
Missed Opportunities or Overcoming Deadlocks?

I. Aref’eva

Steklov Mathematical Institute, RAS

International Conference "Selected Topics in Mathematical Physics"  
Dedicated to 75-th Anniversary of I. V. Volovich 

                              September 27–30, 2021, online, Moscow



Few remarks about the title of my talk.

The meaning of «Missed Opportunities»  is double-valued

Our «Missed Opportunities»  vs  
«Missed Opportunities» by others :  

i) We could have missed opportunities

ii) Or, other authors may have missed some opportunities 
that provide a way out of the impasse

I will present two examples of these two different types of missed opportunities.  
Since this is a jubilee conference, examples will be related to hero of the day.



1-st example.  
Our «Missed Opportunities»

• As is commonly believed, at anniversary conferences, 
people talk about the most known articles and the main 
achievements of the hero of the day.


• I'll follow a different way. I will talk about works not 
finished, or even about not started works


• I cannot say that I was privy to all the scientific ideas of 
Igor, so I can speak about common started papers that 
were not finished or were not pushed enough.



1-st example.  
Our «Missed Opportunities»

• I have checked on INSPIRE database and found that we 
have written about 70 articles together over the past 40 
years


• Now I'll show what I have found there. 
Here is a screenshot from INSPIRE.



Screenshot from INSPIRES

1-st example. Our «Missed Opportunities»





• I have checked on INSPIRE database, that is OK for 
theoretical physics related to our common interests. 


•  But theoretical physics does not cover all Igor's interests.


• For mathematical physics, it would be better to use 
google scholar.


• I have found the following. 
 





I.A,  I.V. Volovich,
TETRAD FORMALISM IN STRING FIELD THEORY,
Theor. Math. Phys. 71 (1987) 562-563

The basic entity in string field theory is the scalar string field ~[X(o), c(o),~(o)], 
Re note however 
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A field theory of closed strings is formulated using variables of the 
type of the tetrad field and Lorentz connection. 

i. The basic entity in string field theory is the scalar string field ~ [ X ( o ) ,  c ( o ) , ~ ( o ) ] ,  
which  was i n t r o d u c e d  by S i e g e l  [ 1 ] .  The f i e l d  ~ i s  a f u n c t i o n a l  o f  t h e  s t r i n g  c o o r d i n a t e s  
XP(o) and t h e  F a d d e e v - P o p o v  g h o s t s  e ( o ) ,  c ( o ) .  The e x p a n s i o n  o f  ~ in  a s e r i e s  w i t h  r e s p e c t  
t o  t h e  g h o s t s  l e a d s  t o  t h e  s t r i n g  d i f f e r e n t i a l  f o rms  o f  Banks and P e s k i n  [ 2 ] .  On t h e  
b a s i s  o f  t h e  f i e l d  ~ one can  c o n s t r u c t  t h e  i n t e r a c t i n g  t h e o r y  in  e i t h e r  a f i x e d  gauge  [3] 
o r  i n  a g a u g e - i n v a r i a n t  manner  [ 4 - 7 ] .  The mode e x p a n s i o n  f o r  t h e  s t r i n g  f i e l d  ~ f o r  open 
s t r i n g s  c o n t a i n s  t h e  Y a n g - M i l l s  f i e l d ,  and f o r  c l o s e d  s t r i n g s  a m e t r i c  t e n s o r  gp~,  i . e . ,  
t h e  g r a v i t a t i o n a l  f i e l d  [ 1 ] .  

Re n o t e  however  t h a t  i n  t h e  l o w - e n e r g y  l i m i t  s u p e r s t r i n g  t h e o r y  goes  o v e r  i n t o  s u p e r -  
g r a v i t y ,  and i t  i s  w e l l  known [8] t h a t  in  s u p e r g r a v i t y  t h e  b a s i c  e n t i t y  i s  n o t  t h e  m e t r i c  
b u t  t h e  C a r t a n  v a r i a b l e s :  t h e  f i e l d  of  t e t r a d s  e~ ,  which  i s  t h e  r o o t  o f  t h e  m e t r i c  i n  

a t h e  s e n s e  t h a t  ede,,=g~,, and t h e  L o r e n t z  c o n n e c t i o n  ~b~.  T h e r e f o r e ,  i t  a p p e a r s  t o  us  t h a t  
t h e  f i e l d  t h e o r i e s  o f  c l o s e d  s u p e r s t r i n g s  and t h e  h e t e r o t i c  s t r i n g  [9]  mus t  c o n t a i n  t h e  
t e t r a d  s t r i n g  f i e l d  E a and t h e  s t r i n g  c o n n e c t i o n  ~ ,  t h e i r  mode e x p a n s i o n s  l e a d i n g  t o  t h e  

a a p p e a r a n c e  o f  e~ and ~bv ,  r e s p e c t i v e l y .  I n  t h i s  p a p e r ,  we d i s c u s s  t h e i r  p o s s i b l e  t r a n s -  
f o r m a t i o n  properties and a mechanism for constructing a gauge-invariant theory. 

2. 
the form 

6Le~=Xb~ b, 6L~d=d%b~+[~, ~]d ,  

and the general coordinate transformations the form 

6 ~ e ~  ~, G ~ = ~ d ,  

where  ~ i s  t h e  L i e  d e r i v a t i v e ,  .~c~'~e.==~'Ge~O--O~'e,,~ 

The Lorentz gauge transformations of the Cartan variables eO=e~dx ~', O)b~=O~b;d~z "~ have 

(1) 

(2) 

The string fields E a and ~ must be the elements of a certain algebra with differential 
Q with, in general, nonassociative multiplication ~ (see the description of the ~ algebra 
in [i0] and also, for the associative case, [Ii] of Connes and [4] of Witten). By analogy 
with (i), it is natural to postulate the transformation law 

6LE~=As ~, 6zE.=Ebo~L b, 6Qb~=QAd+(Ao~)d, (3) 

where A~ is the string gauge parameter. 
To obtain the string generalization of the general coordinate transformations, one 

must introduce the string Lie derivative, which can be chosen in the form 

6~E~=~'~E~176 6Qs163 (4) 

where E is a string gauge parameter. Below, we shall consider the case E = QG. Note that 
the definition (4) satisfies the general "axiomatic" properties of the Lie derivative -- 
linearity and homogeneity and the algebra of the transformations is closed. 

Further, by analogy with the curvature tensor R=d~+~A~ and the Hilbert-Einstein-- 
Cartan Lagrangian L=R~bea"eb ~ it is natural in string theory to define the curvature 

~o=9~o+~i~(~o~)~ (5) 
and the action 

V. A. Steklov Mathematics Institute, USSR Academy of Sciences. Translated from Teore- 
ticheskaya i Matematicheskaya Fizika, Vole 71, No. 2, pp. 318-320, May, 1987. Original 
article submitted November 20, 1986. 
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Our «Missed Opportunities»: 
 started but not finished /not done
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1 Introduction

�[X(�), c(�), (̄�)] = c0� dx�(x) + c0� dxAµ(x)@Xµ(x) + ...
A[XR(�),XL(�), cR(�)c̄L(�), ...] = c0c̄0� dx�(x)+c0c̄0� dxgµ⌫(x)@Xµ

R
(x)@Xµ

L
(x)+...

�a[X(�), c(�), (̄�)] = c0� dx�a(x) + c0� dxeaµ(x)@Xµ(x) + ...
Entropy of Hawking radiation of black holes grows up to infinity during evap-

oration and it is a manifestation of the information paradox [? ]. This increase

contrasts with Page’s hypothetical behavior, in which entropy decreases after the

so-called page time [? ? ] and which ensures the unitarity of quantum mechanics.

An approach to treating the problem of black hole information was proposed

in [? ? ? ], where the ”island formula” for the entanglement entropy of Hawking

radiation based on quantum extremal surfaces [? ] has been proposed and ti has

been argued that the entanglement entropy is limited during the evaporation of black

holes. According the prescription of quantum extremal surfaces the entanglement

entropy is given, after renormalization, by the formula [? ] or

S(R) =min�extI �Area(@I)4G
+ Smatter(R ∪ I)�� . (1.1)

Here I is the island whose boundary area is denoted by Area[@I] and Smatter is the

von Neumann entropy SvN(R∪I) of union of the island and the region R. Then an ex-

tremization on any possible island and then taking the minimum entropy is supposed.

This formula was confirmed for some two dimensional models [? ? ]. For two

dimensional gravity the island rule has been derived by making use of replica trick

[? ? ] and the island contribution has been associated with replica wormholes. Page

curve for evaporating black holes in JT gravity has also been studied in [? ]. For

a further development see [? ] and refs therein. Furthermore, the four and high

dimensional black holes have been considered in [? ? ? ? ? ? ] where islands were

found which should lead to the bounded entanglement entropy.
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TETRAD FORMALISM IN STRING FIELD THEORY 

I. Ya. Aref'eva and I. V. Volovich 

A field theory of closed strings is formulated using variables of the 
type of the tetrad field and Lorentz connection. 

i. The basic entity in string field theory is the scalar string field ~ [ X ( o ) ,  c ( o ) , ~ ( o ) ] ,  
which  was i n t r o d u c e d  by S i e g e l  [ 1 ] .  The f i e l d  ~ i s  a f u n c t i o n a l  o f  t h e  s t r i n g  c o o r d i n a t e s  
XP(o) and t h e  F a d d e e v - P o p o v  g h o s t s  e ( o ) ,  c ( o ) .  The e x p a n s i o n  o f  ~ in  a s e r i e s  w i t h  r e s p e c t  
t o  t h e  g h o s t s  l e a d s  t o  t h e  s t r i n g  d i f f e r e n t i a l  f o rms  o f  Banks and P e s k i n  [ 2 ] .  On t h e  
b a s i s  o f  t h e  f i e l d  ~ one can  c o n s t r u c t  t h e  i n t e r a c t i n g  t h e o r y  in  e i t h e r  a f i x e d  gauge  [3] 
o r  i n  a g a u g e - i n v a r i a n t  manner  [ 4 - 7 ] .  The mode e x p a n s i o n  f o r  t h e  s t r i n g  f i e l d  ~ f o r  open 
s t r i n g s  c o n t a i n s  t h e  Y a n g - M i l l s  f i e l d ,  and f o r  c l o s e d  s t r i n g s  a m e t r i c  t e n s o r  gp~,  i . e . ,  
t h e  g r a v i t a t i o n a l  f i e l d  [ 1 ] .  

Re n o t e  however  t h a t  i n  t h e  l o w - e n e r g y  l i m i t  s u p e r s t r i n g  t h e o r y  goes  o v e r  i n t o  s u p e r -  
g r a v i t y ,  and i t  i s  w e l l  known [8] t h a t  in  s u p e r g r a v i t y  t h e  b a s i c  e n t i t y  i s  n o t  t h e  m e t r i c  
b u t  t h e  C a r t a n  v a r i a b l e s :  t h e  f i e l d  of  t e t r a d s  e~ ,  which  i s  t h e  r o o t  o f  t h e  m e t r i c  i n  

a t h e  s e n s e  t h a t  ede,,=g~,, and t h e  L o r e n t z  c o n n e c t i o n  ~b~.  T h e r e f o r e ,  i t  a p p e a r s  t o  us  t h a t  
t h e  f i e l d  t h e o r i e s  o f  c l o s e d  s u p e r s t r i n g s  and t h e  h e t e r o t i c  s t r i n g  [9]  mus t  c o n t a i n  t h e  
t e t r a d  s t r i n g  f i e l d  E a and t h e  s t r i n g  c o n n e c t i o n  ~ ,  t h e i r  mode e x p a n s i o n s  l e a d i n g  t o  t h e  

a a p p e a r a n c e  o f  e~ and ~bv ,  r e s p e c t i v e l y .  I n  t h i s  p a p e r ,  we d i s c u s s  t h e i r  p o s s i b l e  t r a n s -  
f o r m a t i o n  properties and a mechanism for constructing a gauge-invariant theory. 

2. 
the form 

6Le~=Xb~ b, 6L~d=d%b~+[~, ~]d ,  

and the general coordinate transformations the form 

6 ~ e ~  ~, G ~ = ~ d ,  

where  ~ i s  t h e  L i e  d e r i v a t i v e ,  .~c~'~e.==~'Ge~O--O~'e,,~ 

The Lorentz gauge transformations of the Cartan variables eO=e~dx ~', O)b~=O~b;d~z "~ have 

(1) 

(2) 

The string fields E a and ~ must be the elements of a certain algebra with differential 
Q with, in general, nonassociative multiplication ~ (see the description of the ~ algebra 
in [i0] and also, for the associative case, [Ii] of Connes and [4] of Witten). By analogy 
with (i), it is natural to postulate the transformation law 

6LE~=As ~, 6zE.=Ebo~L b, 6Qb~=QAd+(Ao~)d, (3) 

where A~ is the string gauge parameter. 
To obtain the string generalization of the general coordinate transformations, one 

must introduce the string Lie derivative, which can be chosen in the form 

6~E~=~'~E~176 6Qs163 (4) 

where E is a string gauge parameter. Below, we shall consider the case E = QG. Note that 
the definition (4) satisfies the general "axiomatic" properties of the Lie derivative -- 
linearity and homogeneity and the algebra of the transformations is closed. 

Further, by analogy with the curvature tensor R=d~+~A~ and the Hilbert-Einstein-- 
Cartan Lagrangian L=R~bea"eb ~ it is natural in string theory to define the curvature 

~o=9~o+~i~(~o~)~ (5) 
and the action 

V. A. Steklov Mathematics Institute, USSR Academy of Sciences. Translated from Teore- 
ticheskaya i Matematicheskaya Fizika, Vole 71, No. 2, pp. 318-320, May, 1987. Original 
article submitted November 20, 1986. 
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Entropy of Hawking radiation of black holes grows up to infinity during evapora-

tion and it is a manifestation of the information paradox [1]. This increase contrasts

with Page’s hypothetical behavior, in which entropy decreases after the so-called

page time [2, 3] and which ensures the unitarity of quantum mechanics.

An approach to treating the problem of black hole information was proposed in

[5–7], where the ”island formula” for the entanglement entropy of Hawking radiation

based on quantum extremal surfaces [8] has been proposed and ti has been argued

that the entanglement entropy is limited during the evaporation of black holes. Ac-

cording the prescription of quantum extremal surfaces the entanglement entropy is

given, after renormalization, by the formula [5] or

S(R) =min�extI �Area(@I)4G
+ Smatter(R ∪ I)�� . (1.1)
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[5–7], where the ”island formula” for the entanglement entropy of Hawking radiation

based on quantum extremal surfaces [8] has been proposed and ti has been argued

that the entanglement entropy is limited during the evaporation of black holes. Ac-

cording the prescription of quantum extremal surfaces the entanglement entropy is

given, after renormalization, by the formula [5] or

S(R) =min�extI �Area(@I)4G
+ Smatter(R ∪ I)�� . (1.1)
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TETRAD FORMALISM IN STRING FIELD THEORY 

I. Ya. Aref'eva and I. V. Volovich 

A field theory of closed strings is formulated using variables of the 
type of the tetrad field and Lorentz connection. 

i. The basic entity in string field theory is the scalar string field ~ [ X ( o ) ,  c ( o ) , ~ ( o ) ] ,  
which  was i n t r o d u c e d  by S i e g e l  [ 1 ] .  The f i e l d  ~ i s  a f u n c t i o n a l  o f  t h e  s t r i n g  c o o r d i n a t e s  
XP(o) and t h e  F a d d e e v - P o p o v  g h o s t s  e ( o ) ,  c ( o ) .  The e x p a n s i o n  o f  ~ in  a s e r i e s  w i t h  r e s p e c t  
t o  t h e  g h o s t s  l e a d s  t o  t h e  s t r i n g  d i f f e r e n t i a l  f o rms  o f  Banks and P e s k i n  [ 2 ] .  On t h e  
b a s i s  o f  t h e  f i e l d  ~ one can  c o n s t r u c t  t h e  i n t e r a c t i n g  t h e o r y  in  e i t h e r  a f i x e d  gauge  [3] 
o r  i n  a g a u g e - i n v a r i a n t  manner  [ 4 - 7 ] .  The mode e x p a n s i o n  f o r  t h e  s t r i n g  f i e l d  ~ f o r  open 
s t r i n g s  c o n t a i n s  t h e  Y a n g - M i l l s  f i e l d ,  and f o r  c l o s e d  s t r i n g s  a m e t r i c  t e n s o r  gp~,  i . e . ,  
t h e  g r a v i t a t i o n a l  f i e l d  [ 1 ] .  

Re n o t e  however  t h a t  i n  t h e  l o w - e n e r g y  l i m i t  s u p e r s t r i n g  t h e o r y  goes  o v e r  i n t o  s u p e r -  
g r a v i t y ,  and i t  i s  w e l l  known [8] t h a t  in  s u p e r g r a v i t y  t h e  b a s i c  e n t i t y  i s  n o t  t h e  m e t r i c  
b u t  t h e  C a r t a n  v a r i a b l e s :  t h e  f i e l d  of  t e t r a d s  e~ ,  which  i s  t h e  r o o t  o f  t h e  m e t r i c  i n  

a t h e  s e n s e  t h a t  ede,,=g~,, and t h e  L o r e n t z  c o n n e c t i o n  ~b~.  T h e r e f o r e ,  i t  a p p e a r s  t o  us  t h a t  
t h e  f i e l d  t h e o r i e s  o f  c l o s e d  s u p e r s t r i n g s  and t h e  h e t e r o t i c  s t r i n g  [9]  mus t  c o n t a i n  t h e  
t e t r a d  s t r i n g  f i e l d  E a and t h e  s t r i n g  c o n n e c t i o n  ~ ,  t h e i r  mode e x p a n s i o n s  l e a d i n g  t o  t h e  

a a p p e a r a n c e  o f  e~ and ~bv ,  r e s p e c t i v e l y .  I n  t h i s  p a p e r ,  we d i s c u s s  t h e i r  p o s s i b l e  t r a n s -  
f o r m a t i o n  properties and a mechanism for constructing a gauge-invariant theory. 

2. 
the form 

6Le~=Xb~ b, 6L~d=d%b~+[~, ~]d ,  

and the general coordinate transformations the form 

6 ~ e ~  ~, G ~ = ~ d ,  

where  ~ i s  t h e  L i e  d e r i v a t i v e ,  .~c~'~e.==~'Ge~O--O~'e,,~ 

The Lorentz gauge transformations of the Cartan variables eO=e~dx ~', O)b~=O~b;d~z "~ have 

(1) 

(2) 

The string fields E a and ~ must be the elements of a certain algebra with differential 
Q with, in general, nonassociative multiplication ~ (see the description of the ~ algebra 
in [i0] and also, for the associative case, [Ii] of Connes and [4] of Witten). By analogy 
with (i), it is natural to postulate the transformation law 

6LE~=As ~, 6zE.=Ebo~L b, 6Qb~=QAd+(Ao~)d, (3) 

where A~ is the string gauge parameter. 
To obtain the string generalization of the general coordinate transformations, one 

must introduce the string Lie derivative, which can be chosen in the form 

6~E~=~'~E~176 6Qs163 (4) 

where E is a string gauge parameter. Below, we shall consider the case E = QG. Note that 
the definition (4) satisfies the general "axiomatic" properties of the Lie derivative -- 
linearity and homogeneity and the algebra of the transformations is closed. 

Further, by analogy with the curvature tensor R=d~+~A~ and the Hilbert-Einstein-- 
Cartan Lagrangian L=R~bea"eb ~ it is natural in string theory to define the curvature 

~o=9~o+~i~(~o~)~ (5) 
and the action 
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Entropy of Hawking radiation of black holes grows up to infinity during evapora-

tion and it is a manifestation of the information paradox [1]. This increase contrasts

with Page’s hypothetical behavior, in which entropy decreases after the so-called

page time [2, 3] and which ensures the unitarity of quantum mechanics.

An approach to treating the problem of black hole information was proposed in

[5–7], where the ”island formula” for the entanglement entropy of Hawking radiation

based on quantum extremal surfaces [8] has been proposed and ti has been argued

that the entanglement entropy is limited during the evaporation of black holes. Ac-

cording the prescription of quantum extremal surfaces the entanglement entropy is

given, after renormalization, by the formula [5] or
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`Knots and matrix models,''
Inf. Dim. Anal. Quant. Probab. Rel. Top. 1, 167-173 (1998)
[arXiv:hep-th/9706146 [hep-th]].
We consider a matrix model with d matrices N ⇥N and show that in the

limit N ! 1 and d ! 0 the model describes the knot diagrams.

1

1 Introduction

Theory of knots [1, 2] is used in low dimensional topology and also in physics, chemistry
and biology. Recently Faddeev and Niemi [3] have suggested that in certain relativistic
quantum field theories knotlike configurations may appear as stable solitons. The
remarkable progress in the classification of knots originated from Jones’ and Vassiliev’s
invariants was related with the application of von Neumann algebras, Yang-Baxter
equations and singularity theory, for a review see [4, 5]. Witten [6] used methods of
quantum field theory in the theory of knots by considering the Wilson loops in the
Chern-Simons gauge theory as knots.

In this note we describe another application of quantum field theory to the theory
of knots. We consider a matrix model with d matrices N × N and show that in the
limit N → ∞ and d → 0 the model describes the knot diagrams.

In the traditional approach to knot theory one deals with a single knot. According
to Arnold’s [7] and Vassiliev’s [8] point of view one has to consider not a single knot but
a space of all knots (cohomology of complements to discriminants). In this note from
the very beginning we don’t have neither knots nor a three dimensional space. We start
from a matrix model in zero-dimensional space and knots appear in the limit of large
matrices. The information about knots is encoded into the form of the Lagrangian
of the matrix model. In some sense this approach reminds the matrix approach to
superstring theory [9, 10, 11, 12] where space-time is represented as the moduli space
of vacuum and strings appear in the large N limit.

2 Matrix Model and Knots

Let be given positive integers N and d and let Aµ = (Aij
µ ) andBµ = (Bij

µ ), i, j = 1, ..., N
are N × N Hermitian matrices, A∗

µ = Aµ, B∗
µ = Bµ. Here µ = 1, ..., d. The matrix

model has the following partition function

Z = Z(N, d, g) =
∫

eiSdAdB (2.1)

where the Lagrangian is

S = Tr(AµBµ) +
g

2N
Tr(AµBνAµBν) (2.2)

and we assume the summation over the repeating indices. Here g is a real parameter
(coupling constant) and the measure

dA =
d∏

µ=1

((
∏

1≤i≤j≤N

dReAij
µ )

∏
1≤i<j≤N

dImAij
µ ) (2.3)

2
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Figure 3: Elements of Feynman diagrams

and computing the corresponding Gaussian integrals

Z =
∞∑
k=0

1

k!
(
ig

N
)k

∫
(Tr(AµBνAµBν))

keiT r(AµBµ)dAdB (2.7)

We have the following propagators and the vertex function (see Fig.3)

< Akl
µ B

mn
ν >= iδµνδ

knδlm (2.8)

< Akl
µ B

mn
ν >= 0, < Akl

µ B
mn
ν >= 0

where
< X >=

∫
XeiT r(AµBµ)dAdB/

∫
eiT r(AµBµ)dAdB

The propagators are represented by triple lines each one corresponding to the separate
propagation of its two indices. The middle line carries a Greek index µ, ν, ... and all
others carry Latin indices. The matrix Aµ corresponds to + in Fig.3 and the matrix
Bµ corresponds to −. To compute a contribution to the partition function Z from the
n−th order of perturbation theory we have to draw all diagrams with n vertices, see
Fig. 4 for n = 3.

The known connection between planarity and the large N limit [13] is based on
the Euler theorem. A general Feynman diagram consists of L lines (propagators),
V vertices and C closed loops of Latin indices. The contribution of the diagram is
proportional to (g/N)VNC = gVNC−V . For a connected diagram one has L = 2V .
Each closed loop of Latin index may be considered as a face of a polyhedron and the
Euler relation reads V −L+C = 2−2p where p = 0, 1, ... is the number of holes of the
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dReAij
µ )

∏
1≤i<j≤N

dImAij
µ ) (2.3)
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Figure 2: Reidemeister moves

4

There exists a natural extension of the function Z(N, d, g) from integers to real values
of the parameter d. Actually one has the following formal expansion

lnZ(N, d, g) = N2
∞∑
k=1

∞∑
p=0

Fkp(g)N
−2pdk (2.4)

Note that Z(N, d, 0) is real and therefore lnZ(N, d, g) is uniquely defined as the formal
series over g. We will prove the following theorem.

Theorem. The set of connected vacuum Feynman diagrams for the model (2.1), (
2.2) in the limit N → ∞ and d → 0 is in one-to-one correspondence with the set of
alternating knot diagrams. The generating function for the alternating knot diagrams
is given by the expression

F (g) = lim
d→0

lim
N→∞

1

dN2
lnZ(N, d, g) (2.5)

Remark. One has the similar proposition for all (not only for alternating) knot
diagrams if one takes the following Lagrangian

S = Tr(AµAµ) + Tr(BµBµ) + Tr(AµBµ) +
g

2N
Tr(AµBνAµBν) (2.6)

The large N limit is considered in QCD , matrix models and superstring theory
[13, 14, 15, 16, 9, 11, 12], the limit d → 0 is considered in the theory of spin glasses
and in polymer physics, see [17, 18].

To prove the proposition let us first remind that a knot is a smooth embedding
of an oriented circle in oriented 3-space R3. A collection of k pairwise disjoint knots
is called a k-link. Two knots are equivalent (have the same isotopy type) is they are
equivalent under a homeomorphism of R3.

A knot K can be represented by a regular projection K̃ onto the plane having at
most a finite number of transverse double points. For the plane curve K̃ one has to
indicate which line is up (+) and which line is down (−) in an intersection point, see
Fig. 1. In this way we get a graph on the plane which has 4 legs in each vertex and also
has the (+ −) prescription. This graph is called the knot diagram. A knot diagram
is called alternating if it has alternating + and − along a line. Two knot diagrams
are called the Reidemeister equivalent if they define equivalent knotes. Reidemeister
equivalence is generated by the three moves that are illustrated in Fig 2.

The fundamental group π(R3\K) is called the group of the knot K. The knot
group is generated by simbols corresponding to legs of the knot diagram subject to
some relations.

Now let us consider the integral (2.1). We obtain the Feynman diagram technique
by expanding (2.1) into the formal perturbation series over the coupling constant g

3
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2-nd example.  «Missed Opportunities by others»

It is related  to information paradox that occurs  in 
black hole evaporation 



Information paradox
Entropy of Hawking radiation of black holes grows up to infinity during 
evaporation and it is a manifestation of the information paradox. 

S.W. Hawking, Particle creation by black holes, 
CMP 43 (1975) 199.
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Information paradox
This increase contrasts with Page's hypothetical behavior, in which 
entropy decreases after the so-called Page time and which ensures 
the unitarity of quantum mechanics

D.N.Page, Information in black hole radiation,  
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1 Introduction

Entropy of Hawking radiation of black holes grows up to infinity during evaporation

and it is a manifestation of the information paradox [1]. This increase contrasts with

Page’s hypothetical behavior, in which entropy decreases after the so-called page

time [2, 3] and which ensures the unitarity of quantum mechanics.

An approach to treating the problem of black hole information was proposed in

[5–7], where the ”island formula” for the entanglement entropy of Hawking radiation

based on quantum extremal surfaces [8] has been proposed and ti has been argued

that the entanglement entropy is limited during the evaporation of black holes. Ac-

cording the prescription of quantum extremal surfaces the entanglement entropy is

given, after renormalization, by the formula [5] or

S(R) =min�extI �Area(@I)4G
+ Smatter(R ∪ I)�� . (1.1)

Here I is the island whose boundary area is denoted by Area[@I] and Smatter is the

von Neumann entropy SvN(R∪I) of union of the island and the region R. Then an ex-

tremization on any possible island and then taking the minimum entropy is supposed.

This formula was confirmed for some two dimensional models [9, 10]. For two

dimensional gravity the island rule has been derived by making use of replica trick

[18, 19] and the island contribution has been associated with replica wormholes.

Page curve for evaporating black holes in JT gravity has also been studied in [20].

For a further development see [17] and refs therein. Furthermore, the four and high

dimensional black holes have been considered in [11–16] where islands were found
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This formula was confirmed for some two dimensional models [9, 10]. For two

dimensional gravity the island rule has been derived by making use of replica trick

[18, 19] and the island contribution has been associated with replica wormholes.

Page curve for evaporating black holes in JT gravity has also been studied in [20].

For a further development see [17] and refs therein. Furthermore, the four and high

dimensional black holes have been considered in [11–16] where islands were found
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This formula was confirmed for some two dimensional models [9, 10]. For two

dimensional gravity the island rule has been derived by making use of replica trick

[18, 19] and the island contribution has been associated with replica wormholes.
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For a further development see [17] and refs therein. Furthermore, the four and high

dimensional black holes have been considered in [11–16] where islands were found

which should lead to the bounded entanglement entropy.

In the particular example, considered in [12] gives at large time the saturation

of the entropy by the configuration [[state]] with an island,

SI = 2⇡r2
h

G
+ c

6

b − rh
rh
+ c

6
log

16r3
h
(b − rh)2
G2b

. (1.2)

meanwhile entropy for small time corresponding to non-island configuration increases

with time linearly

SnI � c

6

t

rh
, (1.3)

Equalizing the entropy without island with the entropy with island one estimates the

Page time [12]

tPage ∼ 6⇡r3
h

cG
(1.4)

In this letter we note that applying the above estimations to the black hole evap-

oration the second term cb�6rh may become dominating and the entropy starts to

increase with decreasing of the mass of black hole. This is just an opposite behavior

as compare with the estimation based on taking into account the first term 2⇡r2
h
�G

in (1.2) and leading to decreasing of entropy with decreasing of the mass of black

hole and estimation (1.4). Di↵erent scenarios can be realized depending on the initial

parameters of the evaporating black hole. In the first scenario, before the Page time

tPage the entropy increases, then decreases for some time, but then at the moment

texpl an explosion begins. One can say that time evolution follows the anti-Page

curve. This anti-Page part of evolution ends with a blow up at the point tblow, where

the mass of the black hole is completely lost. For another scenario, the period of

decreasing entropy disappears, and the initial increase in entropy, inherent in the

configuration without an island, is replaced by the blasting behavior inherent in the

configuration with an island with a small black hole mass. In this case the Page point

is not realized. Question: can we realize this out of Planck area. —–[[CHECK that

this is possible]] Also, the black hole can disappear before the Page time —–[[CHECK

that this is possible]].
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Information paradox

No discussion yet: Some proposals how to improve the situation and to get a

bounded entanglement entropy will be discussed.

2 Setup

2.1 Two sided black hole

One of simple example explicitly demonstrated how an island can help to make

bounded entanglement entropy of the Hawking radiation is two sided black hole

[12].

The island formula for the generalized entropy consists of two parts

Sgen = Sgr + SvN . (2.1)

the gravity part Sgr that is associated with a nontrivial quantum extremal surface,

island, and the matter (radiation) von Neumann entropy SvN .

One supposes that the radiation is located at regions R+ and R− that are located
near the null infinity where the gravity is negligible.

The states that one considers are maximally symmetric, so the location of a

possible island is fixed by its position in (t, r) coordinates and e↵ectively, one deals

with two dimensions models with (t, r) coordinates (or deals only with s-modes)

and computes the corresponding entanglement entropy between several entangling

regions using two dimensional answers [21].

It is convenient to work within the Kruskal coordinates [30]

U = −
�

r − rh
rh

e
− t−(r−rh)

2rh , V =
�

r − rh
rh

e
t+(r−rh)

2rh , (2.2)

by which the corresponding two dimensional part of the Schwarzschild is

ds22−dimpartSchw
= −!−2dUdV, ! =� r

4r3
h

e
r−rh
2rh . (2.3)

For the configuration without islands, the entanglement entropy of the Hawking

radiation is identified with that in the region R = R+ ∪R− (left) and
SnI = c

6
log d(`1, `2), (2.4)

d(`1, `2) is the geodesic distance between points `1 and `2 is given by

d(`1, `2) =
�����U(`2) −U(`1)��V (`1) − V (`2)�

W (`1)W (`2) . (2.5)
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Penrose diagram of the static Schwarzschild spacetime 

K.Hashimoto, N.Iizuka,  
Y.Matsuo, 
2004.05863

Here points `1 and `2 are located at (tb, b+) and (−tb + i4⇡rh, b−). The total entan-

glement entropy for this configuration is given by

SnI = 2⇡b2

GN

+ c

6
log �16r2h(b − rh)

b
cosh2 tb

2rh
� . (2.6)

At tb � b (> rh), so the above result is approximated as

S � c

6

tb
rh

, (2.7)

which grows linearly in time. [[At the late times where

c t

rh
� r2

h

GN
, (2.8)

this entropy becomes much larger than the black hole entropy.]]

For the configuration with islands, presented in Fig.??. A), the entanglement

entropy for the conformal matter is given by

Smatter = c

3
log

d(a+, a−)d(b+, b−)d(a+, b+)d(a−, b−)
d(a+, b−)d(a−, b+) (2.9)

Locations of a± and b± as indicated in Fig.?? and d(`1, `2) is given by (2.5). Supposing

that
√
G < rh � b and extrimezing of the total entropy on island coordinate one gets

[] an unique location for island coordinates, that are ta = tb and a = rh+rhX2(b,G, c),
where X2 << 1. At this configuration the total entanglement entropy is given by

SI = 2⇡r2
h

G
+ c

6

b − rh
rh
+ c

6
log

16r3
h
(b − rh)2
G2b

. (2.10)

The main claim from [12] and [14] is that although at early times one has a linear

growth, the island comes to rescue the unitarity at late times in agreement with the

Page curve. Equalizing the entropy without island SnI with the entropy SI with

island one estimate the Page time

tPage[[∼ 6⇡r2
h

cG
rh]] ∼ 6⇡r3

h

cG
(2.11)

[[Both answers for the Page time, for two sided and one sided, are the same. Remove]]

2.2 Time dependence of the mass of the evaporating BH.

In four dimensions, due to radiation the mass M of the black hole is reduced as [4]

M(t) = r0
2G
�1 − 24↵ cGt

r30
�1�3 (2.12)

where ↵ is a constant dependent on the spin of the radiating particle, c is the number

of massless matter fields and r0 is the Schwarzschild radius at t = 0. The [[semiclas-

sical]] estimate of the black hole lifetime is

tevaporate = r30
24c↵G

(2.13)

– 4 –

Linear  
in time 
at large 
time  
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Figure 1. Penrose diagram of the static Schwarzschild spacetime without island (left) and that
with an island I (right). The region R whose states are identified with the Hawking radiation has
two parts R+ and R�, which are located in the right and the left wedge, respectively. The boundary
surfaces of R+ and R� are indicated as b+ and b�, respectively. The island extends between the
right wedge and the left wedge. The boundaries of I are located at a+ and a�. At late times, the
distance between the right wedge and the left wedge is very large.

consider only free massless matter fields. We use the following two limits: the distance
between the boundary surfaces of A and B is (i) large or (ii) small, compared to the scale
of the size of the boundary surfaces.

(i) When the distance is much larger than the correlation length of the massive modes in
the KK tower of the spherical part, only the s-waves can contribute to I(A; B). The
mutual information I(A; B) is approximated by that of the two-dimensional massless
fields,

I(A; B) = [[IV+]] �
c

3
log d(x, y) (1.13)

where c is the central charge and d(x, y) is the distance between x and y which are
the boundaries of A and B, respectively.

(ii) When the distance L between the parallelly placed boundary (hyper)surfaces of A

and B is sufficiently small, the mutual information I(A; B) is given by [39, 40]

I(A; B) =  c
Area
L2

(1.14)

for c free massless matter fields, where  is a constant.8 Although the formula above
is for the flat spacetime, we expect that it can be used when the length scale of the
curvature is large compared to L.

In this paper, we evaluate the entanglement entropy of the Hawking radiation in the
asymptotically flat eternal Schwarzschild black hole, and investigate the effect of the islands,
by using the formulae eqs. (1.9), (1.11) and (1.12) with eqs. (1.13) and (1.14). Sec. 2 shows

8 The front numerical factor  in eq. (1.14) for a massless field in 4 spacetime dimensions is numerically
evaluated [40] as  = 0.00554 (boson) and  = 0.00538 (fermion).
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Figure 1. Penrose diagram of the static Schwarzschild spacetime without island (left) and that
with an island I (right). The region R whose states are identified with the Hawking radiation has
two parts R+ and R�, which are located in the right and the left wedge, respectively. The boundary
surfaces of R+ and R� are indicated as b+ and b�, respectively. The island extends between the
right wedge and the left wedge. The boundaries of I are located at a+ and a�. At late times, the
distance between the right wedge and the left wedge is very large.

consider only free massless matter fields. We use the following two limits: the distance
between the boundary surfaces of A and B is (i) large or (ii) small, compared to the scale
of the size of the boundary surfaces.

(i) When the distance is much larger than the correlation length of the massive modes in
the KK tower of the spherical part, only the s-waves can contribute to I(A; B). The
mutual information I(A; B) is approximated by that of the two-dimensional massless
fields,

I(A; B) = [[IV+]] �
c

3
log d(x, y) (1.13)

where c is the central charge and d(x, y) is the distance between x and y which are
the boundaries of A and B, respectively.

(ii) When the distance L between the parallelly placed boundary (hyper)surfaces of A

and B is sufficiently small, the mutual information I(A; B) is given by [39, 40]

I(A; B) =  c
Area
L2

(1.14)

for c free massless matter fields, where  is a constant.8 Although the formula above
is for the flat spacetime, we expect that it can be used when the length scale of the
curvature is large compared to L.

In this paper, we evaluate the entanglement entropy of the Hawking radiation in the
asymptotically flat eternal Schwarzschild black hole, and investigate the effect of the islands,
by using the formulae eqs. (1.9), (1.11) and (1.12) with eqs. (1.13) and (1.14). Sec. 2 shows

8 The front numerical factor  in eq. (1.14) for a massless field in 4 spacetime dimensions is numerically
evaluated [40] as  = 0.00554 (boson) and  = 0.00538 (fermion).
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Figure 1. Penrose diagram of the static Schwarzschild spacetime without island (left) and that
with an island I (right). The region R whose states are identified with the Hawking radiation has
two parts R+ and R�, which are located in the right and the left wedge, respectively. The boundary
surfaces of R+ and R� are indicated as b+ and b�, respectively. The island extends between the
right wedge and the left wedge. The boundaries of I are located at a+ and a�. At late times, the
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consider only free massless matter fields. We use the following two limits: the distance
between the boundary surfaces of A and B is (i) large or (ii) small, compared to the scale
of the size of the boundary surfaces.

(i) When the distance is much larger than the correlation length of the massive modes in
the KK tower of the spherical part, only the s-waves can contribute to I(A; B). The
mutual information I(A; B) is approximated by that of the two-dimensional massless
fields,

I(A; B) = [[IV+]] �
c

3
log d(x, y) (1.13)

where c is the central charge and d(x, y) is the distance between x and y which are
the boundaries of A and B, respectively.

(ii) When the distance L between the parallelly placed boundary (hyper)surfaces of A

and B is sufficiently small, the mutual information I(A; B) is given by [39, 40]

I(A; B) =  c
Area
L2

(1.14)

for c free massless matter fields, where  is a constant.8 Although the formula above
is for the flat spacetime, we expect that it can be used when the length scale of the
curvature is large compared to L.

In this paper, we evaluate the entanglement entropy of the Hawking radiation in the
asymptotically flat eternal Schwarzschild black hole, and investigate the effect of the islands,
by using the formulae eqs. (1.9), (1.11) and (1.12) with eqs. (1.13) and (1.14). Sec. 2 shows

8 The front numerical factor  in eq. (1.14) for a massless field in 4 spacetime dimensions is numerically
evaluated [40] as  = 0.00554 (boson) and  = 0.00538 (fermion).
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right wedge and the left wedge. The boundaries of I are located at a+ and a�. At late times, the
distance between the right wedge and the left wedge is very large.

consider only free massless matter fields. We use the following two limits: the distance
between the boundary surfaces of A and B is (i) large or (ii) small, compared to the scale
of the size of the boundary surfaces.

(i) When the distance is much larger than the correlation length of the massive modes in
the KK tower of the spherical part, only the s-waves can contribute to I(A; B). The
mutual information I(A; B) is approximated by that of the two-dimensional massless
fields,

I(A; B) = [[IV+]] �
c

3
log d(x, y) (1.13)

where c is the central charge and d(x, y) is the distance between x and y which are
the boundaries of A and B, respectively.

(ii) When the distance L between the parallelly placed boundary (hyper)surfaces of A

and B is sufficiently small, the mutual information I(A; B) is given by [39, 40]

I(A; B) =  c
Area
L2

(1.14)

for c free massless matter fields, where  is a constant.8 Although the formula above
is for the flat spacetime, we expect that it can be used when the length scale of the
curvature is large compared to L.

In this paper, we evaluate the entanglement entropy of the Hawking radiation in the
asymptotically flat eternal Schwarzschild black hole, and investigate the effect of the islands,
by using the formulae eqs. (1.9), (1.11) and (1.12) with eqs. (1.13) and (1.14). Sec. 2 shows

8 The front numerical factor  in eq. (1.14) for a massless field in 4 spacetime dimensions is numerically
evaluated [40] as  = 0.00554 (boson) and  = 0.00538 (fermion).
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consider only free massless matter fields. We use the following two limits: the distance
between the boundary surfaces of A and B is (i) large or (ii) small, compared to the scale
of the size of the boundary surfaces.

(i) When the distance is much larger than the correlation length of the massive modes in
the KK tower of the spherical part, only the s-waves can contribute to I(A; B). The
mutual information I(A; B) is approximated by that of the two-dimensional massless
fields,

I(A; B) = [[IV+]] �
c

3
log d(x, y) (1.13)

where c is the central charge and d(x, y) is the distance between x and y which are
the boundaries of A and B, respectively.

(ii) When the distance L between the parallelly placed boundary (hyper)surfaces of A

and B is sufficiently small, the mutual information I(A; B) is given by [39, 40]

I(A; B) =  c
Area
L2

(1.14)

for c free massless matter fields, where  is a constant.8 Although the formula above
is for the flat spacetime, we expect that it can be used when the length scale of the
curvature is large compared to L.

In this paper, we evaluate the entanglement entropy of the Hawking radiation in the
asymptotically flat eternal Schwarzschild black hole, and investigate the effect of the islands,
by using the formulae eqs. (1.9), (1.11) and (1.12) with eqs. (1.13) and (1.14). Sec. 2 shows

8 The front numerical factor  in eq. (1.14) for a massless field in 4 spacetime dimensions is numerically
evaluated [40] as  = 0.00554 (boson) and  = 0.00538 (fermion).
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right wedge and the left wedge. The boundaries of I are located at a+ and a�. At late times, the
distance between the right wedge and the left wedge is very large.

consider only free massless matter fields. We use the following two limits: the distance
between the boundary surfaces of A and B is (i) large or (ii) small, compared to the scale
of the size of the boundary surfaces.

(i) When the distance is much larger than the correlation length of the massive modes in
the KK tower of the spherical part, only the s-waves can contribute to I(A; B). The
mutual information I(A; B) is approximated by that of the two-dimensional massless
fields,

I(A; B) = [[IV+]] �
c

3
log d(x, y) (1.13)

where c is the central charge and d(x, y) is the distance between x and y which are
the boundaries of A and B, respectively.

(ii) When the distance L between the parallelly placed boundary (hyper)surfaces of A

and B is sufficiently small, the mutual information I(A; B) is given by [39, 40]

I(A; B) =  c
Area
L2

(1.14)

for c free massless matter fields, where  is a constant.8 Although the formula above
is for the flat spacetime, we expect that it can be used when the length scale of the
curvature is large compared to L.

In this paper, we evaluate the entanglement entropy of the Hawking radiation in the
asymptotically flat eternal Schwarzschild black hole, and investigate the effect of the islands,
by using the formulae eqs. (1.9), (1.11) and (1.12) with eqs. (1.13) and (1.14). Sec. 2 shows

8 The front numerical factor  in eq. (1.14) for a massless field in 4 spacetime dimensions is numerically
evaluated [40] as  = 0.00554 (boson) and  = 0.00538 (fermion).
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Here points `1 and `2 are located at (tb, b+) and (−tb + i4⇡rh, b−). The total entan-

glement entropy for this configuration is given by

SnI = 2⇡b2

GN

+ c

6
log �16r2h(b − rh)

b
cosh2 tb

2rh
� . (2.6)

At tb � b (> rh), so the above result is approximated as

S � c

6

tb
rh

, (2.7)

which grows linearly in time. [[At the late times where

c t

rh
� r2

h

GN
, (2.8)

this entropy becomes much larger than the black hole entropy.]]

For the configuration with islands, presented in Fig.??. A), the entanglement

entropy for the conformal matter is given by

Smatter = c

3
log

d(a+, a−)d(b+, b−)d(a+, b+)d(a−, b−)
d(a+, b−)d(a−, b+) (2.9)

Locations of a± and b± as indicated in Fig.?? and d(`1, `2) is given by (2.5). Supposing

that
√
G < rh � b and extrimezing of the total entropy on island coordinate one gets

[] an unique location for island coordinates, that are ta = tb and a = rh+rhX2(b,G, c),
where X2 << 1. At this configuration the total entanglement entropy is given by

SI = 2⇡r2
h

G
+ c

6

b − rh
rh
+ c

6
log

16r3
h
(b − rh)2
G2b

. (2.10)

The main claim from [12] and [14] is that although at early times one has a linear

growth, the island comes to rescue the unitarity at late times in agreement with the

Page curve. Equalizing the entropy without island SnI with the entropy SI with

island one estimate the Page time

tPage[[∼ 6⇡r2
h

cG
rh]] ∼ 6⇡r3

h

cG
(2.11)

[[Both answers for the Page time, for two sided and one sided, are the same. Remove]]

2.2 Time dependence of the mass of the evaporating BH.

In four dimensions, due to radiation the mass M of the black hole is reduced as [4]

M(t) = r0
2G
�1 − 24↵ cGt

r30
�1�3 (2.12)

where ↵ is a constant dependent on the spin of the radiating particle, c is the number

of massless matter fields and r0 is the Schwarzschild radius at t = 0. The [[semiclas-

sical]] estimate of the black hole lifetime is

tevaporate = r30
24c↵G

(2.13)

– 4 –
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Figure 3. A) The Page curve for the eternal Schwarzschild black hole. In this plot we

ignore terms of higher order in cG�r2
h
, which are small compared to tPage or SBH . Correct?.

B) The Page time dependence on mass of the eternal Schwarzschild black hole. Not for
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Information paradox

We  consider evaporation of the Schwarzschild black hole 
and note that, generally speaking,  an island  doesn't 
provide a bounded entanglement entropy in the end of the 
black hole evaporation.

Conclusion.



Thank you for your attention!
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2.2 Time dependence of the mass of the evaporating BH.

In four dimensions, due to radiation the mass M of the black hole is reduced as [4]

M(t) = r0
2G
�1 − 24↵ cGt

r30
�1�3 (2.12)

where ↵ is a constant dependent on the spin of the radiating particle, c is the number

of massless matter fields and r0 is the Schwarzschild radius at t = 0. The [[semiclas-

sical]] estimate of the black hole lifetime is

tevaporate = r30
24c↵G

(2.13)

3 Time dependence of the entanglement entropy of the evap-

orating BH.

In this section using equation (1.2) we analyze what happens when the black hole

lost his mass. We consider this process adiabatically just supposing that the depen-

dence of EE S on time is defined by dependence of mass of black hole on time M(t)
considered in []. From formula (1.2) one sees that for small rh, the term cb�6rh in

(1.2) dominates and in this case the entropy increases when mass of the black hole

goes to zero. We will show that just this increasing leads to so called anti-Page time

dependence of entropy of the system.

A) B)

Figure 1. Dependence of SIsland on M . The red dashed lines show locations of Planck

mass. Math.file: Page-curve-short.nb

The typical dependence of the entanglement entropy (1.2) on mass is presented

in Fig.1. We see that this dependence has a minimum located for large b, b > rh at

Mmin = 1

4
� bc

3⇡G2
�1�3 (3.1)
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This minimum can be realized outside of the Planck domain, i.e.

Mmin >MP lanck � 1�√G, (3.2)

that corresponds in the used approximation to

√
G < 1

64

bc

3⇡
(3.3)

[[ in all our plots c = 3, and therefore should be
√
G < b

64⇡ = 0.004975 b, i.e.
G = 0.001 we need b > 6.358
G = 0.01 we need b > 20.10
G = 0.1 we need b > 63.5814
G = 1 we need b > 201.062

]]

One can compare the entropy with island with entropy with configuration with-

out island, see Fig.2.

A) B)

C) D)

Figure 2. Dependence of SIsland and SNonIsland on M . Di↵erent blue lines correspond to

di↵erent t for the case of SNonIsland. The red dashed lines show locations of Planck mass.

Math.file: Page-curve-short.nb, Label:fig:SMm

We see that for a given mass of the black hole, after some times, depending

on the mass of the black hole, the entropy without island (blue lines with increasing

thickness for increasing time) reaches the generalized entropy with island (red curve).

– 6 –
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Figure 4. A) The green line shows evolution of the configuration with island and the

red one configuration without the island. The cyan line indicate the Page time. B) In plot

near the Planck scales. The darker red line show the decreasing of mass of evaporated BH,

the red line shows the Planck mass, MP lank = 1�√G corresponding to G = 0.01 is M = 10.
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Now we would like to consider the modification of the Page curve presented at

Fig.3 for the evaporation black hole following equation (2.12). In plots Fig.4 and

Fig.6 the competition between two entropies are show. The position of the Page

time is indicated by the cyan line. A new feature arises at the end of evaporation.

As was mention in the introduction, due to the presence of the term [[Colomb]] term,

the island entropy start to increase and blow up in the end evaporation. This period

of evolution may obscure behind the Planck scale, or may not depending on the

parameters of the theory.

In this case we and up with pictures presented in Fig.??
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Figure 7. A) Green area shows the area of decreasing entropy (the derivative shown by

gray line is negative), the yellow one shows increasing entropy (the derivative is positive)

and the pink one corresponds to the Planck scale. B) In plot near the Planck scales. The

darker red line show the decreasing of mass of evaporated BH, the red line shows the

Plank mass, MP lank = 1�√G and for G = 0.01 we have M = 10. Math.file: Page-curve-

short.nb
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Figure 7. A) Green area shows the area of decreasing entropy (the derivative shown by

gray line is negative), the yellow one shows increasing entropy (the derivative is positive)

and the pink one corresponds to the Planck scale. B) In plot near the Planck scales. The

darker red line show the decreasing of mass of evaporated BH, the red line shows the

Plank mass, MP lank = 1�√G and for G = 0.01 we have M = 10. Math.file: Page-curve-

short.nb
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Figure 5. Island entropy increas in the end of evaporation. A) Increasing starts after

some decreasing time. B) There is no decreasing period. Label: fig:AntiPage. Math.file:

Page-curve-short.nb

It may happens, that the inncreasing of the island entropy may start before the

Page time

Green area shows the area of decreasing entropy (the derivative shown by gray

line is negative), the yellow one shows increasing entropy (the derivative is positive)

and the pink one corresponds to the Planck scale. In plot near the Planck scales.

The darker red line show the decreasing of mass of evaporated BH, the red line shows

the Plank mass, MP lank = 1�√G and for G = 0.01 we have M = 10.
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