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A little bit of mathematics
Differential geometry

Metric tensor g, = interval
ds? = g (x)dx*dx” (gWg"’\ = 6;})

Connections [ = covariant derivative
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Ricci tensor R, = RW\V
Curvature scalar R = g”’\R“,\

gu(x), Th(x)




A little bit of mathematics
Differential geometry Il

Three tensors gy, (x), S5, Quuw
Torsion Sy, =Tn -T2,
Nonmetricity Qxu = Vaguw
Connections I, = Ch, + K, + L)),
C)\ _ 1 Ax
v Eg (g%u,u + v,y — guy,%)
Q)\;u/ = V/\g;w = Q/\/u/ = Q)\Vu
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A little bit of mathematics
Differential geometry Ill

Riemann geometry
A
Siw=0, Quuw=0
A A A
S,U»V = 0, Q)\uu = 07 = rp,y = Cp,l/

Weyl geometry
A A A
Sw=0 = T, =T,

Qv = A\(X) g (X)
A A A
er - C/w + Wuv
1
W), = _E(Auaé + A — Algu)

Ax(x) — "Weyl vector”



Local conformal transformation

ds? = Q2(x)d3? = Q2§ (x)dx" dx”

N 1.,
Buv = Q2g,u1/a gﬂl’ = @gwj
V-8 =" (x)v-&
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If A, = gauge field

A Q
A“:AH+2?"M =

Strength tensor
Fu = VA, = VAL = Avy — Auw



Weyl gravity

Lw = a1Ruxe R + aoRu R + a3R? + auFpu FM

SW_/£W\/—gd4X, %STW:O

Dynamical variables: g, (x), A,x

Matter fields Siot = Sw + Sm:  Sm = [Lmv/—8& d*x
Sm is not necessary conformal invariant
05, does!

ae 1
55, -5 / TH (58, )v/—8 d*x — / G"(6A,)v/—g d*x

+ %ﬁ—wm(é\ll)\/—g d*x=0

W — collective dynamical variable for matter fields, 0L,,/0V =0
TH” — energy-momentum tensor, G* — “Weyl current”



Weyl gravity Il

2 ~
Ogus = 8 (09) + Q*(08iu)
0A, = (0A,) +2(6(log ) ,,
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Self-consistency condition

02: 2Gl, = Trace[T""]

“"  — covariant derivative with Cﬁ‘l,



Cosmology

Cosmology = homogeneity and isotropy
Robertson-Walker metric

dr?

1 — kr?

ds? = dt? — a*(t) ( + r?(d6? + sin? 9d¢2)> , k=0,=+1

A,u = (Ao(t),0,0, 0) =

T =(To(t), Ti(t) = T3 = T3)

Special gauge
Ao(t) =0



Field equations
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Vacuum solutions

R, Q
2 _o 2 &0
a+k 123—!—32 =
RoQo =0

Q@ Q=0
Ry < 0 = de Sitter
Ry>0 = AdS
Ro =0 = Milne universe

Q@ QW#0 Ry=0
4Qo(t —tg)®>=2a% k=0 (@ >0)
@+ (t—t)?=Q, k=%1 (Q >0)
(t—to)?—a%, k=-1



New possibilities

Single particle u*
Riemann geometry

Spart = —m/ds

Wey| geometry — new invariant B = A, u*

Sourt —/fl(B)ds—i—/fg(B)dT —/{ A(B) /g i+ f(B) ydr

Equations of motion
AB)uxus” = ((A(B)+5 (B)Ay — K (B)un ) Buu”
+ (f(B) + H(B))Fruu”

Since F,\MuAu“ =0 and u,\;(,u’\ =0

Either (f, +f )B=1f or B,u"=0



Independent observer

Conformal invariance

Main problem — gauge fixing
Independent observer

Independent = not a dynamical variable
Simplest choice =

obs / Eu\/ d4
&H - — proportional to the four-velocity

T = —(AeM)g"

obs

Cosmology: it singles out the gauge A, =0



Vacuum cosmological solutions
A, =0, G =0, TH =0

Field equations _
—67R = £°
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Self-consistency condition:
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Vacuum cosmological solutions Il
A, =0, Gr=0, T" =0

1
#2a° = (82 + k)® — 33b

a>0,a>3 = axa = exponential growth!



The End



