1 1 2



Statement of the result

» Theorem.

> 1) 31 X0 = (A, Rp, p1) and X®) = (g, Ag, pp) ¢

Ib(X)) = max minlg(3), j=1.2.
p(AY) e wen, p(@), j=1,

> 2) N—oo:

I/an)\ZZ)\l—i-;\z:)\z—l-S\l,
VRr(P i>,uj) J:172
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