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Initial action

We consider an arbitrary action without higher derivatives
S O] = [ LOXM, 2, Dur?) dOX. 1)

Here o?(XM) = (oM (X%,..., XP), ... o"(XE, ..., XP)), etc.
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Let Lagrangian is represented in the following form lMyctb narpanxuan
npesCcTaB/eH B BUAE

LIXM, 0%, 0mp?) = Le(XM, 0, 0me?, (XM, 0%, 0me?)),  (3)

(2)

where f' are arbibrary smooth C., functios. The representation (3) is not
unique even if functions L and f' are fixed. We utilize this ambiguity
considering the Nambu-Goto string action and the action for co-sting
duct.



Introducing of Lagrange multipliers

Now F' are independent fields, F' = f/(XM, 2, Ou¢p?) are constraints,

G; are Lagrange multipliers.

Sele?(XM), FI(XM), Gi(X™)] =

— /{Lf(XM,gaa,aMgpa,Fi) + G (XM, %, 0mp®) — F']} dPX.

New field equations are equivlent to (2) if one exclu
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de F' and G;
(5)
(6)
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The equations (5) and (6) are of first order. The equations (7) are of first
or second order. If (sufficient condition) Ly and f' are linear in dy¢?,

then (7) are of first order too.



Exclusion of auxiliary fields F' (case 1)

According to (6) '
_ aL’:()<Mv 9027 8M§033 F’)

Gi OF (8)
If det gg = det % # 0, then
Fi - FI(XM790378M§037 C;j) (9)

Excluding F' from the action (4) by (9), one get a new action
Selie?(XM), GO = [ {LXM, 22, Bua, (XM, %, 0ua, ) +
FGFI(XM, 02, Omp?) — FI(XM, 02, O, GJ-)]} dPX. (10)
We write the action (10) using the Legendre transform with respect to F'

H(XMa (Paa a/\/19037 GI) = GiFi(Xa ®s 8307 G)iLF(Xv @78@7 F(Xa 2 8@7 G))
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Legendre transform is the method to rewrite an action

_ aLF(XMagoavaM@aa F’)
- OF '
IH(XMﬂOaaaM(pav GI) = GiFi(X,9073907 G)iLF(XWO,aQQ F(Xa 5078907 G))
(11)

G

Using (11) one can rewrite the action (10) as

Sele?(XM), Gi(X™)] :/[Gif"(XMvwaﬁMwa)—H(XMW"’,@Mw‘?Gi)] d°X.

(12)
oS . OH . .
= = (XM, 0% 0ue®) 5= = F(XM, 0%, 0n®)—F (XM, ¢, dug’, G)).
0G; 0G;
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New field equations are equivlent to (2) if one exclude G;.
Legendre transformations, if the order of the dynamics equations
decreases from 2 to 1, can be considered a generalization of the
transition to the Hamiltonian formalism.



Additional reparametrization

One can locally reparametrize the fields G; using an arbitrary
non-degenerate variable transformation

0G;

Gi(hk)7 det ahk

£0.

Now the action (12) has the form

Sl (X), (X)) = [ [Gi(R) F(X.10,00) ~ H(X. .00, G()] d°X
(15)



Exclusion of auxiliary fields F' (case 2)

Let Lr linear in F', then the equation does not involve F'.
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Let the equation be reduced to the form

FIOXY, % 0mg™) = FI(XY, 0%, 0mg”, G)), (16)
using (5) we get o

F'=Fi(XM ¢, 0me?, G)). (17)
We use (17) to exclude fields F' from the action (4) despite of
_9PLp  _
aFor = 0-
Seli?(XM), GX] = [ {Le(XM, 02, i (XM, 2. 0. 6) +

(18)
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+GFI(XM, 0%, Omp?) — FI(XM, 0%, ame?,



Legendre transform is the method to rewrite an action

ﬁ(XM7@a78M¢aa GI) = G,'/EI(X,(,O,({)QO, G)_LF(X7¢76¢7 ﬁ(X7SO’8(IO’ G))
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The action (18) transforms to the form

S£[e*(XM), Gi(X™)] :/[G,-f"(xM,@a,aWa)—ﬁ(xM7<pa,aM<pa,G,-)] dOX.
(19)

0Sx~ ) .
G = f’(XM,@a,ﬁMcpa)—F’(XM,gpa,BM(pa, G)).
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New field equations are equivlent to (2) if one exclude G;.

M




Example

St = 5 [ @me)(0) d°x.

S y
@ = 8/\/]8 %2

Let FM = M. Consider the case 1 and case 2.

1 1
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Example (case 1)

Se1lp(x), FM(x), Gu(x)] = / {—;F’V’FM + Gu(Myp — F’V’)] dPx.

dSF1 M v 05F1 8SF1 v
- - F = —F — = — .
1
Seilp(x), Gm(x)] = /{—ZGMGM+GM(8M¢+GM)} dPx =
1
= / {EGMGM+GM6M¢} dPx. (20)
—_——
—H
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5GM_G + 0%, 5 = —0uG".



Example (case 2)

Sralie(x), FM(x), {FMamsﬁ + Gu(Myp — FM)| dPx.
0Sk2 _ om v 0Sk2 1 052 1 M M
Exclude FM using FM = —2GM

Seali(). Gu()] = [ [6Mug -+ Gu(@'o + 26M)] aPx =
—
—H
= /[2GMGM +2GMopyp] dP (21)
N _ M M 0562 _ M
(5GM_4G + 20", 5y = 20 G"™.

The actions (20) and (21) coinside up to field reparametrizaton
GM — 2GM



Dirac action for membrane — Polykov-type action (d # 2)

S = - [ e/l (22)
Vv
OxM oxN
y=detyy, (M 9xM) = gun(x(€)) o o (23)
HY = 2 Y, A =8k, det HY = g2d7 =
Y

H(xM, 9xM, HI) = 952 93/sgny 24 det Hil. (24)
SHlx, H] = —/ [Hij'y;j(x,ax) — d%2 4/sgny 29 det H"J} di¢  (25)

\%

HY = 5\/\ det hy| h¥,  Aihy =8}, H(M,0xM, hy) =452 \/|h|.

HY is not tensor, h; is tensor.
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Nambu-Goto action — Polykov action (d = 2 and Vd € N)

S M) = — / e/l

\

L(Tyvg) =T - 7E=5, I =detIy(x,0x),

v = det;(x, 0x)

Ti(xM, 0xM) = v (xM, 9;xM) = gMNaa)?,/, %);J
bt = — [ 4 Ay~ [(3 ) - Mr1g:f3f]M}ﬂld%
v 2
= -9) a1
S ] = - ﬁﬁﬁ—aﬁﬂmﬁg%Z—W%f—cﬂ}¢wd%
\

4=2.20: Sucl(©).hy(e) = - [ }
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Polykov action Vd € N

IxM oxN
ShlxM(€), b (€)] /[é gMNé;;,-Cr;;j_dz2:| V|l d

v
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45, OxM gxN
d#2: 5o =0 = b= = gww 5 5o
ij
d=2: 058 =0 = hj = -scalar(€)
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Membrane dust

S1o700) = - [ oG V0%

- B
a7ﬂ:17"'7d7 gaﬁ(@7a(p):gMNaL a(p

IXM OXN”
world surface = {p | p*(p) = const, a =1,...,d}.
For d # 2:
N o ooP S o 3la -
SP[SD apaﬁ] = /{paﬁ Na)fM a;ﬁN d22 ’ V sgnG2e detpaﬁ} V ‘g|dDX
vd € N:

a L« 1 8800( 8@5 (_Il—2
A (S B] = /{2ka5gMN OXM gxN o \/ ‘detkaﬁ‘ V gl dPX.
Pap = kag |det ko‘ﬁ|.

Pags is tensor, k. is not tensor.



Domain wall dust (d = 1)

1 dp dp 1
Soli, o] = /2{9gM"’a)ﬁ/, a)fN +Q} Vigld®X.

Field equations are Hamilton-Jacobi type tachyonic equation

1 95  1f ww 9o Op 11 1 Ild ||2_i
Vgl de — 218 axmoxv T 2f T 2! T2

and tachyonic continuity equation

185, 1 .
(\/Ig QgMNa)fN> = 0(odyp) = 0.

NERZEE: 3XM

“Tachyonic” means dy is spacelike, but perturbations are causal.



Membrane dust Vd € N

1 dp* P d—2
@ kP = — [ { ZkopgN - det ko8 dPXx.
et k) = = [ {Ghaag™ 555 20 - T2 flaetkod] Vg
a,8=1,...,d, k® isnot tensor, pas = kap/|det k%8| is tensor.
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d=2: 05 _ 0 = k¥ =G*# . scalar(x)
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To quantization of membrane dust

Background:
gun = diag(—, +,...,+), 05 = x°, pgﬁ :gg‘ﬁ = §,

Coordinates numbering:

M,N=0,....D—-1, i,j=0,....D-1—-d, o,f=D—d,...,D—1.
—_—— [ —— | ——
all coordinates tangential transversal

Perturbation:
e =y +v*,  OyP* =0.
Vo’ =0, (Vo*,VyP)=0 = p*¥ =G*F =5

Exact solution (no linearization!) is massless perturbation in tangential

direction ' '
P*(xM) =Re [C* - exp(x'k;)] , k'ki = 0.

The solution corresponds to results for small perturabation in linear order.



Thank you for your attention!
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