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A little bit of mathematics
Differential geometry

Metric tensor gµν ⇒ interval

ds2 = gµν(x)dxµdxν (gµνg
νλ = δλµ)

Connections Γλµν ⇒ covariant derivative

∇µlν = lν,µ + Γνσµl
σ, . . .

Curvature tensor Rµνλσ

Rµνλσ =
∂Γµνσ
∂xλ

−
∂Γµνλ
∂xσ

+ ΓµκλΓκ
νσ − ΓµκσΓκ

νλ

Ricci tensor Rµν = Rλµλν
Curvature scalar R = gµλRµλ

gµν(x), Γλµν(x)



A little bit of mathematics
Differential geometry II

Three tensors gµν(x), Sλµν , Qλµν

Torsion Sλµν = Γλµν − Γλνµ

Nonmetricity Qλµν = ∇λgµν
Connections Γλµν = Cλµν + Kλ

µν + Lλµν

Cλµν =
1

2
gλκ(gκµ,ν + gκν,µ − gµν,κ)

Qλµν = ∇λgµν ⇒ Qλµν = Qλνµ

Kλ
µν =

1

2
(Sλµν − S λ

µ ν − S λ
ν µ)

Lλµν =
1

2
(Qλ

µν − Q λ
µ ν − Q λ

ν µ)



A little bit of mathematics
Differential geometry III

Riemann geometry

Sλµν = 0, Qλµν = 0

Sλµν = 0, Qλµν = 0, ⇒ Γλµν = Cλµν

Weyl geometry
Sλµν = 0 ⇒ Γλµν = Γλνµ

Qλµν = Aλ(x)gµν(x)

Γλµν = Cλµν + W λ
µν

W λ
µν = −1

2
(Aµδ

λ
ν + Aνδ

λ
µ − Aλgµν)

Aλ(x) — “Weyl vector”



Local conformal transformation

ds2 = Ω2(x)dŝ2 = Ω2ĝµν(x)dxµdxν

gµν = Ω2ĝµν , gµν =
1

Ω2
ĝµν

√
−g = Ω4(x)

√
−ĝ

Cλµν = Ĉλµν +

(
Ω,ν

Ω
δλµ +

Ω,µ

Ω
δλν − gλκ

Ω,κ
Ω

ĝµν

)
If Aµ = gauge field

Aµ = Âµ + 2
Ω,µ

Ω
⇒

Γλµν = Γ̂λµν ⇒

Rµνλσ = R̂µνλσ, Rµν = R̂µν

Strength tensor

Fµν = ∇µAν −∇νAµ = Aν,µ − Aµ,ν



Weyl gravity

LW = α1RµνλσR
µνλσ + α2RµνR

µν + α3R
2 + α4FµνF

µν

SW =

∫
LW
√
−g d4x ,

δSW
δΩ

= 0

Dynamical variables: gµν(x), Aµx

Matter fields Stot = SW + Sm, Sm =
∫
Lm
√
−g d4x

Sm is not necessary conformal invariant
δSm does!

δSm
def
= −1

2

∫
Tµν(δgµν)

√
−g d4x −

∫
Gµ(δAµ)

√
−g d4x

+

∫
δLm
δΨ

(δΨ)
√
−g d4x = 0

Ψ — collective dynamical variable for matter fields, δLm/δΨ = 0
Tµν — energy-momentum tensor, Gµ — “Weyl current”



Weyl gravity II

δgµν =
2

Ω
gµν(δΩ) + Ω2(δĝµν)

δAµ = (δAµ) + 2(δ(log Ω),µ

δĝµν :
δSm
δĝµν

def
= −1

2
T̂µν ⇒ T̂µν = Ω2Tµν

(T̂ ν
µ = Ω4T ν

µ , T̂
µν = Ω6Tµν)

δÂµ :
δSm

δÂµ

def
= −Ĝµ ⇒ Ĝµ = Ω4Gµ

Self-consistency condition

δΩ : 2Gµ
;µ = Trace[Tµν ]

“;” — covariant derivative with Cλµν



Cosmology

Cosmology = homogeneity and isotropy
Robertson-Walker metric

ds2 = dt2 − a2(t)

(
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

)
, k = 0,±1

Aµ = (A0(t), 0, 0, 0) ⇒

Fµν ≡ 0

Tµ
ν = (T 0

0 (t),T 1
1 (t) = T 2

2 = T 3
3 )

Special gauge
A0(t) = 0



Field equations

δAµ : − 6γṘ = G 0, γ =
1

3
(α1 + α2 + 3α3)

R = −6

(
ä

a
+

ȧ2 + k

a2

)
δgµν : − 12γ

{ ȧ
a
Ṙ + R

(
R

12
+

ȧ2 + k

a2

)}
= T 0

0

−4γ
{
R̈ + 2

ȧ

a
Ṙ − R

(
R

12
+

ȧ2 + k

a2

)}
= T 1

1

Self-consistency condition:

2
(G 0a3)̇

a3
= T 0

0 + 3T 1
1



Vacuum solutions

G 0 = 0 ⇒ Ṙ = 0 ⇒ R = R0 ⇒

a2 + k = −R0

12
a2 +

Q0

a2
⇒

R0Q0 = 0

1 Q0 = 0
R0 < 0 ⇒ de Sitter
R0 > 0 ⇒ AdS
R0 = 0 ⇒ Milne universe

2 Q0 6= 0 R0 = 0
4Q0(t − t0)2 = a2, k = 0 (Q0 > 0)
a2 + (t − t0)2 = Q0, k = ±1 (Q0 > 0)
(t − t0)2 − a2, k = −1



New possibilities

Single particle uµ

Riemann geometry

Spart = −m
∫
ds

Weyl geometry — new invariant B = Aµu
µ

Spart =

∫
f1(B)ds+

∫
f2(B)dτ =

∫
{ f1(B)

√
gµνuµuν+ f2(B)}dτ

Equations of motion

f1(B)uλ;µu
µ =

(
(f

′
1 (B) + f

′′
2 (B))Aλ − f

′
1 (B)uλ

)
B,µu

µ

+ (f
′
1 (B) + f

′
2 (B))Fλµu

µ

Since Fλµu
λuµ ≡ 0 and uλ;σu

λ ≡ 0

Either (f
′
1 + f

′′
2 )B = f

′
1 or B,µu

µ = 0



Independent observer

Conformal invariance
Main problem — gauge fixing
Independent observer
Independent = not a dynamical variable
Simplest choice ⇒

Sobs =

∫
Aµξ

µ√−g d4x ,

ξµ — proportional to the four-velocity

Tµν
obs = −(Aλξ

λ)gµν

Cosmology: it singles out the gauge Aµ = 0



Vacuum cosmological solutions
Aµ = 0, Gµ = 0, T µν = 0

Field equations
−6γṘ = ξ0

−12γ
{ ȧ
a
Ṙ + R

(
R

12
+

ȧ2 + k

a2

)}
= 0

−4γ
{
R̈ + 2

ȧ

a
Ṙ − R

(
R

12
+

ȧ2 + k

a2

)}
= 0

R = −6

(
ä

a
+

ȧ2 + k

a2

)
Self-consistency condition:

2
(G 0a3)̇

a3
= 0 ⇒ Ṙ =

b

a3
, b = const



Vacuum cosmological solutions II
Aµ = 0, Gµ = 0, T µν = 0

ä2a2 = (ȧ2 + k)2 − 1

3
ȧb

ȧ > 0, a� a0 ⇒ ȧ ∝ a ⇒ exponential growth!



The End


