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KIRISH (falsafa doktori (PhD) dissertatsiyasi annotatsiyasi)

Dissertatsiya mavzusining dolzarbligi va zarurati. Dunyoda ko'plab ilmiy
va amaliy tadgigotlar bir o'lchovli va simvolik dinamik sistemalarni o'rganishga
keltiriladi. Aylana gomeomorfizmlari nazariyasi bir o'lchovli  dinamik
sistemalarning muhim qismidir. Aylana gomeomorfizmlari birinchi marta A.
Puankarening fundamental asarlarida osmon mexanikasi muammosi bilan bog'liq
holda o'rganilgan.

Hozirgi vaqtda dunyoda dinamik sistemalar nazariyasining qizigarli
muammolaridan biri aylananing akslantirishlari bilan bog'lig muammolardir. Aylana
akslantirishlarining muhim sinfi - aylana diffeomorfizmlaridir. Umuman olganda,
aylana  diffeomorfizmlari hozirgacha  yaxshi o'rganilgan. Aylana
diffeomorfizmlarining tabiity umumlashmasi - bu kritik akslantirishlar va bo'lakli
sillig akslantirishlaridir. So'nggi 20 vyil ichida maxsuslikka ega aylana
akslantirishlari nazariyasida fundamental natijalar A. Puankare, A. Denjoy, A.N.
Kolmogorov, V.. Arnold, J. Moser, M. Erman, J.C. Yokkoz, J.G. Sinay, K.M.
Xanin, D. Ornshteyn, J. Katsnelson va boshga tanigli matematiklarning asarlarida
go'lga kiritilgan.

Dinamik sistemalar, ma’lumotlar nazariyasi, geometriya, yurak muammolari,
biologiya va amaliyotning ko'plab muammolari simvolik dinamik sistemalarni
o'rganishga keltiriladi. Cheksiz simvolik ketma-ketliklarning murakkablik
funksiyasini o'rganish simvolik dinamik sistemalarning klassik muammolaridan
biridir. Aylana akslantirishlarini irratsional burish natijasida ma’lumotlar
nazariyasida juda muhim bo'lgan Shturm so'zlari paydo bo'ldi.

Mamlakatimizda amaliy va fundamental fanlarda qo'llaniladigan bir o'lchovli
dinamik sistemalar va simvolik dinamikaning muhim yo'nalishlarini ishlab
chigishga katta e'tibor qaratildi. Funksional tahlil, matematik fizika, ehtimollik
nazariyasi va dinamik sistemalar nazariyasi kabi muhim sohalarda xalgaro miqyosda
olib borilgan tadgigotlar fundamental tadgigotlarning asosiy vazifasi hisoblanadi.
Aylana akslantirishlari va simvolik dinamik sistemalar nafaqat tabiiy fanlar uchun,
balki iqtisodiyot, ma’lumotlar nazariyasi, biologiya, yurakning turli kasalliklarini
o'rganish, qon tekshiruvi va boshga soxalar uchun ham muhim ahamiyatga ega.

O’zbekiston Respublikasi Prezidentining 2017 yil 7 fevraldagi «O’zbekiston
Respublikasini yanada rivojlantirish bo’yicha xarakatlar strategiyasi to’g’risida»gi
PF-4947-son Farmoni, 2019 yil 9 iyuldagi «Matematika ta’limi va fanlarini yanada
rivojlantirishni davlat tomonidan qo’llab-quvvatlash, shuningdek, O’zbekiston
Respublikasi Fanlar Akademiyasining V.I.Romanovskiy nomidagi Matematika
Instituti faoliyatini tubdan takomillashtirish chora-tadbirlari to’g’risida»gi PQ-4387-
son Qarori va 2020 yil 7 maydagi PQ-4708-son «Matematika sohasidagi ta’lim
sifatini oshirish va ilmiy-tadqigotlarni rivojlantirish chora-tadbirlari to’g’risida»gi
PQ-4708-sonli Qarori hamda mazkur faoliyatga tegishli boshga normativ—huquqiy
hujjatlarda belgilangan vazifalarni amalga oshirishda ushbu dissertatsiya tadgiqoti
muayyan darajada xizmat giladi.

Tadgiqotning respublika fan va texnologiyalar rivojlanishining ustuvor
yo’nalishlariga bog’ligligi. Mazkur tadqiqot respublika fan va texnologiyalar
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rivojlanishining IV. «Matematika, mexanika va informatika» ustuvor yo’nalishi
doirasida bajarilgan.

Muammoning o’rganilganlik darajasi. Simvolik dinamika sohasi umumiy
dinamik sistemalarni tahlil gilish vositasi sifatida rivojlandi. Hadamard 1898 vyilda
salbiy egilish yuzalaridagi geodezik ogimlarni tahlil gilishda simvolik dinamika
usullaridan birinchi marta muvaffagiyatli foydalangan. Qirq yil o'tgach, bu mavzu
Marsten Morse va Gustav Hedlund asosli magolasida birinchi sistemali tadgiqot
gilingan va unga nom berilgan. Kelgusida C.E.Shennon tomonidan ma’lumotlar
nazariyasida simvolik dinamika qo'llaniladigan.

Ya. Sinay o0'zining asosiy ishida Anosov ogimlarini tadgiq qilish uchun
simvolik dinamikadan foydalangan. E. Vul, Ya. Sinay va K. Xanin Feigenbaum
asklantirishining simvolik dinamikasini tuzdi va termodinamik formalizmni yaratdi.
Simvolik dinamika aylana akslantirishlari nazariyasida muhim rol o'ynaydi.
Ma'lumki, aylananing har bir irratsional burilishi natijasida ikkilik ketma -ketlik
fazosi yaratiladi. Ikkilik ketma-ketligining murakkablik funksiyalarini o'rganish
simvolik dinamik sistemalarning asosiy muammolaridan biridir. Coelho, De Faria
irratsional burishlar uchun gayta urilgan zarbalarning xatti-harakatlarini o'rgangan.
A. Djalilov kritik aylana akslantirishlari uchun termodinamik formalizmni qurgan.

Danjua tengsizligi aylana dinamikasida muhim o’rin egallaydi. Sinay va Xanin
0z magolasida Danjua tengsizligini rivojlantirgan va bunga asosan conjugation
akslantirishining siligligini isbotlagan.

Tadgiqotning vazifalari:

irratsional aylana akslantirishlari bilan bog'liq cheksiz ikkilik ketma -
ketliklarning murakkab funksiyalarini o'rganish;

Erman akslantirishlari va uning yugori itaratsiyalari tomonidan hosil gilingan
cheksiz ketma -ketliklarning murakkablik funksiyalari o'rganish;

Erman akslatirishlari uchun sinish nuqgtalari orbitasining tuzilishini o'rganish;

Erman akslatirishlarining Danjua ko’paytmasi uchun sinish nuqtalarining
sinish kattaliklari va inavriant o’lcho orqali aniq ifodasini topish.

Tadqiqotning ob’ekti. Cheksiz ketma-ketliklar, aylanani irratsiona burish,
Erman akslantirishi, kritik aylana akslanirishlari, tushish sonlari.

Tadgiqotning predmeti. Simvolik dinamik sistemalar, aylana akslantirishlar
nazariyasi, inavariant o'lchov

Tadgigotning usullari. Dissertatsiyada matematik analiz, , funksional analiz,
simvolik dinamika, ergodik nazariya va ehtimollar nazariyalari usullaridan
foydalaridan foydalanilgan.

Tadgiqotning ilmiy yangiligi xyitunarunapmaan noopar:

Irratsional aylana burishi orgali bog langan cheksiz ikkilik ketma-ketliklarning
murakkablik funksiyalari topilgan.

Bitta kubik kritik nugtaga va “oltin kesim” burish soniga ega bo'lgan aylana
akslantirishlarining nomallangan umumlashgan tushish vaqgtlari tagsimot
funksiyalari bo'yicha yaqinlashadi va limit tagsimot funksiyasi singular, ya’ni u
uzluksiz, qat’iy o suvchi va Lebeg o"lchovi bo yicha deyarli barcha yerda hosilasi 0
ga teng.



Ikkita sinish nuqtasiga ega bo’lakli-chizigli aylana gomeomorfizmlarining
sinish nugtalari joylashuvi topilgan.
h% Erman akslantirishlari uchun Danjua tengligi ishotlangan.

h% ning normallangan hosilalari bog langan ikkilik ketma-ketliklar Shturm
ekanligi ko rsatilgan.

Tadgigotning amaliy natijasi matematik biologiyadagi populyatsiya
jarayonlarining matematik modellari bo’lakli silliq funksiyalar orqali ifodalashni
taklif etilganligi va ushbu funksiyalar yordamida hosil bo’lgan dinamik sistemada
tracktoriya limit nuqtalari to’plamini aniglash usullarini bayon qilinganligidan
iborat.

Tadgigot natijalarining ishonchliligi funksional analiz, stoxastik jarayonlar
va diskret vaqtli dinamik sistemalar nazariyasi usullaridan foydalanilgani hamda
matematik mulohazalarning qat’iyligi bilan asoslanadi.

Tadgiqot natijalarining ilmiy va amaliy ahamiyati. Tadgigot natijalarining
ilmiy ahamiyati bo’lakli silliq funksiyalar dinamikasida traektoriya limit nuqtalar
to’plamining tavsifidan nochiziqli diskret dinamik sistemalar nazariyasida
foydalanish mumkinligi bilan izohlanadi.

Tadgiqotning amaliy ahamiyati bo’lakli silliq akslantirishlar yordamida hosil
bo’lgan dinamik sistemada traektoriya limit nuqtalari to’plamini aniglash orqali
matematik biologiyadagi populyatsiya jarayonlariga tatbiqg etish bilan belgilanadi.

Tadgiqot natijalarining joriy qilinishi. Diskret vaqtli bo’lakli silliq dinamik
sistemalar bo’yicha olingan natijalar asosida:

bir o’lchovli simpleksda aniqlangan uzilishga ega kvadratik stoxastik
operatorning diskret vaqtli dinamikasi parametrlarning noldan fargli giymatlarida
xaotikligidan OT-F-4-03 raqamli «Uzluksiz hamda diskret vaqtli aniq dinamik
sistemalar, qismiy integral operatorlar spektrlari» mavzusidagi fundamental ilmiy
loyihada stoxastik operatorlar traektoriyalarining limit nugqtalari to’plamini
tavsiflashda foydalanilgan (Qarshi davlat universitetining 2021 yil 12 iyundagi Ne
04/1900-sonli ma’lumotnomasi). Ilmiy natijaning qo’llanilishi Volterra hamda
novolterra tipidagi kvadratik va kubik stoxastik operatorlarning limit nugtalarini
tavsiflash imkonini bergan;

dissertatsiyada olingan natijalardan o’lchovlik funksiyalar sinfida
indekslangan integral empirik protsesslarning asimptotik xossalarini tadqiq qilish
jarayonida ko’plab “kuchli” bog’langan diskret tasodifiy miqdorlar uchun limit
teoremalarni- ya’ni ularning asimptotik holatini o’rganishga va limitik ehtimollik
tagsimotlarini absolyut uzluksizligi masalasini o’rganishda O’zbekiston Milliy
Universitetida Abdushukurov A. rahbarligida 2017-2021 vyilllarda bajarilgan OT-F-
4-40 ragamli «O’Ichovlik funksiyalar sinfida indekslangan integral empirik
protsesslarning asimptotik xossalarini tadqiq qilish» mavzusidagi fundamental
loyihada foydalanilgan

Erman akslantirishlari uchun Danjua tipidagi tengliklarda olingan natijalar
“Umumlashgan qo’zg’almas nuqta metodi va Homotopiya nazariyasi metodlari
orqali Nochiziqli kasrli differensial tenglamalar yechimlari” (Utara univeristeti,
Malayziya, gaynoma ragami: FRGS/1/2018/STG06/UUM/02/13) mavzusidagi
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ilmiy loyihada qo’llanilgan va Riman-Luvil kasrli integral operatorlari
iteratsiyalarining universal baholarini olishda muhim o’rin egallagan. Undan
tashqari, olingan natijalar kars darajali differensial tenglamalarning mavjudligini
isbotlashda foydalanilgan.

Tadgigot natijalarining aprobatsiyasi. Mazkur tadgiqot natijalari 3 ta
xalgaro va 3 ta respublika ilmiy-amaliy anjumanlarida muhokamadan o’tkazilgan.

Tadqiqot natijalarining e’lon qilinganligi. Dissertatsiya mavzusi bo’yicha
jami 11 ta ilmiy ish chop etilgan, shulardan, O’zbekiston Respublikasi Oliy
attestatsiya komissiyasining falsafa doktori dissertatsiyalari asosiy ilmiy natijalarini
chop etish tavsiya etilgan ilmiy nashrlarda 5 ta maqola, jumladan, 2 tasi xorijiy va 3
tasi respublika jurnallarida nashr etilgan.

Dissertatsiyaning tuzilishi va hajmi. Dissertatsiya kirish qismi, uchta bob,
xulosa va foydalanilgan adabiyotlar ro’yxatidan tashkil topgan. Dissertatsiyaning
hajmi 92 betni tashkil etgan.

DISSERTATSIYANING ASOSIY MAZMUNI

Kirish gismida dissertatsiya mavzusining dolzarbligi va zaruriyati asoslangan,
tadqigotning respublika fan va texnologiyalari rivojlanishining ustuvor
yo’nalishlariga mosligi ko’rsatilgan, muammoning o’rganilganlik darajasi
keltirilgan, tadqiqot magqsadi, vazifalari, ob’ekti va predmeti tavsiflangan,
tadgigotning ilmiy yangiligi va amaliy natijalari bayon gilingan, olingan
natijalarning nazariy va amaliy ahamiyati ochib berilgan, tadgigot natijalarining
joriy qilinishi, nashr etilgan ishlar va dissertatsiya tuzilishi bo’yicha ma’lumotlar
keltirilgan.

Dissertatsiyaning “Simvolik dinamika va aylana akslantirishlari” deb
nomlangan birinchi bobida biz simbolik dinamik sistemalardan, xususan, cheksiz
ikkilik so'zlar va Shturm so'zlaridan kerakli ta’riflar va teoremalari bayon qilingan.

Shuningdek, aylana gomomorfizmlari va simvolik dinamika o'rtasidagi
bog'liglik o'rganilgan. Bundan tashgari, aylana dinamikasidan asosiy tushunchalar
va tasdiglar keltirilgan: yo nalishni saglovchi aylana gomeomorfizmlarining burish
soni, ehtimollik invariant o'lchovi, kritik aylana akslantirishlari, chekli sondagi
sinish nuqgtalariga ega bo’lgan bo lakli-sillig aylana gomeomorfizmlari va tushish
vaqti.

1.1 — bo'limda cheksiz ikkilik so'zlar doir kerakli faktlar, xususan, ikkilik
so’zlarning tili, davriyligi va murakkabligi, takrorlanishi keltirilgan. Shuningdek,
cheksiz ikkilik so'zlarning alohida turlari o rganilgan.

Agar biror u chekli so’z va y cheksiz so'z uchun @=uwy bo’lsa, u holda w
chekli son @ cheksiz sonning qismso’zi deyiladi.

1-ta’rif. Cheksiz so’z @ ning murakkabligi deb @ ning uzunligi n ga teng
barcha gismso zlari sonini aniglaydigan funksiyaga aytiladi va bu funksiya quyidagi
xossalarga ega:

 kamaymaydigan funksiya, ya'ni., p,(n+1)= p,(n)

* p()=#A



» o davriy sozlar uchun barcha neN larda shunday p,(n)<C shartni

ganoatlantiruvchi C e N topiladi.
2-ta’rif. Agar barcha n natural sonlar uchun p.(n) =n+1 bajarilsa, u holda s

cheksiz so’z Shturm so z deyiladi.
Irratsioanal burish bilan bog langan @(x) ={®,, ®,,...} cheksiz so"z irratsional

mexanik so "z deyiladi.

Xususan, Shturm so'zlarining fundamental ekvivalentlik teoremasi keltirib
o tilgan va bu 3.3 -bo'limda asosiy tasdigni isbotlash uchun juda muhim.

1-teorema. Aytaylik @ cheksiz ikkilik so'z bo'lsin. Quyidagilar ekvivalentdir:

(1) @ Shturm.

(2) w irratsional mexanik.

(3) @ muvozanatli va aperiodik.

1.2 - bollimda aylana gomeomorfizmlari nazariyasi, Kkritik aylana
akslantirishlari, dinamik bo'linishlar va simvolik dinamika hagidagi dastlabki zarur
tushunchalar o"rganilgan.

3-ta’rif. Agar biror &- atrof U_(x,)=(X, —& X, +¢) uchun f funksiya

C**™(U,(x,)) ga tegishli bo’lsa va quyidagi shart bajarilsa
df d’f d® f o2 f
&(xcr) = e (%) =...=dXT(xcr) =0, W(xﬁ) # 0,

u holda x_, €S* nugta f gomeomorfizmning (2d +1), d >1 tartibdagi kritik
nuqtasi deyiladi..

4-ta’rif. Agar f akslantirish yagona toq tartibli kritik nugtaga ega bo'lsa, u
holda f akslantirish kritik akslantirish deyiladi.

So'nggi 20-25 yil mobaynida ko'plab mualliflar kritik akslantirishlar uchun
gattiglik muammosini o'rgandilar.

Ostlund va boshqga olimlar kritik aylana akslantirishlari sinfidagi renormgruppa
almashtirishini o'rganganlar. Ostlund va boshgalarning ishidan foydalanib, uchinchi
tartibli hagiqiy-analitik kritik aylana gomeomorfizmlar to'plamiga mos keladigan
haqiqiy-analitik juftliklarni aniglaymiz. Hagigiy sonlar to'plamida gat'iy o suvchi va
quyidagi shartlani ganoatlantiradigan haqiqgiy analitik juftliklar (&,7) to'plami X,
ni garaymiz:

(c) 0<4(0)<L5(0)=n(0)+1;

(c2) £((0))=n(£(0))>0;

(c3) £'(0)=7'(0)=<"(0)=7"(0)=0, ammo £"(0) =0 va 1"(0) =0

(cs) (£°m)"(0)=(17-£)"(0).

(c;) va (c,) shartlar birlik aylanada f = feal,7 gomeomorfizmni har bir
(&,n) € X, bilan bog’lash imkonini beradi. [77(0),0] da f =& va[0,£(0)]da f =7
deb aniglaymiz va [7(0),£(0)] birlik intervalni chekka nugtalari bilan ayniylanuvchi
aylana bilan bog'laymiz. f., akslantirishning p = p(f;,) burish soni odatiy yo'l

bilan aniglanadi.




Burish soni “oltin kesimga”, ya’ni p(f;,)=p= \/gT_l gateng X, ning gism

to plami bo'lgan (&,7) juftliklarni X, (p) bilan belgilaymiz.

Quyidagi renormgruppa almashtirishini aniglaymiz:

R: Xy (B) = X (P) da R(E,) = (an(a ™ x),an(E(a X)),
bu yerda o =a,,, =[1(0) - n(£(O)] .

(¢)), (c,) shartlaridan o <-1 ekanligi kelib chigadi. R renormgruppa
almashtirishi X (p) gism fazoda yagona giperbolik fiksirlangan (&,,7,) nugtaga
ega. Shuningdek, &,(x), 7(x) funksiyalar x3 ning hagiqgiy analitik funksiyalari va
Ay =0z, o ~—1,2886 . (&5,1m9) Dbilan bog'langan aylana akslantirishlarini

for =Tz 0 orgali belgilaymiz.

f,. ga C'—qo’shma bo’lgan barcha aylana gomemomorfizmlari to plamini
Cr(p) orqgali belgilaymiz. Ma’lumki, ixtiyoriy ikkita topologik o shma
gomeomorfizmlar bir hil burish soniga ega. Bundan tashqgari, Cr(p) ga tegishli
gomeomorfizmlarning burish sonlari bir hil va p ga teng.

Axtam Djalilov Cr(p) sinfdan bo’lgan kritik aylana akslantirishlari uchun

termodinamik formalizm qurgan.
1.3 - bo'limda kritik aylana akslantirishlarining tushish vaqgtlari uchun zarur
bo'lgan ta'riflar va teoremalar mavjud.

Aytaylik f irratsional p = p(f) burish soniga ega bo'lgan S*=R'/Z =[0,1)
aylanadagi yo nalishni saglovchi gomeomorfizm bo'lsin. x= u(f) o’lchov f ning
yagona invariant ehtimollik o’lchovi bo'lsin. zeS! nugtani fiksirlaymiz va
Vg(z):[z,z+g]cSl intervalni garaymiz. Quyidagi formula yordamida V.,
intervalga birinchi tushish vaqtini aniglaymiz: E_(t) =inf{i >1: T'(t) eV.(2)}.

Endi esa normallangan tushish vagtini E_(t) = u(V,(2))u(E.(t)) orgali
aniglaymiz. E_(t) tasodifiy miqdorning tagsimot funksiyasi yaginlashishi
masalasini qaraymiz, ya’'ni quyidagi tagsimot funksiyasining &—0 da, limit
funksiyasining uzluksizlik nuqgtalariga tegishli bo'lgan har bir t uchun:

Fg(t)zy(xEslzE§1>(x)st),VteRl
yaginlashishi o’rganamiz.
Coelho va de Faria f,(x) =X+ p modl chizigli irratsional burishlar uchun

E,(t) tasodifiy migdorning yaginlashish masalasini o'rgangan. Ma’lumki, f,

chizigli irratsional burishlar uchun yagona invariant o"Ichov bu ¢ Lebeg o Ichovidir.
Agar ¢ =¢,ni Coelho va de Faria ishlaridagi kabi tanlab Vv, () interval f, ning

renorm intervallari ketma-ketligiga mos bo'lsa, u holda Lebeg o Ichovida deyarli
barcha p burish sonlari uchun E_(t) = x(V,(z))E,(t) normallangan tushish vaqti ¢

nolga intilganda gonuniyat bo"yicha yaginlashmasligi isbotlangan hamda &, gismiy
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ketma-ketlikning barcha mumkin bo'lgan limit qonunlari olingan. Shuningdek, agar
F. (1) har biri nolga yaginlashadigan biror ¢, uchun yaginlashsa, F(t) ehtimollik
tagsimotining limiti ikkita uzilish nuqgtasiga ega zinapoya funksiyasi yoki [0,1]
oraligda tekis tagsimot bo ladi.

Aytaylik q,, n>1da f, ning birinchi qaytish vaqti bo"lIsin. Biror 6 € (0,1) ni
fiksirlaymiz. Quyidagi formula yordamida barcha n>1 lar uchun c,(€) nugtalarni
aniglaymiz:

#([%0,Ca (O)]) = 0~ ([ X, T, (Xo)])-
A, orqali [xg,c,(9)) intervalni belgilaymiz. A . intervalga tushish vaqti
E, . ni garaymiz. Normallangan tushish vagtini quyidagi ko rinishda aniglaymiz:

En,c(X) = ,U(An,c)En,c(X)-
F.c(t) orgali E, (x) ning tagsimot funksiyasini belgilaymiz. Ixtiyoriy p
irratsional son uchun En,c(x) normallangan tushish vaqti ¢ nolga intilganda

gonuniyat boyicha yaginlashmasligi isbotlangan.

Ushbu dissertatsiyada, yagona kritik nugtaga ega bo'lgan aylana
gomeomorfizmlari uchun normallangan tushish vaqtlarini tadqiq gilamiz. Aytaylik,
f e Cr(p) kritik aylana gomeomorfizmi bo'lsin. Aylanada ikkita tabiiy o lchovlar

mavjud: g« invariant ehtimollik o’lchovi va (¢ Lebeg o’lchovi. En’c(x)
normallangan tushish vaqtining mos ravishda 4 va ¢ ga nisbatan F, . (t) va @ .(t)
tagsimot funksiyalarini garaymiz. f akslantirishning F,  (t) tagsimot funksiyasi
f, chizigli burishning tagsimot funksiyasi bilan ustma-ust tushadi. Shu bois, Coelho

va de Faria ishidagi barcha tasdiglar f invariant x o’lchovlar uchun ham orinli.
L invariant o'Ichov Lebegga nisbatan singular. E’tiborli jihati chekli sondagi sinish
nuqgtalari va irratsional p burish soniga ega bo'lakli sillig f aylana
gomeomorfizmlari Lebeg o'Ichoviga nisbatan ham ergodik bo'ladi. Ta’rifga ko'ra

@, (1) =1(xes: E§1>(x)st), vteR.

A.Djalilov “oltin kesim” irratsional burish soniga ega Kkritik aylana
akslantirishlari va kritik nugtaning renorm atrofi uchun tagsimot funksiyalarinig
Legeb o'lchoviga nisbatan limit holatlarini o'rgangan. A. Djalilov va J. Karimov
bitta sinish nugtasi va “oltin kesim” irratsional burish soniga ega aylana
gomeomorfizmlari uchun tagsimot funsiyasining limit holatini tadqiq gilgan.

1.4-bo’limda sinishga ega bo Igan aylana gomeomorfizmlariga tegishli zarur
tasdiglar keltirilgan.

Sinish nugtalariga ega bo'lgan aylana akslantirishlari so'nggi 20 yil ichida K.
Xanin, D. Xmelev, A. Teplinskiy, D. Smania, K. Kunya, D. Mayer, A. Djalilov, 1.
Liousse va boshgalar tomonidan muttasil ravishda o rganilgan. Sinish nugtasiga ega
bo’lakli silliq aylana gomeomorfizmlari bu - aylana diffeomorfizmlarining tabiiy
umumlashmasidir. Agar aylaning biror nugtasida birinchi tartibli hosilasida sakrash
mavjud bo'lsa, bu nugta sinish nuqgtasi deb ataladi. Sinishlarga ega eng oddiy

11



gomeomorfizmlar — bu bo’lakli chizigli aylana gomeomorfizmlaridir. M. Erman
ikkita sinish nuqgtasiga va irratsional burish soniga ega bo’lgan bo’lakli chizigli
gomeomorfizmlarning invariant o'lchovi absolyut uzluksiz bolishi uchun ikkala
sinish nuqtasi bir orbitada yotishi zarur va yetarliliginini isbotlagan.

Sinishga ega nochizigli bo"lakli sillig aylana gomeomorfizmlarining invariant
o Ichovlari K. Xanin, A. Djalilov, A.Teplinskiy, D. Mayer, I. Liousse, D. Smania,
va boshgalar tomonidan o rganilgan.

Diffeomorfizmlardan fargli o'laroq, bunday gomeomorfizmlarning o'zgarmas
o'lchovlari Lebeg o'lchoviga nisbatan singulyardir (K. Xanin, A. Djalilov, D. Mayer,
I. Liousse). Sinishga ega yetarlicha sillig (har bir oraliqda silliq) gomeomorfizmlar
uchun ularning renormlari chizigli kasrli akslantirishlar bilan yaginlashadi (K.
Xanin, D. Xmelev, A. Teplinskiy, D. Smaniya, K. Kunya, S. Kosich).

“Aylana akslantirishlari bilan bog'langan murakkablik funksiyalari va
tushish vaqgtlari” deb nomlangan ikkinchi bobda aylananing irratsional burishlari
va kritik aylana akslantirishlarining tushish vaqtlari asimptotik holatlari bilan bog'liq
bo'lgan cheksiz ikkilik so'zlar tadgiq gilingan.

2 - bobning birinchi bo'limida birlik aylanada irratsional burish bilan bog'liq
bo'lgan cheksiz ikkilik ketma-ketliklarning asosiy xossalari o rganilgan.

[0,1) intervalda f,(x)=X+ p modl irratsional burishni garaymiz va bes!
nugtani fiksirlaymiz. Aylanada P ={[0,b),[b,1)} bo’linishni garaylik. Har bir n>1
uchun S,(0,b) to’plamni aniglaymiz:

$n(0,b)={0, f,*(0),..., f, " (OH b, f,*(0),... f," (D)}

S,(0,b) to’plamning nugtalari P, bilan belgilangan bo’linishni tashkil giladi.
P, == P bo’lsin. Aslini olib garaganda,

Po=Pv f {(P)v..v " (P)}

Buyerda PvQ ={AB:AcP,BcQ}.

P, va P,,; bo’linishlarning elementlarini hech ganday indekslarsiz 1" va
bilan belgilaymiz.

P,, n>0 bo’linish ketma-ketligidan foydalangan holda simvolik dinamikaning
ba’zi maxsus turlarini hosil gilamiz. Quyidagi 1, :=[0,b) va I, :=[b,1) belgilashlarni

I n+1

Kiritamiz. vy, : s - {0,1} kodlash funksiyasini garaymiz: barcha i >0 lar uchun

. 0, agar X £ ,
v (f,(x) = e p.( 2
1, agar xe f'(ly).

Ixtiyoriy x e St ni olaylik.

@ = (@) = (Vy (W (£ (¥)).. (F1())...) (1)
orgali nol va birlardan iborat @:=@w(x) cheksiz ketma-ketlikni aniglaymiz.
Shunday magbul cheksiz sonlar to’plamini L,(p,b) bilan belgilaymiz, ya’ni

L, (p.b) ={a(x),x e S'}. Quyidagi belgilashlarni kiritamiz:
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o = (O Oy1--Omas)y M, $20, @ cheksiz so’zning  qismso’zi,

@7 = (0 @p41---), M>0, @ ning dum gismi.

4-ta’rif. Agar barcha n> N lar uchun ., =, shatrni ganoatlantiruvchi
shunday N,T N topilsa, u holda @ cheksiz so'z shartli davriy deyiladi. Aks holda
o davriy emas deyiladi.

Simvolik kodlash ta'rifidan quyidagi foydali faktlar osongina kelib chigadi.

a) Aytaylik, 1" interval P, bo'linishning ixtiyoriy intervali bo’Isin. U holda
ixtiyoriy ikkita x,yel" nugtalar uchun ularning n+1 uzunlikdagi prefikslari

m-1
ustma-ust tushadi, ya'ni @g(x)=cg(y). Shu sababli, () f '(P) ning har bir
i=0
intervaliga uzunligi m bo lgan bitta so"z mos keladi.
b) ugUy...Uy,_4 SO°zi biror magbul @ = (wy@,...®,...) cheksiz so"zning gismso ’zsi
bo'lishi uchun, ya’ni 1=0,.,(m-1) larda ,,;=U; bajarilishi uchun

f2(x) e I (UgUy...Upy ) bo'lishi  zarur  va  vyetarli bu  vyerda

m-1
| (Ugty--Umg) = [ T, (1) € P
i=0

c) Xususan, | (ugu,...u,_¢) interval bo'sh bo'Imasligi uchun ugy...u,_; ning @
ning gismso zi bo lishi zarur va yetarli.

Quyidagi belgilashni kiritamiz: d, =max ,_, [1"].

1-lemma. Barcha n>1 lar uchun d,>d, ; va limd, =0 o'rinli.

N—o0

I"(x) orqali x nuqtani o’z ichiga olgan n—bolinish P, ning intervalini va
W, («(x)) orgali o(x) ikkilik cheksiz so'zning uzunligi n ga teng gism so zlari
to plamini belgilaymiz.

2-teorema. Aytaylik x,yeS! va @(X), @(y) cheksiz so’zlar (1) bo'yicha
aniglangan ularning cheksiz kodlash ketma-ketliklari bo"lIsin. U holda quyidagilar
o rinli:

1. Barcha n>0 lar uchun W, (@(x)) =W, (@(y)) bo ladi.

2. @(X) tekis takrorlanuvchi.

3. Ixtiyoriy x e S* uchun @(x) davriy emas.

2.2-bo'limda birlik aylanada irratsional burish bilan bog'lig bo'lgan cheksiz
ikkilik ketma-ketliklarning murakkablik funksiyalari o rganilgan.
Eslatib o'tamiz, @ cheksiz so'zning murakkabligi - bu uning n uzunlikdagi

qismso’zlari sonini aniglaydigan p,(n) funksiya.
Bundan buyog’iga, soddalik uchun qismso’z murakkabligi o'rniga murakkablik
funksiyasi deb yozamiz.

Barcha be[0,1) uchun L,(p,b) ning cheksiz so'zlari murakkablik
funsiyalarini o' rganamiz. Ma’lumki,
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) Agar b={p,1- p} bo’lsa, u holda barcha n>1 lar uchun p,(n)=n+1
o rinli,

i) Agar b ={p,1- p} bo’lsa, u holda barcha n>1 lar uchun p,(n)>n+1
o rinli bo’ladi.

Biz ikkinchi holatni o’rganamiz.

r(n) orgali n uzunlikdagi maxsus o'ng qgismso’zlar (right special factors
(r.s.f)) sonini belgilaymiz va aytaylik k, =min{n >1:r(n) =2} bo’lsin.

A ikkilik alifboda r(n) maxsus o'ng qismso’zlar soni quyidagi formula
yordamida murakkablik funksiyalarini aniglashda foydalaniladi:

P, (N+1)=p,(n)+r(n).

Endi esa 2.2-bo'limning ikkita asosiy teoremasini keltiramiz. Birinchi
teoremada b nuqgta O nugtaning orbitasida bo'lmagan holat o’rganilgan.

3-teorema. Aytaylik, f, akslantirish pe(0,1) irratsional burchakka chizigli
burish bo'lsin va b+np ¢ Z bajarilsin. U holda quyidagilar o’rinli:

1. Agar 0< p<b bo’lsa, u holda barcha n>1 uchun p,(n)=2n.

2. Agar O0<b< p bo’'lsa, u holda

n+1, agar n<Kkg,
Pp(n) =
2n—ky +1, agar n>Kk,.

Quyidagi teoremada b nugta O nugtaning orbitasida yotadigan holat
o’rganilgan.

4-teorema. Aytaylik, f, 3-teoremadagi shartlarni ganoatlantirsin va ayrim
d € Z\ {0} uchun b+dpeZ bo’lsin. U holda quyidagilar o’rinli:
2n, agar n</d|,
n+d, agar n>|d|.
n+1, agar n<Kky,

2. Agar 0<b< p bo’lsa. u holda p,(n):=<2n-ky+1, agar ko <n<|d|

n+d-ky,-1 agar n>d|.

2.3-bo"limda yagona kubik kritik nugtaga ega bo'lgan f € Cr(p) kritik aylana
akslantirishlari uchun normallangan tushish vaqtlarining asimptotik holatlari tadgiq
gilingan.

Quyidagi 5-teorema ishotlangan, unda E{(x) tasodifiy migdor uchun
@, »(t) =0 tagsimot funksiyasining anig formulasi topilgan.

2.3 -bo'limning asosiy natijasini keltiramiz.

1. Agar 0< p<b bo’lsa, u holda p,(n) ::{

5-teorema. Aytaylik p= —1 va f eCr(p) kritik akslantirish bo’lsin.

6 €(0,1) da [x.,c,(0)] intervalga normallangan birinchi tushish vaqti Er(f)g(x) ga
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o0
nN=

aylanada Lebeg oIchovi bo'yicha mos keluvchi {CI)nﬂ(t)} . tagsimot funksiyalari

ketma-ketligini garaymiz. U holda
1) Barcha teR'lar uchun quyidagi chekli limit lim D H(t) (1) =Dy(t)
N—o0

mavjud, bundan tashqgari t <0 da ®,(t)=0 va t>1 da ®,(t)=1;

2) @, (t) limit funksiya [0,1] da gat’iy o’suvchi va R uzluksiz tagsimot
funksiyasi;

3) d,(t) limit funksiya [0,1] da singulyar, ya’ni deyarli barcha yerda

(aylanada ¢ Lebeg o Ichovi bo'yicha) q)@—t(t) =0.

“DANJUA TENGLIGI VA P-GOMEOMORFIZMLAR UCHUN
SHTURM SO ZLARI” deb nomlangan 3-bobda ikkita sinish nugtasiga ega bo"lgan

bo"lakli-silliq aylana gomeomorfizmlarining sinish nugtalari joylashuvi hamda h%
Erman akslantirishlarining normallangan hosilalari holati o rganilgan. Shuningdek,

h% akslantirishining normallangan hosilalariga bog'liq cheksiz ikkilik ketma-
ketliklari murakkablik funksiyalari tadqiq gilingan.

xoeS1 nugta va uning O(Xy) ={X = fi(xo), I €Z} orbitasini garaymiz.

Eslatib otamiz, 73, (%) ={1"™" (%), 0<i < g, }u{l{"”(x,),0< j<q,_.} intervallar

sistemasi ixtiyoriy n uchun aylananing bo'linishini aniglaydi, bu x, nugtaning n -
dinamik bo’linishi deyiladi.

p; irratsional burish soni va bitta orbitada yotmagan ikkita a, va c, sinish

Pn

n

yaginlashuvchi Kkasrlarini belgilaymiz. S' aylanada f% ning sinish nugtalari

nugtalariga ega bo'lgan f P-gomeomorfizmni garaymiz. orgali ps ning

joylashuvini va Df% hosilani aniglaymiz. Ravshanki, f% akslantirish
BP{ := BP{(a,) U BP{'(c,) orqgali ifodalangan 2q,, ta sinish nuqtasiga ega, bu yerda
mos ravishda BPf'(ag) :={ag,a";,...,a"q ,1} va BPf'(cy) :={c5,Cy,-.,C7q 14} hamda

mos ravishda a*; = f ' (a,) va ¢*; = f '(c,), 0<i<q, —1. Ko’rish mumkinki, f%
akslantirishning ushbu sinish nuqtalari S* aylanada o'zaro kesishmaydigan 2q,, ta
intervallarga bo’linadigan B, (f) bolinishni aniglaydi.

Ikkinchi sinish nugtasi ¢, ning B,(f) bo’linish intervallaridagi joylashuvini
4 ta fargli holatlarga bo"lamiz: 1 hol, 11 hol, 111 hol va IV hol.

Aytaylik, B, (ag) bo’linish f akslantirishga nisbatan ag =a, sinish nugtasi
orgali aniglangan n-dinamik bo’linish bo'lsin. Faraz gilaylik, a; va cg sinish
nuqtalari bitta orbitada yotmasin, u holda ikkinchi sinish nuqgtasi uchun quyidagi 3ta
holat o’rinli bo’ladi:
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| hol. ¢y € |i(0n)(ao) , ba’zi 0<iy <q,_4lar uchun;
I hol. ¢; e f 2 ((ag,aq 1), ba'zi 0< j, <q, uchun;
I hol. ¢;e fo((a, ,a, ), ba'zi 0< jo <, uchun.
Undan tashqari, a; va ¢, sinish nuqgtalari bitta orbitada yotishi ham mumkin, ya’ni
IV hol. ¢ =f"(ag),ba’zi 0<iy<q, lar uchun.

3.1-bo’limda f% akslantirish sinish nugtalari joylashuvini I va IlI hollarda

o rganganmiz. Va biz, Erman akslantirishlari uchun Danjua tengligini 1 va Il
holatlarda isbotlaganmiz.

Biz h orqali Erman akslantirishlarini belgilaymiz, ya’ni ikkita sinish nuqtasiga
ega bo lakli-chizigli aylana akslantirishlari. p irratsional burish soniga ega bo lgan
ixtiyoriy Erman akslantirishlari Danjua teoremasi shartlarini ganoatlantiradi. Demak
h akslantirish f, chizigli burish bilan topologik ekvivalent.

Biz, h% akslantirishning normallangan hosilalarini o (a,) sinish Kkattaligi

hamda h% ning sinish nugtalaridan hosil gilingan B, (h) bo'linish intervallarining
4 -0 Ichovi yordamida ifodalaganmiz.

| va Il hollarda a;=0 dan kelib chigadigan PB; (a;) sinish nugtalari va

Co = C, dan kelib chigadigan PBj,(cy) sinish nugtalari st aylanada navbatma-navbat
joylashadilar.

Aytaylik n toq bo’lsin. h% akslantirishning sinish nugtalaridan foydalanib
quyidagi subintervallarni aniglaymiz:

A= U[C—IO+S’ —0n sl By= U [C—Io —Q +S? —qn+s]

S=ig+1
1l holda keltlrllgan farazimizda  subintervallar mos  ravishda
[@%q 1s:Clij4s], 1< <ig va [al, ,s.C5 _q +s] lo +1<5 <0, korinishida berilgan.

Bu subintervallarni quyidagi gism to plamlarga birlashtiramiz:

i On
. * * . * %
A‘ = U [a—Qn+S’C—io+5]’ Bn = U [a—qn+s’c—io—qn+s]-
s=1

Szio-i-l
Juft n uchun yuqoridagi intervallarning yo'nalishini o'zgartirish kerak.
Shunday qilib, | holda bizda mos ravishda quyidagi kesishmaydigan intervallar
sistemasi mavjud [a” ], 1<s<ij, va [a® a +S,c_,O _g,+s) lo+1ss<qy.

*

1l holda mos ravishda [c,+s, q+S] 1<s<i, va [c_IO gy +s1 g, +s)s

q+s’ —ig+s

ip +1<s<q, topiladi. I hol va n juft bo’lganda va mos ravishda Il hol va n toq
bo'lganda A, va B, gism to plamlarini avvalgidek aniglash mumkin. Yuqoridagi
konstruktsiyalar shuni ko'rsatadiki, A, va B, qism to'plamlaridagi har bir
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intervalning chegaralari mos ravishda PB,(ay;) va PB,(cy) dan olingan sinish
nuqtalaridan iborat intervaldir.

o =on(ay) orgali h akslantirishning x=0 nuqtadagi sinish kattaligini
belgilaymiz va 3.1-bo"limning asosiy natijasini keltiramiz.

6-teorema. Aytaylik, h akslantirish p, irratsional burish soniga, turli
orbitalarda yotuvchi ikkita a; =0 va c;:=c, sinish nugtalariga ega va umumiy
sinish kattaligi o, =1 bo’lgan bo’lakli-chizigli aylana gomeomorfizmi bolsin.
Faraz gilaylik, c; biror iy, 0<iy<q,_,; uchun mos ravishda I va IlI hollardagi
shartlarni bajarsin. U holda | holda

o AB)L T agar xe A, UB,8

(Dh ()Y =
G,Uh(AnUBn)’ agar Xesl\(ph UBn);

va mos ravishda 111 holda

(Dh ()" ={

ot AWYB)L T agar xe A, U B,

A8 - agar xe ST\ (A, UB,).
o rinli.

3.2-bo’limda 1l va IV hollarda h% sinish nugtalarining joylashuvi tadqiq
gilingan. 11 va IV hollarda Erman akslantirishlarida h% ning normallangan

hosilalari uchun Danjua tengligi isbotlangan.
3.3-bo’limda h Erman akslantirishlari bilan bog'lig cheksiz ketma-

ketliklarning murakkablik funksiyalari o'rganilgan. h% | n>0 ning normallangan
hosilalari bilan bog’liq cheksiz ikkilik ketma-ketliklari Shturm bo"lishi isbotlangan.

XULOSA

Ushbu dissertatsiya aylanada irratsional burish bilan bog'lig cheksiz ikkilik
ketma-ketliklar murakkablik funksiyalarini, kritik aylana akslatirishlari uchun
tushish vaqtlari holatlarini va bolakli-chizigli akslantirishlar uchun Danjua
funksiyasini baholashni tadqiq gilishga bag ishlangan.

Tadgigot ishining asosiy natijalari quyidagilar:

Irratsional aylana burishi bilan bog’liq cheksiz ikkilik ketma-ketliklarning
murakkablik funksiyalari topilgan.

Bitta kubik kritik nugtaga va “oltin kesim” burish soniga ega bo'lgan aylana
akslantirishlarining nomallangan umumlashgan tushish vagtlari tagsimot
funksiyalari bo'yicha yaginlashishi va limit tagsimot funksiyasi singular, ya’ni u
uzluksiz, qat’iy o suvchi va Lebeg o'Ichovi bo'yicha deyarli barcha yerda hosilasi 0
ga teng ekanligi isbotlangan.

Ikkita sinish nuqgtasiga ega bolakli-chizigli aylana gomeomorfizmlarining
sinish nugtalari joylashuvi topilgan.

h% Erman akslantirishlari uchun Danjua tengligi isbotlangan.
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h% ning normallangan hosilalari bilan bog’liq cheksiz ikkilik ketma-ketliklar
Shturm ekanligi ko rsatilgan.
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INTRODUCTION

Actuality and demand of the theme of the thesis. In the world, many
scientific and applied researches are reduced to the study of one dimensional and
symbolic dynamical systems. The theory of circle homeomorphisms is important
part of one-dimensional dynamical systems. Circle homeomorphisms were first
studied in the pioneering works of A. Poincaré in connection with the problem of
celestial mechanics.

At the present time in the world one of the interesting problems of the theory
of dynamical systems are the problems associated with the maps of the circle. An
important class of circle maps is circle diffeomorphisms. In a sense, circle
diffeomorphisms have been well studied by now. A natural generalization of circle
diffeomorphisms are critical maps and piecewise smooth homeomorphisms with
break points. In the last 20 years such kind of circle maps with singularity points
were obtained in the works of such outstanding mathematicians as A. Poincaré, A.
Denjoy, A.N. Kolmogorov, V.I. Arnold, J. Moser, M. Erman, J.C. Yokkoz, J.G.
Sinai, K.M. Khanin, D. Ornstein, J. Katznelson and others. Nowadays, intensively
studied by many authors (M. Herman, J. Yoccoz, G. Swiatek, A.Avila, K.Khanin,
D. Mayer, A. Dzhalilov and others).

Many problems of dynamical systems, information theory, geometry, cardiac
problems, biology and practice reduced to study symbolic dynamical systems. To
study the complexity of infinity symbolic sequences is one of classical problems of
symbolic dynamical systems. The irrational rotation of the circle maps produced
such called Sturmanian words which are very important in information theory.

In our country, much attention has been paid to develop important directions of
one-dimensional dynamical systems and symbolic dynamics which have
applications to the applied and fundamental sciences. Investigations on the
international level in such important areas as the functional analysis, mathematical
physics, theory of probability and theory of dynamical systems considered as the
main task of fundamental research. Circle maps and symbolic dynamical systems
are important not only for natural sciences, but also for economics, information
theory, biology, for the study of various heart diseases, for blood tests, etc.

The subject and object of research of this dissertation are in line with tasks
identified in the Decrees and Resolutions of the President of the Republic of
Uzbekistan of February 7, 2017, PF-4947, «On the strategy of action for the further
development of the Republic of Uzbekistan», PQ-4387 dated July 9, 2019 «On state
support for the further development of mathematics education and science, as well
as measures to radically improve the activities of the Institute of Mathematics named
after V.I. Romanovskiy of the Academy of Sciences of the Republic of Uzbekistany,
PQ-4708 of May 7, 2020 «On measures to improve the quality of education and
research in the field of mathematics» as well as in other regulations related to basic
sciences.

Connection of research to priority directions of development of science and
technologies of the Republic. This study was performed in accordance with the
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priority areas of science and technology of the Republic of Uzbekistan 1V,
«Mathematics, Mechanics and Computer Sciencey.

The degree of scrutiny of the problem. The field of symbolic dynamics
evolved as a tool for analyzing general dynamical systems. Hadamard first
successfully used the symbolic dynamics techniques in his analysis of geodesic
flows on surfaces of negative curvature in 1898. Forty years later the subject got its
first systematic study, and its name, in the foundational paper of Marsten Morse and
Gustav Hedlund. In the future the symbolic dynamics used in information theory by
C.E. Shannon.

Ya. Sinai in his fundamental work used the symbolic dynamis for investigating
Anosov's flows. E. Vul, Ya. Sinai and k. Khanin constructed the symbolic dynamics
for Feigenbaum's map and build the thermodynamic formalism. The symbolic
dynamics plays important role in the theory circle maps. It is well known that every
irrational rotation of the circle produced the space of dual sequences X. To study the
complexity functions of dual sequences is one of main problem of symbolic
dynamical systems. Coelho, De Faria studied the behaviour of rescaled hitting times
for irrational rotations. A. Dzhalilov builds the thermodynamic formalism for critical
circle maps.

Denjoe inequalities play an important role in circle dynamics. Sinai and Khanin
obtained the improved version of Denjoe inequality and on its base proved the
smothness of conjugationg map.

The connection of the theme of the thesis with the research plans of the
higher education institute, where the research on the thesis is carried out. The
dissertation research is done in accordance with the planned theme of scientific
research OT-F4-82 + OT-F4-87 «Local derivations and automorphisms of operator
and nonassociative algebras, phase transitions and chaos in nonlinear dynamical
systems» + «lnvestigation the asymptotic properties indexed imperic processes in
the class of measurable functions» (2017-2021) at the National University of
Uzbekistan.

The aim of the research work is to study the complexity functions for binary
infinite sequences associated by irrational rotations of the circle, the hitting times for
critical circle maps and Denjoy equality for Herman’s maps.

Research problems:

to investigate the complexity functions of infinite binary sequences associated
by irrational circle rotations;

to study the complexity functions of infinite sequences produced by Denjoy
functions and its high iterations;

to study the structure of orbits of break points for Herman’s map;

to find an explicit expression for Denjoy products of Herman’s map by the size
of break point and invariant measure;

The research object: the complexity function of infinite sequences, irrational
rotations of the circle, Herman’s map, critical circle maps, hitting times for circle
maps.

The research subject: symbolic dynamical systems, the theory of circle maps,
invariant measures.
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Research methods. In the work used the methods of mathematical analysis,
functional analysis, symbolic dynamics, ergodic theory and probability theory.

Scientific novelty of the research work is as follows:

It is found the complexity functions of infinite binary sequences associated by
irrational circle rotations;

It is proved that the rescailed generalized hitting times of critical circle maps
with one cubic critical point and golden mean rotation number converges in
distribution and the limit distribution is singular function i.e. it is continuous, strictly
increasing and has zero derivative almost everywhere w.r.t. Lebesgue measure.

It is found the location of break points of piecewise-smooth circle
homeomorphisms with two break points.

It is proved the Denjoy equality for Herman’s map h% .

It is showed that the binary sequence associated by rescaled derivatives of h
Is Sturmian.

Practical results of the research are that mathematical models of population
processes in mathematical biology are proposed to be expressed by piecewise-
smooth functions and methods for determining the set of trajectory limit points in a
dynamical system generated by these functions are described.

The reliability of the results of the study. The results have been obtained by
using the methods of functional analysis, theory of discrete time dynamical systems
and stochastic processes. The obtained results are mathematically strongly proved.

Scientific and practical significance of the research results. The scientific
significance of the research results is explained by the fact that the description of the
set of trajectory limit points in the dynamical systems of piecewise-smooth functions
can be used in the theory of nonlinear discrete-time dynamical systems.

The practical significance of the research is determined by applications to
population processes in mathematical biology by determining the set of limit points
of trajectory in a dynamical system generated by piecewise-smooth maps.

Implementation of the research results. Results related to piecewise-smooth
dynamical systems with discrete-time were used in the following research projects:

the results on the chaoticity of the discrete-time dynamics of a discontinuous
quadratic stochastic operator on the one-dimensional simplex for non-zero values of
parameters have been used for describing the sets of limit points of trajectories of
stochastic operators in the research project No. OT-®-4-03 (Reference No. 04/1900
of Karshi State University dated June 12, 2021). The application of the scientific
result allowed to classify the limit points of quadratic and cubic stochastic operators
of Volterra and non-Volterra;

the results on Denjoy's-type equality for Hermans maps played an important
role to get universal estimates for the iterations of the Riemann-Liouville fractional
integral operators in many functional spaces which were used in the research
project University Utara Malaysia, with identification number:
FRGS/1/2018/STG06/UUM/02/13 titled “Solutions of Nonlinear Fractional
Differential Equations via a Generalized Fixed Point Method and Homotopy
Analysis Method” approved by Ministry of Education of Malaysia in 2018 .

23



Moreover, these results were used to prove the existence of solutions of fractional
order differential equations.

Approbation of the research results. The main results of the research have
been discussed at 1 international and 3 national scientific conferences.

Publications of the research results. On the topic of the dissertation 5 research
papers have been published in the scientific journals, 3 of them are included in the
list of journals proposed by the Higher Attestation Commission of the Republic of
Uzbekistan for defending the PhD thesis; in addition 2 of them were published in
international journals.

The structure and volume of the thesis. The dissertation consists of an
introduction, three chapters, conclusion and bibliography. The general volume of the
thesis is 92 pages.

THE MAIN CONTENT OF THE THESIS

The the introduction we gave the motivation of research theme an
correspondence to the priority research areas of science and technology of the
Republic. We showed the degree of study of the problem, formulates goals and
objectives, identifies the object and subject of research, sets out scientific novelty
and practical the results of the research, the theoretical and practical significance of
the results obtained is disclosed, information is given on the implementation of the
research results, on the published works and on the structure of the dissertation

In the first chapter of the thesis, titled “SYMBOLIC DYNAMICS AND
CIRCLE MAPS” we gave necessary definitions and theorems from the symbolic
dynamical systems, especially, infinite binary words and Sturmian words.

Also, we considered relation between circle homeomorphisms and symbolic
dynamics. Moreover, we gave the main notions and facts from circle dynamics:
rotation number of the orientation preserving circle homeomorphism, probability
invariant measure, critical circle maps, piecewise-smooth circle homeomorphisms
with finite number of break points and hitting times.

In section 1.1, we gave the necessary definitions and facts on infinite binary
words such as, language, periodicity and complexity, recurrence of a binary word.
We have learned some special types of the infinite binary words.

A finite word w is a factor of an infinite word @ if @w=uwy for some finite

word u and infinite word .
Definition 1. The factor complexity of an infinite word  is the function p,,(n)

counting the number of its factors of length n which satisfies the following
properties:
* non-decreasing function, i.e., p,(n+1)= p,(n)

* p)=#A

s for a periodic word @ there exists C e N such that p,(n)<C forall neN.

Definition 2. An infinite word s is called Sturmian if p,(n)=n+1 for every
natural n.
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The infinite word o(x) ={®,, ®,,...} associated by irrational rotation is called

irrational mechanical word.

In particular, we provided fundamental equivalence theorem of Sturmian words
which is very important to prove main fact in section 3.3.

Theorem 1. Let @ be an infinite binary word. The followings are equivalent:

(1) @ is Sturmian.

(2) w is irrational mechanical.

(3) w is balanced and aperiodic.

In section 1.2 we studied prelimianry informations on the theory of circle
homeomorphisms, critical circle maps, dynamical partitions and symbolic
dynamics.

Definition 3. A point x_ € S* is called critical point of order (2d +1),d >1

for homeomorphism f, if for some ¢ - neighborhood U _(x,)=(x, —&,X, +¢), the
function f belongs to CZ‘M(U (x,)) and
d2d f d 2d+1.|:
( cr) ( cr)_ = d T1o2d ( cr) O dX2d+1 (Xcr)'_'to

Def|n|t|on 4. The map f is called critical map, if it has unique critical point

of the odd order.

During the last 20-25 years the rigidity problem for critical maps was studied
by many authors.

Ostlund and others investigated the renormalization transformation in the class
of critical circle maps. Following to the work of Ostlund and others we define a set
of real-analytic commuting pairs that corresponds to a set of real-analytic critical
circle homeomorphisms the order of three. Consider the set X, of pairs (&,7) of

real-analytic, strictly increasing on real line and satisfying the following conditions:

(c) 0<4(0)<L5(0)=n(0)+1

(c2) £((0))=n(£(0))>0;

(c3) £'(0)=7'(0)=<"(0)=7"(0)=0, but £"(0) =0

(cs) (£°m)"(0)=(17-£)"(0).

Conditions (c¢;) and (c,) permit us to associate a homeomorphism f = fgl,7
on the unit circle with each (&,7) e X, . Define f =¢ on [7(0),0] and f =7 on
[0,£(0)] and associate the unit interval [7(0),£(0)] with the circle by identifying
endpoints. A rotation number p = p(f ) can be defined for f;, in the usual way.

We denote by A, (p) the subset X, of pairs (£,77) for which the rotation

NG

number p(f:,)=p= T_l i.e. it is equal to the golden mean.

Next we define the renormalization group transformation
R: X, (5) = Xer () by R(E1) = (an(a %), an(E(a X)),
where o =a;, =[1(0) - 7(£0)] ™
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The conditions (c),(c,) imply that a<-1.The renormalization group
transformation ‘R has a single hyperbolic fixed point (&,,7,) in the subspace

X, (p). Notice that &,(x),7,(x) are real analytic functions of x° and the constant
ag=as , ~—1,2886.Denoteby f, :=f.  thecircle map associated to (S,,77).

Denote by Cr(p) the set of all circle homeomorphisms whose are C!-
conjugated to f.. It is well known that any two topological conjugated

homeomorphisms have the same rotation number. Therefore, the rotation numbers
of homeomorphisms of Cr(p) are the same and equal to p.

A. Dzhalilov build the thermodynamic formalism for the critical circle maps
from Cr(p).

Section 1.3 cointains the necessary definitions and theorems on hitting times
for critical circle maps.
Let f be an orientation preserving homeomorphism  of the circle

s'=R!'/Z =[0,1) with irrational rotation number p= p(f). Let x=u(f) be the
unique invariant probability measure of f. Fix a point zeS* and consider the
interval V_(z) =[z,z+¢] S!. Consider the first entrance time to the interval V,
by E,(t)=inf{i>1:T'(t) eV, (2)}.

Next, we define rescaled entrance time by E_(t) = u(V.(2))u(E,(t)). We are

interested in the converges of the distribution function of the random variable E,(t)
I.e. in the convergence of the distribution function

F.(t) :y(x et ED(x) st), vt e R},
as € >0, for every t belonging to the continuity points of the limit function.

Coelho and de Faria investigated the problem of convergence of random
variables E_(t) for linear irrational rotations f,(X) =X+ p modl. It is known that

for linear irrational rotation f, unique invariant measure is Lebesgue measure (. If
& =g, Is chosen such that Vv, (z) corresponds to a sequence of renormalisation
intervals for f,as done in Coelho and de Faria's work; it is proved that for Lebesgue

almost every rotation number p, the rescaled entrance times E_ (t) = u(V,(2))E,(t)

do not converge in law as & tends to zero, and all possible limit laws under a
subsequence of &, are obtained. Notice that if F. (t) converges for some &,

converging to zero every, the limit probability distribution F(t) either step function

with two discontinuity points, or uniform distribution on interval [0,1].
Let q,,, n=>1be the first return times for fp. Fix 8 €(0,1). Forevery n>1, we

define the points c,(8) by:
#([%0,Ca (O)]) = 0~ ([ X, T, (Xo)])-
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We denote by A, . the interval [xy,c,(0)). Consider the entrance time E, . to
the interval A, .. Define rescaled entrance time by

En,c(X) = ,U(An,c)En,c(X)-
Denote by F, .(t) the distribution function of E, .(x). It is proved that for any
irrational number p the rescaled hitting times En,c(x) do not converge in law as ¢

tends to zero.
In this paper we investigate the rescaled entrance times for circle
homeomorphisms with a single critical point. Let f €Cr(p)be critical circle

homeomorphism. There are two natural measures on the circle: invariant probability
measure 4 and Lebesgue measure (. Now, we consider two distribution functions

F.c(t)and @, (t) of rescaled entrance time En,c(x) with respect to measures u
and ¢, respectively. The distribution function F,.(t) of f coincide with
distribution function of linear rotation f,. Therefore all statements of Coelho and de

Faria's work are true for f invariant measure g The invariant measure g is

singular with respect to Lebesgue. Notice that for piecewise smooth circle
homeomorphisms f with finite number of break points and irrational rotation

number the map p is ergodic w.r.t. Lebesgue measure also. By definition
D, (1) = |(x e S EQ (%) st), vteR,

A.Dzhalilov studied the limit behaviour of distribution function with respect to
Lebesgue measure for critical circle maps with ““golden irrational rotation number
and for renormalized neighborhood of critical point. A. Dzhalilov and J. Karimov
investigated the limit behavior of distribution function with respect to Lebesgue
measure for circle homeomorphism with single break point and with golden mean
irrational rotation number.

Section 1.4 cointains the necessary fact on circle homeomorphisms with break
points.

Circle maps with break points have been intensively studied over the past 20
years in the works of K. Khanin, D. Khmelev, A. Teplinsky, D. Smania, K. Cunha,
D. Mayer, A. Dzhalilov, I. Liousse and others. Piecewise smooth homeomorphisms
with breaks are a natural generalization of circle diffeomorphisms. The point is
called a breakpoint if there is a jump of the first derivative in it. The simplest
homeomorphisms with breaks are piecewise linear homeomorphisms of the circle.
M. Herman showed that the invariant measure of a piecewise linear homeomorphism
with two breaks and an irrational number of rotations is absolutely continuous if and
only if both break points lie on the same orbit.

Invariant measures of nonlinear piecewise smooth homeomorphisms of a circle
with breaks were studied by K. Khanin, A. Dzhalilov, A.Teplinsky, D. Mayer, I.
Liousse, D. Smania, and others.

In contrary to diffeomorphisms, the invariant measures of such
homeomorphisms are singular with respect to the Lebesgue measure (K. Khanin, A.
Dzhalilov, D. Mayer, I. Liousse). For sufficiently smooth (smoothness on each
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interval) homeomorphisms with breaks, their renormalizations are approximated by
linear fractional maps (K. Khanin, D. Khmelev, A. Teplinsky, D. Smania, k. Cunha,
S. Kosich).

In chapter two, titled “COMPLEXITY FUNCTIONS AND HITTING
TIMES ASSOCIATED BY CIRCLE MAPS” we investigated the infinite binary
words associated by irrational rotations of the circle and the asymptotic behavior of
hitting times of the critical circle maps.

In the first section of chapter 2, we study main properties of infinite binary
sequences associated by irrational rotation on the unit circle.

We consider an irrational rotation f,(X) =X+ p mod1 on the interval [0,1). Fix

a point b e S. Consider the partition P ={[0,b),[b,1)} of the circle. For each n>1
we define the set S,(0,b):
$n(0,b)={0, f,*(0),..., f, " (OH b, f,*(0),... f, " (D)}
The points of the set S,,(0,b) determine a partition denoted by P, . Put P, :=P.
In fact,
Po=Pv f {(P)v..v " (P)}

where PvQ:={A(\B:AcP,BcQ}.

Here we denoted elements of P, and P,,; by just I" and | ™ without any

indexes.
Next using the sequence of partitions P,, n >0 we construct some special kind

of symbolic dynamics. Put I, :=[0,b) and I,:=[b,1). Define the coding function
v ST —>{0,1}: forall i>0
0, if xef)'(lp),

fl(x)):=
(f0) {1, if xefi(ly).

Take any x e sl The corresponding infinite sequence @:=w(X) of zeros and
ones we define as @ = (@y@,...@,...) = (v, (v ( (X)) ( f;(x))...) :

Denote the collection of such admissible infinite words L,(po,b) i.e.
L, (p.b) ={a(x),x e shy. We introduce the following notations:

o> = (0O 41O s ), M, S = 0, the factor of @, w = (W@ .4---),M >0, the tale

of w.

Definition 4. An infinite word o is ultimately periodic if there exist N,T e N
such that w,,t =, for each n>N. Otherwise @ is called aperiodic. From the
definition of symbolic coding easily follows the following useful facts:
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a) Let 1" be any interval of the partition P,. Then for any two points x,y e I"

their prefixes of length n+1 are coincides i.e. af(x)=awg(y). Hence, for each
m-1
interval of (1) f'(P) corresponds one word of length m.
i=0
b) The word uyu,..u,_, is a factor of some admissible infinite word
o= (0y@..0,...) ie. o= for 1=0,..(m-1) if and only if

m-1 .
f7(x) € 1 (Ugty-Upy 1),  Where I (UgUy..Up 4) =[] f,"(l5) € Py,
i=0

c) In particular, the interval | (ugu;...U,_4) is nonempty if and only if ugu,...u, 4
is a factor of w.

_ n
Denote by d, —maxlnepn [17].

Lemma 1. Forall n>1, d, >d,,; and limd, =0.
N—co0

Denote by 1"(x) the interval of n—th partition P, containing x and W, (@(X))
be the set of subwords of the length n of the infinite binary word @(x).

Theorem 2. Let x,y e S! and @(X), o(y) are their infinite coding sequences

defined by (2.1.3). Then followings are hold
1. for all n>0, we have W, (@(x)) =W, («(Y)).

2. @(X) is uniformly recurrent.
3. w(x) is aperiodic for any x e S*.
In section 2.2, we studied the complexity functions of infinite binary

sequences associated by irrational rotation on the unit circle.
Recall that, the complexity of an infinite word @ is the function p,(n)

counting the number of its factors of length n.

Further, for simplicity, instead of factor complexity we write complexity
function.

We study the complexity functions of infinite words of L, (p,b) for all

be[0,1). We know that,
) If b={p,1- p}, then p,(n)=n+1forall n>1,
i) If b={p,1- p}, then p,(n)=n+1 forall n>1.
We consider the latter case.
Denote by r(n) the number of right special factors (r.s.f) of length n and let
ko =min{n>1:r(n) =2}.
On a binary alphabet A the number of right special factors r(n) is used to
determine the complexity function by following formula:
p@(n +1) = p@(n) +r(n).
Now we formulate two main theorems of the section 2.2.
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The first theorem corresponds to the case when the point b is not in the orbit
of 0.
Theorem 3. Let f, be the linear rotation to the irrational angle p, p€(0,1)

and let b+np ¢ Z. Then the followings are hold
1.1f 0<p<b, then p,(n)=2n forall n>1

2.1f 0<b< p, then
n+1 if n<ky,
p,(n) = _
2n—ky +1, if n>k,.
The following theorem corresponds to the case when b lies in the orbit of 0.
Theorem 4. Let f, be same as theorem 3. and b+dpeZ, for some

d € Z\ {0}. Then the followings are hold

2n, if n<d|,

n+d, if n>d].

n+1 if n<ky,

2.1f 0<b< p, then p,(n)==12n—-ky +1, if ky<n<|d|
n+d-ky,—1 if n>d]|.

In the section 2.3, we investigate asymptotic behavior of the rescaled hitting
times for critical circle maps f € Cr(p) with a single cubic critical point.

It is proved the Theorem 5., where found the explicit formula for distribution
functions @, ,(t) =0 of random variables E%(x).
We formulate the main result of the section 2.3.

J5-1
2

1.1f 0<p<b then p,(n) ::{

Theorem 5. Let p =

and let f € Cr(p) be critical circle map. Consider

for 6 (0,1) the sequence of distribution functions {CDM(t)} with respect to

n=1
Lebesgue measure on circle corresponding to the first rescaled hitting times Er%(x)
to interval [x.,c,(€)]. Then

1) for all teR! there exists the finite limit lim D o(t) () =Dy(t), where
nN—oo

D,(t)=0, if t<0, and O,(t) =1, if t>1;
2) the limit function ®,(t) is a strictly increasing on [0,1] and continuous
distribution function on R*;

3) ®,(t) is singular on [0,1] i.e.

=0 a.e. with respect to Lebesgue

Dy (1)
dt
measure ¢ on the circle.
In chapter three, titled “DENJOY EQUALITY AND STURMIAN WORDS

FOR P-HOMEOMORPHISMS” we studied the location of break points of
piecewise-smooth circle homeomorphisms with two break points and the behavior
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of rescaled derivatives of Herman maps h% . Also, we investigated the complexity

function of infinite binary sequences associated by rescaled derivatives of h%
Take some X, € st and consider its orbit O(Xp) ={x = fi(xo),i e Z}. Recall

that the system of intervals 7, (xo) ={1{" ™ (%,),0 <i < g, 3 {1{" (%)),0< j <1},

determines for any n a partition of the circle, which is called the n-th dynamic
partition of the point Xx,.

Consider, an arbitrary P-homeomorphism f with irrational rotation number
P and two break points a, and c,, which are not on the same orbit. Denote by

Pn the partial convergent of p; . We will next determine the location of the break
Un

points of f% and the derivative Df % on S. Obviously, the map f% has 2q,
break points denoted by BP{ == BP{'(a,) U BP{'(c,) with
BPf (ap) ={ag,a";,...a%q .1}, respectively BP{(cy)={c;,C’y,....C g 11}, Where
a’; = f'(a,), respectively c*; = f ' (c,), 0<i<q, —1. Itis clear, that these break

points of the map f% define a partition B,(f) of the circle S into 2q, intervals

with pairwise non-intersecting interior.
We divided the location of the second break point c, in intervals of partition

B, (f) to four nonintersecting cases: Case I, Case Il, Case Il and Case IV.
Let B, (ag) be the n-th dynamical partition determined by the break point
a, = a, Wwith respect to the map f. Assume that breaks points c; and a; are in
different orbits, then the following three cases hold for the second break point c;:
Case I. c5 e 11" (a), for some 0<iy <y y;

Case Il. ¢y e f J'0((610,a_qn]), for some 0< j, <q,;

Case 1. ¢; e f o ((a_ 3, ), for some 0< j, <qy;

On’
Also it is possible the case when both breaks points ¢, and a; are in the same orbit
I.e.

Case IV. c5= f"(ay), forsome 0<i,<q,.

In section 3.1 we studied the location of break points of f% in Case | and Case

I11. We also proved Denjoy equality for Herman’s map in the Cases I and I11.

We denote by h Herman’s maps i.e. PL circle homeomorphisms with two
breaks. Each Herman’s map with irrational rotation number p satisfies the
conditions of Denjoy’s theorem. Hence h topologically conjugated by linear
rotation f,.
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We expressed the rescaled derivative of h% by the jump ratio o}, (a,) and the
i, -measures of intervals of the partition B, (h) produced by break points of h%

In Case | and Case III the break points PB,(ay) originating from a; =0 and
the break points PB,(cy) originating from c, = ¢, alternate in their order along the

circle St.

Let n be odd. Using the break points of h% & we define the following
subintervals:

io On
. * * . %k *
Ah = U [C—i0+S’ a—qn+s]’ Bn = U [C—io—qn+51 a—qn+5]'
=1 s=ig+1

In Case 111 the subintervals are given by [a” cfi0+s], 1<s<ig, respectively

g, +S?
* % - - -
[a g +s:Cliy—q,+s)s lo +1<s<0j,, Which we combine to the subsets
io * * qn * *
Ah = U [a—qn+s'C—i0+s]’ Bn = U [a—qn+s'c—io—qn+s]-
s=1 S=ig+1
For n even, the orientation of the above intervals has to be reversed. Therefore
in Case | we have the following system of disjoint intervals
* % - - % * -
[a g +s:Cig4s)s 18 <y, respectively, [aZ, .55 _q 1s] Ip +1<s<qp.
H * * - -
In Case Il one finds [Ci +s:8 g, +s] 1S 5<p, respectively
[CTi,—q, 518 q,+s)s lo +1<5<q,. In Case | and n even, respectively in Case I and

n odd, the subsets A, and B, can be defined as before. The above constructions
show, that the boundaries of every interval in the subsets A, and B, is an interval

whose boundaries consist of break points from PB,(a;) respectively, PB,(cy).
We put o =0},(a,) and formulate the main result of the section 3.1.
Theorem 6. Let h be a PL circle homeomorphism with irrational rotation
number p, and two break points aj =0 andc; = ¢,, whose total jump ratio o, =1,

and which lie on different orbits. Assume c, fulfills the assumptions of Case |
respectively Case Il for some i, with 0<i, <q,,_;. Thenin Case |

oAmBT if xe AL UB,

DhQn (_l)n =
( (x)) {auh(/%UBn), if xeS'\ (A, UB,);

respectively, in Case I,

o AmB)L i xe AL UB,

n+1
(Dh% (x)) ={ .
o) it e STN (A, UB,).
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In section 3.2 we investigated the location of break points of h% in the Cases

Il 'and IV. It was proved Denjoy equality for rescaled derivative of h% for Herman’s
map in the Cases Il and IV.

In section 3.3 we studied the complexity functions of infinite sequences
associated by Herman’s map h. We showed that the binary sequence associated by

rescaled derivatives of h%  n>0 is Sturmian.
CONCLUSION

The thesis is devoted to investigation of the complexity functions for infinite
binary sequences associated by irrational rotations of the circle, the behavour of
hitting times for critical circle maps and the estimate of Denjoy function for
piecewise-linear maps.

The basic results of the research work are follows:

It is found the complexity functions of infinite binary sequences associated by
irrational circle rotations;

It is proved that the rescaled generalized hitting times of critical circle maps
with one cubic critical point and golden mean rotation number converges in
distribution and the limit distribution is singular function i.e. it is continuous, strictly
increasing and has zero derivative almost everywhere w.r.t. Lebesgue measure.

It is found the location of break points of piecewise-smooth circle
homeomorphisms with two break points.

It is proved the Denjoe equality for Herman’s map h% .

It is showed that the binary sequence associated by rescaled derivatives of h%
Is Sturmian.
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BBEJIEHUE (anHoTanus gucceprauuu Aokropa pumwiocopuun(PhD))

Heabio wuccienoBanusi SIBASETCS U3YYEHUE (PYHKUIUM CIIOXKHOCTH JIst
JIBOMYHBIX  OCCKOHEUHBIX  IOCIEJOBATEIBHOCTEH,  acCCOIMPOBAHHBIX c
UppAIMOHAIBHBIMU ~ BpPAIICHUSIMUA ~ OKPY>KHOCTH, BpPEMEHU TMOMaJaHus IS
KPUTUYECKUX OTOOPAKEHUN OKPY>KHOCTU U paBeHCTBa J(aHkya juisi oToOpa)keHus
OpmaHa.

O0bexT MccienoBaHusi: (QYHKIMUS CIOKHOCTU OECKOHEYHBIX IOCJIEI0Ba-
TEJIBLHOCTEH, HppalMOHATIbHBIE TOBOPOTHI OKPYXXHOCTH, OTOOpakeHHE IpMaHa,
KPUTUYECKUE OTOOPAKEHUST OKPY>KHOCTEH, BpeMEHa NomnagaHus A1 0TOOpa-KeHus
OKPY>KHOCTH.

Hay4yHnasi HOBU3HA MCCJIeIOBAHNUSI COCTOUT B CJICTIYIOIIEM:

[TomHOCTBIO HaeHbl (QYHKIMU CIOKHOCTH OECKOHEYHBIX JIBOMYHBIX
MOCJIEIOBATEIIBHOCTEM acCCOIMUPOBAaHHAs C HPPaAlUMOHATIBLHBIMU BpaIlCHUSIMU
OKPY>KHOCTH;

JlokazaHo, 4YTO HOPMHUPOBAHHBIE BpeMs TMOMAJaHUS  KPUTUYECKOTO
O0TOOpaKeHUsI OKPYKHOCTH C OJHOW KyOMYECKOU KPUTHIECKON TOYKOM U C YUCIIOM
BpallleHUsT PaBHBIM 30JI0TOMY  CEUYEHHUIO CXOJUTCS TIO PACHPEACICHUI0 W
peaeIbHOE paclpeiefieHue SIBISETCS CHUHTYISIpHOM (YHKIMEH, T.e. OHO
HEeIpephIBHAS, CTPOrO BO3pacTaloIasl ¢ TOYTH BCIOJY HMEET HYJICBYIO
IPOU3BOHYIO 110 OTHOIIICHUIO K Mepa JleOera.

[lonHOCTBIO HAMIIEHO PACMOJOKEHHE TOYEK U3JIOMa KYyCOUYHO-TJIAJKUX
rOMEeOMOP(PU3MOB OKPY>KHOCTH C ABYMS TOUKAMHU H3JIOMA.

Jlokazano paBeHcTBO Jlamxkya nisi otoOpakenust Jpmana. [lokazaHo, 4To
JBOMYHAS TIOCJIEOBATENIBHOCTh  ACCOIMUPOBAHHAS C TEPEHOPMUPOBAHHBIMU
IPOU3BOJIHBIMU KYCOYHO-TJIAJIKUX OTOOPa)KEHUN OKPYKHOCTHU C IBYMS M3JIOMaMH
SBJISETCS IITYPMOBCKOIA.

BHeapenue pe3yabTaToOB MCCIAeI0BaHUA. Pe3ynbTarhl, CBS3aHHBIE C
KYCOYHO-TTIAAKAUMU JTUHAMUYECKUMH CHCTEMaMH C JUCKPETHBIM BpEeMEHEM, ObLIU
MCIIOJIb30BaHbI B CIACAYIOIMIUX UCCIEI0BATEILCKUX MTPOCKTAX:

pe3yNbTaThl O  XAaOTHYHOCTH  JUCKPETHOM  JAMHAMUKUA  Pa3pbIBHOTO
KBaJIpaTUYHOTO CTOXAaCTUYECKOTO OIlepaTopa Ha OJHOMEPHOM CHUMILIEKCE MpH
HEHYJICBBIX 3HAYCHUSX MapaMeTPOB OBLIM MCTIOIB30BAHBI JJIS OMMCAHUS MHOKECTB
MpeaeabHbIX TOYEK TpaeKTOpUi CTOXAaCTHYECKUX OMEepaTOpPOB B
uccienoBareabckoM  mpoekte  Ne  OT-®-4-03  (CmpaBka  KaprmHckoro
rocyaapctBenHoro yausepcuteta Ne 04/1900 ot 12 utons 2021 r.). [lpumenenue
HAy4YHOTO pe3yJbTaTa TO3BOJUIO KIACCU(DHUIIMPOBATH TIPEACIbHBIE TOYKHU
KBaJpaTUYHBIX U KyOMYECKHX CTOXaCTHYECKHUX omnepaTopoB Bonbreppa u He
Bosnbreppa;

pe3yabTaThl OTOM, YTO MHOKECTBO IMPEAEIbHBIX TOUEK MPU 3aJaHHBIX
3HAQUEHUSIX  MapaMeTpoB I  JUHAMHKUA  Pa3pbIBHOTO  KBaJPaTUYHOTO
CTOXaCTHYECKOTO ONepaTopa Ha ABYMEPHOM CHUMILIEKCE MPEACTABIsAET cO00i 1100
EAMHCTBEHHYIO TOYKY, JINOO OECKOHEYHOE MHOKECTBO, OB MCIIOIB30BAHBI JIJIS
OMHUCaHUsA JWHAMHUKU MOJIeJIed XMMHUYECKUX pPeaklHil B HCCIEI0BATEIbCKOM
npoekte Ne E®A-A1ex-2018-182 (CmpaBka Axkamemun Hayk Pecrmy6Gmuku
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V36ekucran Ne 2/1255-1825 ot 23 wmrons 2021 r.). Mcnons3oBaHue Hay4HBIX
pe3yJIbTaTOB OOECHEUYWIO OmnpeneseHue (PUKCUPOBAHHBIX TOYEK M MEepHoaa
JUHAMUYECKUX CUCTEM B COOTBETCTBHH C MOJEISIMU XUMUYECKUX PEAKLUM, a TAKXKE
KAaYECTBEHHBIN aHAJIN3 TPACKTOPHUU.

CrpykTypa u 00beM guccepranuu. Jluccepraius COCTOUT U3 BBEACHUS, TPEX
IJIaB, 3aKJIIOUYEHUSI M CIUCKa MCIOJIb30BaHHON JuTeparypbl. O0OBeM IuccepTalyu
cocTaBisieT 92 crpaHuil.
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