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First-order homogeneous operators

First-order homogeneous operators were introduced in 1983 by
Dubrovin and Novikov for the Hamiltonian formalism of
quasilinear first-order PDFEs (or hydrodynamic PDEs)

. . . 5
uy = vi(w)u), = Pf]% Hi = /h(u)da:
u= (u'(t,z)), i,j = 1,...,n (n-components). The operators are

of the form

Py = g9(w)d; + by (w)ul

Homogeneity: degd, = 1.



The interest for first-order homogeneous operators

» First examples for versions of the Euler equation of fluid
dynamics.

» Dubrovin (1992): a solution F' of the
Witten—Dijkgraaf—Verlinde—Verlinde equation yields:

» a bi-Hamiltonian pair of first-order homogeneous H.O. A,
A, and, consequently, a quasilinear first-order system of
PDEs

i =V (wuds

» a Frobenius manifold;
» Invariants of bi-Hamiltonian pairs with respect to the

Miura group have been introduced and studied (Dubrovin
and Zhang, 2001).



Geometry of homogeneous operators

Any change of coordinates @' = ' (u?) will leave the ‘form’ of
the system u} = v;(ﬁ)ﬂg; and of the operator A; invariant.

g% transforms as a contravariant 2-tensor; usually it is required
that det(g") # 0; I'), = —g;sb;’ transforms as a linear

connection.
Conditions on A; to be Hamiltonian:
> Skew-symmetry of {, }4, is equivalent to:
symmetry of g¥, V[['|g = 0;
» Jacobi identity of {, } 4, is equivalent to: ‘
gij flat pseudo-Riemannian metric and I, =T7., or I is
the Levi-Civita connection of g.

It follows that the canonical form for such operators is
Ay =n"9,, where n*/ are constants.



Witten—Dijkgraaf—Verlinde—Verlinde equations

The problem: in RY find a function F' = F(t!,...,t") such
that

PF
l. ——————= = constant symmetric nondegenerate matrix
ototeas 1P Y &
2. ¢, =n* OF truct tants of iati
S Cag =1 991918 structure constants of an associative
algebra
3. Fett, ..., ety = P p(th, ... tY) quasihomogeneity
(d1 =1)
If e1,..., ey is the basis of R then the algebra operation is

ea €5 = Cog(t)e, with unity e



WDVYV equations of associativity

. OPF >PF . O°F >PF
T 00018 ot oo 0t otedtr 0 otP ot

(WDVV)

Why study WDVV?
1. Solutions are related with Gromov—Witten invariants
2. Solutions correspond to integrable hierarchies (B.
Dubrovin)
3. Applications to Quantum Field Theory (?)



Solutions of WDVV and bi-Hamiltonian pairs

(B. Dubrovin, ’90) Let F' be a solution of WDVV equations
with homogeneity degrees di,...dy. Let us set

A = n 1776763]: .
B oteoteots

Then, the two operators
P =00,  Py=g90, + T}

where, after replacing t* — u*:
g = c” dyu®

are Hamiltonian and compatible [P}, P,] = 0, hence they define
an integrable system of PDEs of the form u} = VJ’ugc



WDVYV equations in detail

Two canonical forms by linear transformations of (t2,...,tY), if
the weights d; are distinct (Dubrovin, LNM 1996):

dp # 3: By linear transformations preserving ey:

0 1
1
N = ot pN41 = :
1 0
F o= ()N + 5t 05 N et (i),

dr = 3: By linear transformations preserving es:

c£0, F =gt + 3t N (10?2 + f(2,.. V).



Main example: WDVV in the case N =3

If N = 3 we have a single equation on f = f(t2,3) = f(z,1).
Two cases:

> 77(,62:

fttt fmmt f:m:x f:vtt
>
_fa%xt + fa::cxfactt + Nfa?tt

fue = fofzat — 1




WDVYV equations as hydrodynamic systems

Construction by O. Mokhov (1995). Let us introduce
coordinates

a= frazy, b= frat, = for.

Then the compatibility conditions in the two cases are

at = bl’a ae = bx’
by = ¢z, and be = ca, Y
— (B2 _ [ ac=b"+4puc
Ct = (b — CLC);E Ct = <T>x

The system on the left is bi-Hamiltonian (Ferapontov, Galvao,
Mokhov, Nutku CMP’98) by a third-order and a first-order
Hamiltonian operator of Dubrovin—Novikov type. What about
the system on the right?



Higher-order homogeneous operators

Higher order homogeneous operators were introduced in 1984
by Dubrovin and Novikov. We can consider the second-order
and third-order homogeneous operators:

RY =g% (w)92 + b, (w)uto,

+ szjk(u)uim + Cijm(U)ul;umm,

RY =g (w)d2 + b, (w)ulo?
+ el (W, + 2 (wyubuo,

+ déjk(u>um:a: + déjkm(u)uxugenx + dgjkmn(u)uxugnug.



Example: 3-component WDVV equation

The nM-associativity (WDVV) equation:
for = Foup = Frwe Fate
can be presented by a = frze, 0 = frzt, ¢ = forr as
ar =by, by=cy ¢ = (b —ac),.

From FERAPONTOV, GALVAO, MOKHOV, NUTKU, CMP (1997),

there are two local homogeneous Hamiltonian operators,
first-order P; and third-order Pj:



bi-Hamiltonian structure of WDVV equations

10,a 0,b
5(0,b + b9,) 3¢0, + c;
30,c—cy  (b*—ac)d, + 9,(b* — ac)
0 o
o3 —(92a8 )
—0,a0? (9260, + O b@% + 0,a0,a0y)

P, and Pj are completely determined by their leading

coefficients:

)

1

N 0 O
1/2a b 3/2¢ gf =10 1 —a
1 —a 2b+a?

~3/2 1/2a b
gZ] Y
( b 3/2¢ 2(b? - ac))



Canonical form

It can be proved that third-order homogeneous Hamiltonian
operators have the canonical forms (Potemin ’86, "97;
Potemin—Balandin, '01; Doyle ’95)

P;j =0, 0 (géjax + cgjkufs) 0 Oy,

The skew-symmetry and Jacobi property of the Poisson
brackets defined by the Hamiltonian operators are equivalent to:

1

C3nkm = g(gSnm,k - g3nk,m), ¢ determined by g

93mk,n + 93kn,m + 93mnk = 0, g Monge metric

_ pq
C3mnk,l = —93 C3pmIC3 qnk-

_ q
where ¢34k = g3iq93 jpChy-



New results: projective invariance

Theorem Reciprocal transformations of projective type
di = Adz, @ =T'(u/) = (Alu/ + Af)/A

with A = ¢;u’ + ¢y preserve the canonical form of third-order
homogeneous operators (Ferapontov, Pavlov, V. JGP 2014).
The leading terms are transformed as
g3ij
93ij — Tf
where g3;; is of the same type as the initial metric; g3 is
identified with a quadratic line complex.



Classification

>
>

n = 1: trivial case, only 92;
n = 2: affine classification: two nontrivial cases and one
trivial case; projective classification: only

0 1 i
93ij = (1 O> , Az = gi 02

n = 3: C. Segre — Weiler classification of quadratic line
complexes (Ferapontov, Pavlov, V. JGP 2014);

n = 4: classification of 4-dimensional subspaces of
skew-symmetric 5 X 5 — matrices

span(Al, A%, A3 A%) c A%V, (2)

under the action of SL(5); from the projective classification
of metabelian Lie algebrae (Galitski-Timashev 1999).

n > 5 wild!



Third-order operators and systems of conservation laws

Following a construction of Agafonov and Ferapontov
(1996-2001) we associate to each system u; = (V*) ju} a
congruence of lines in P"*! with coordinates [y!,. .., 3" 2]

yi — uiyn—l—l + Viyn+2

A method introduced by Kersten, Krasil’shchik, Verbovetsky
(JGP 2004) to characterize Hamiltonian operators yields the
following compatibility conditions between the operator and
quasilinear first-order systems:

93im V" = g3jmVi", (3)
kal‘/im + Cmik‘/lm + leivkm =0, (4)
g3 ks‘/;]; = Csmjv;m + Csmi‘/jm. (5)



WDVV: new results

When applied to the WDVV systems, the above equations allow
to determine the third-order operators (Vasicek, V, Journal of
High Energy Physics 2021):

» In the cases N =3, N =4, N =5 both canonical forms of
WDVYV equations as quasilinear first-order systems of
PDEs admit a third-order homogeneous Hamiltonian
operator in canonical form.

» In the case N = 3 also the canonical form n® of WDVV
equations as quasilinear first-order systems of PDEs admits
a first-order homogeneous Hamiltonian operator. The
operator is nonlocal of Ferapontov type.

» In the case N = 3 the bi-Hamiltonian pair is invariant with
respect to /0t!-preserving affine coordinate changes in the
WDVYV space (t!,...,tV).



WDVYV systems: new results

WDVYV systems themselves turn out to have interesting
projective goemetric properties:

Theorem. Every WDVV system (for N = 3, 4, 5), interpreted
as a linear line congruence, has the following properties:

» The congruence is linear: there are n linear relations
between u*, V*, u'VJ — V"
» The system is linearly degenerate, and non diagonalizable.

» The system admits non-local Hamiltonian, momentum and
Casimirs.



WDVV, N = 3, n = n®, third-order P;:

The system of PDEs has a third-order homogeneous
Hamiltonian operator defined by the Monge metric

bub—2)  (atpo)(l—pb)  (ub—1)?
g3ij = | (a+pe)(1—pb)  pla+pc)?+1  pla+ pe)(l—pb) |,
(ub—1)>  pla+pc)(l—pb)  p(ub—1)?

(6)
and has the following form:
—pd3 0 o3
Py = 0 3;3 ag% Z;ffaz ) (7)
0 0,515 07 5(07K0, + 0.KO2)

where K = %%gg_“b)-



WDVV, N =3, n = n®, first-order P:

The system of PDEs has a non-local first-order homogeneous
Hamiltonian operator of Ferapontov type

Plij = gijax + Ffu’; + a‘/gugc‘)glvguﬁ
+ B (Vjuldy "), + ubdy ' Viud) +yubo,  ul, (8)

defined by the metric (in upper indices)

b2;12 —a2,u—2bp,—3 (L—(pr,-&-bcp‘z—cp‘ 2b—bz/_t+c2u2
2 _9p2,,2 2,3 _
gij — a — abp + bc,u2 —cp 2b — b2/,L + c2,u2 clacu®—2b ‘zutib“+" )
’ 2_5p2,,2 2,3 .
12 2 2 clacp®—2b"pu“+4bu+cp—3) 5
2b — b+ cp b1 Gr-1Z

(9)
where

8 = a’cPp?—2ab’cp® +abep+2acd P —dac+ bt p? — 43— 3% 1
+ 4b% 4+ 6bc2p® + At — 5P

and a = —p%, 8= 0,7 = p.



Invariance of the bi-Hamiltonian formalism

The invariance group of the WDVV equations with the
quasihomogeneity constraint is the group of linear
transformations that preserve the direction of 9/9t!:

= PP+Q, det(Pg) £0, PR=07 (1)

Theorem

Let N = 3, and suppose that a WDV'V system in first-order
form ui = (Vi(u)), is bi-Hamiltonian with respect to a pair of
compatible Hamiltonian operators Ay, As, where Ay is a
nonlocal first-order HHO and As is a local third-order HHO.
Then, the invariance transformation does not change the form
of the bi-Hamiltonian pair Ay, As.



Invariance in detail

The matrix P = (P§) of the change of coordinates can be
factorized as P = T} - T where

1 P} Pj 1 0 0 1 Py Pj
P=\|o prP P}|, Th'=|0 P P;|, To=(0 1 o0 |.
0o P P 0o P} P} 0 0 1

The matrix 177 can be further factorized as 71 = R; - E - Ra:

1 0 0 100 1 00
R1: 0 « B N E = 0 0 1 s RQZ 0 Yy )
0 0 1 010 0 01

when P3 # 0 (when it is zero no factorization is needed). The
above transformations do not change the form of the
bi-Hamiltonian pair.



More canonical forms of 7

Using only transformations of the type 77, Mokhov and
Pavlenko (TMP 2018) find four canonical forms for 7:

00 1 101
=0 X0 0 1];
1 0 u 11
10 1 1 00
2 2 __ 2 _
n”=(0 X 0 0 X 0, XN=1, =1
1 0 p 0 0 p

We proved that all four canonical forms have a bi-Hamiltonian
pair by a third-order and a first-order HHO. In the case n' the
latter is local (found by Mokhov and Pavlenko), while in the
cases 7%, 3, n* it is nonlocal of Ferapontov type.



A distinguished example

This example was explicitly written by Dubrovin; Ferapontov
associated it with the centroaffine geometry (equation of flat
centroaffine metrics for surfaces in R?).

1 00
n=10 0 1], fa:mcfyyy - fzmyf;ryy =1, (11)
010

and the system in first-order form reads:

bc+1
at:bx, bt:cl'a Ct = < cr > . (12)

a

The above system is bi-Hamiltonian by a pair as above, this
time the first-order operator is characterized by a =~ =0,
8 = —1, which means that the Ferapontov operator is
localizable by a reciprocal transformation.



WDVV, N =4, n = nM, third-order P;

000 1
w_ (0010
T 1o 1 0 0

100 0

WDVYV equations are an overdetermined nonlinear system:

= 2fayz — fayyfoay + fyyyfozz =0,

— Jfazz — fayyfazz + fyyzfoze =0,

= 2fayzfowz + Joze faoay + fyzzfrae =0,

Frovs = (fays)? + fozefayy — FyyaFons + Fyoofaay = 0,
fyyyfxzz - nyyzf:cyz + fyzzfxyy =0.



6-components WDVV system
We introduce new field variables u*:
ul = fmczau2 = fxazyvu3 = fzxz»u4 = fxyyvus = fxyZaUG = frzz-

The compatibility conditions for this system can be written as a
pair of commuting hydrodynamic type systems in conservative

form:
1,3
1,2 Uz Ups
Uy = Ug» 2 _ .5
2 .4 uz - uzv
Uy = Ug; 3_,6
u u
ud = ud = y
y T ud wut +ub
4 _ [ 2uP+uPut z ul
Uy = ul 3,5 .56
T u5 2uu® —u‘u
5 _ (udut4ub z ul
Yy = ul 6 5\2 46
6 __ 2u5u57u2u% Uz = ((u ) CIC A
Uy = T N (u3)2u4+u3u6—2u2u3u5+(u2)2u6)
T
U
x



WDVYV as a bi-Hamiltonian system

Theorem: (Pavlov, V. LMP 2015) The leading term of a
third-order Hamiltonian operator for both the previous
hydrodynamic-type systems:

(u*)? —2u® 2ut —(ulut ) W? 1

—2ud —oud  w? 0 w0

2u* u? 2 —ul 0 0

L R O O LA
u? ul 0 0 0 0

1 0 0 0 0 0

Both systems are bi-Hamiltonian with the above homogeneous
third-order Hamiltonian operator and a (compatible) local
first-order Hamiltonian operator.



Remarks

» In the case N = 3 the compatibility (very hard
computation) was checked with the new algorithm and
software packages by Casati, Lorenzoni, V, Studies in Appl.
Math. 2020; Casati, Lorenzoni, Valeri, V, Comp. Phys.
Comm. 2021 (to appear).

» In the cases N =4, N =5 and (¥, 2 WDVV equations
as quasilinear first-order systems of PDEs admit a
third-order homogeneous Hamiltonian operator in
canonical form.

» Compatible first order operators are not known in the
cases: N =4, n®; N =5 71; N =5, n?.



Perspectives

WDVYV equations Projective Geometry

Third-order Hamiltonian operator Quadratic Line Complex

Quasilinear system of PDEs Linear Line Congruence
Comp. first-order Hamiltonian operator 777

The projective-geometric invariance of the corresponding
hierarchies has implications that are yet to be understood. Initial
analysis in original coordinates of the equation

fuet = f2 — feeefote (Kersten, Krasil’shchik, Verbovetsky, V.
TMP 2010) suggests that the key to understanding is there.

Remark: The equations for F-manifolds in the simplest case
are endowed with a non-local homogeneous third-order
Hamiltonian operator (Pavlov, V. JPA 2019).



Symbolic computations

Within the REDUCE CAS (now free software) we use the
packages CDIFF and CDE, freely available at
https://reduce-algebra.sourceforge.io/.

CDE (by RV) can compute symmetries and conservation laws,
local and nonlocal Hamiltonian operators, Schouten brackets of
local multivectors, Fréchet derivatives (or linearization of a
system of PDEs), formal adjoints, Lie derivatives of
Hamiltonian operators, anticommuting variables and
super-PDEs.

Cooperation with AC Norman (Trinity College, Cambridge) to
improvements and documentation of REDUCE’s kernel.

A book, in cooperation with JS Krasil’shchik and AM
Verbovetsky: The symbolic computation of integrability
structures for partial differential equations, is published in the
series Texts and Monographs in Symbolic Computation,
Springer, 2018.


https://reduce-algebra.sourceforge.io/

Thank you!

Contacts: raffaele.vitoloQunisalento.it



