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Time-dependent observables and long timescale

I We consider the Hamiltonian of the form

𝐻 = 𝐻0 + 𝜆𝐻𝐼

I Observable depends on time in such a way that it are constant
in the interaction picture

𝐴(𝑡) = 𝑒−𝑖𝐻0𝑡𝐴𝑒𝑖𝐻0𝑡

i.e. it equals 𝐴 in the interaction picture for ”free”
Hamiltonian 𝐻0. So 𝐴(𝑡) is in resonance with 𝐻0. This is a
usual situation in the case of spectroscopy, for example.
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Time-dependent observables and long timescale

I We are interested in long timescale such that

𝜔𝑡 ≫ 1

for all non-zero Bohr frequencies 𝜔 of 𝐻0.
I 𝐴 is assumed to be time-independent just for simplicity. It is

also possible to assume that 𝐴 is slow (with respect to
non-zero Bohr frequencies) varying in time.
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Effective Gibbs state and effective Hamiltonian

Canonical Gibbs state

𝜌𝛽 =
𝑒−𝛽𝐻

𝑍

For long timescale we observe only the long-time averages

lim
𝑇→+∞

1

𝑇

∫︁ 𝑇

0
⟨𝐴(𝑡)⟩ = Tr𝐴𝒫𝜌𝛽,

where

𝒫𝜌 = lim
𝑇→+∞

1

𝑇

∫︁ 𝑇

0
𝑒𝑖𝐻0𝑡𝜌𝑒−𝑖𝐻0𝑡𝑑𝑡 =

∑︁
𝜀

Π𝜀𝜌Π𝜀,

𝐻0 =
∑︀

𝜀 𝜀Π𝜀.
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Effective Gibbs state and effective Hamiltonian

Effective Gibbs state for slow observables

𝒫𝜌𝛽 =
1

𝑍
𝑒−𝛽𝐻̃ ,

where 𝐻̃ is an effective (thermal) Hamiltonian for slow observables.

Let us remark that 𝑍 ≡ 𝑒−𝛽𝐻 = Tr 𝑒−𝛽𝐻̃ .
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Main result
Theorem 1
The following asymptotic expansion holds

𝐻̃ = 𝐻0 +

∞∑︁
𝑛=1

𝜆𝑛𝜅𝑛,

𝜅𝑛 ≡ −𝛽−1
∑︁

𝑘0+···+𝑘𝑚=𝑛,𝑘0>1

(−1)𝑚

𝑚 + 1
ℳ𝑘0(𝛽)ℳ𝑘1(𝛽) · · ·ℳ𝑘𝑚(𝛽),

ℳ𝑘(𝛽) ≡ (−1)𝑘
∫︁ 𝛽

0
𝑑𝛽1 . . .

∫︁ 𝛽𝑘−1

0
𝑑𝛽𝑘𝒫𝐻𝐼(𝛽1) . . . 𝐻𝐼(𝛽𝑘),

𝐻𝐼(𝛽) ≡ 𝑒𝛽𝐻0𝐻𝐼𝑒
−𝛽𝐻0 ,

if ℳ𝑘(𝛽) are well-defined.
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Eigenoperator expansion

For explicit calculations it is useful to expand the interaction
Hamiltonian in the following way

𝐻𝐼 =
∑︁
𝜔

𝐷𝜔, [𝐻0, 𝐷𝜔] = −𝜔𝐷𝜔,

which leads to

𝒫𝐻𝐼(𝛽1) · · ·𝐻𝐼(𝛽𝑘) =∑︁
𝜔1,...,𝜔𝑘−1

𝑒−(𝛽1−𝛽𝑘)𝜔1−...−(𝛽𝑘−1−𝛽𝑘)𝜔𝑘−1𝐷𝜔1 · · ·𝐷𝜔𝑘−1
𝐷−𝜔1−...−𝜔𝑘−1
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Eigenoperator expansion

In particular, the first terms of the cumulant expansion take the
form

𝐻̃ = 𝐻0 + 𝜆𝐷0⏟  ⏞  
𝑅𝑊𝐴

+𝜆2
∑︁
𝜔 ̸=0

𝛽𝜔 + 𝑒−𝛽𝜔 − 1

𝛽𝜔2
𝐷𝜔𝐷−𝜔⏟  ⏞  

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒−𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑖𝑜𝑛

+𝑂(𝜆3)
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Simple example

𝐻 = 𝐸𝑎†𝑎 + 𝜔1𝑏
†𝑏 + 𝜆(𝑎 + 𝑎†)(𝑔*𝑏 + 𝑔𝑏†)

I 𝐸 ̸= 𝜔1 (off-resonance)

𝐻̃ =𝐸𝑛𝑎 + 𝜔1𝑛𝑏 + 𝜆2𝛽|𝑔|2
(︂

1

2
(2𝑛𝑎 + 1)(2𝑛𝑏 + 1)

+ 𝑓(𝛽(𝜔1 − 𝐸))(𝑛𝑎 + 1)𝑛𝑏 + 𝑓(𝛽(𝐸 − 𝜔1))𝑛𝑎(𝑛𝑏 + 1)

+ 𝑓(−𝛽(𝐸 + 𝜔1))(𝑛𝑎 + 1)(𝑛𝑏 + 1) + 𝑓(𝛽(𝐸 + 𝜔1))𝑛𝑎𝑛𝑏

)︂

where 𝑓(𝑥) ≡
𝑒𝑥−

(︁
1+𝑥+𝑥2

2

)︁
𝑥2 , 𝑛𝑎 = 𝑎†𝑎, 𝑛𝑏 = 𝑏†𝑏.

Teretenkov Alexander Steklov Mathematical Institute of RAS

Perturbation theory for effective Gibbs state



Time-dependent observables and effective Gibbs state Main result Mean force Hamiltonian for effective Gibbs state

Simple example

In particular, in high-temperature limit

𝐻̃ = 𝐸𝑎†𝑎 + 𝜔1𝑏
†𝑏 + 𝜆2|𝑔|2𝛽

2
(2𝑛𝑎 + 1)(2𝑛𝑏 + 1)
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Simple example

I 𝐸 = 𝜔1 (resonance)

𝐻̃ =𝐸(𝑎†𝑎 + 𝑏†𝑏) + 𝜆(𝑔*𝑎†𝑏 + 𝑔𝑎𝑏†)

+ 𝜆2𝛽|𝑔|2
(︂

1

2
((𝑛𝑎 + 1)(𝑛𝑏 + 1) + 𝑛𝑎𝑛𝑏)+

+ 𝑓(−𝛽(𝐸 + 𝜔1))(𝑛𝑎 + 1)(𝑛𝑏 + 1) + 𝑓(𝛽(𝐸 + 𝜔1))𝑛𝑎𝑛𝑏

)︂
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Simple example

I 𝐸 = 𝜔1 + 𝑂(𝜆) (non-strict resonance)

𝐻̃ =𝐸𝑎†𝑎 + 𝜔1𝑏
†𝑏 + 𝜆(𝑔*𝑎†𝑏 + 𝑔𝑎𝑏†)

+ 𝜆2𝛽|𝑔|2
(︂

1

2
((𝑛𝑎 + 1)(𝑛𝑏 + 1) + 𝑛𝑎𝑛𝑏)+

+ 𝑓(−𝛽(𝐸 + 𝜔1))(𝑛𝑎 + 1)(𝑛𝑏 + 1) + 𝑓(𝛽(𝐸 + 𝜔1))𝑛𝑎𝑛𝑏

)︂

Teretenkov Alexander Steklov Mathematical Institute of RAS

Perturbation theory for effective Gibbs state



Time-dependent observables and effective Gibbs state Main result Mean force Hamiltonian for effective Gibbs state

Mean force Hamiltonian for effective Gibbs state

Tr𝐵 𝒫𝜌𝛽 =
1

𝑍𝑚𝑓

𝑒−𝛽𝐻̃𝑚𝑓 , 𝑍𝑚𝑓 = Tr𝑆 𝑒−𝛽𝐻̃𝑚𝑓

𝐻̃𝑚𝑓 = 𝐻𝑆 +
∑︁
𝑛=1

𝜆𝑛𝑘𝑛,

𝑘𝑛 = −𝛽−1
∑︁

𝑘0+···+𝑘𝑚=𝑛,𝑘0>1

(−1)𝑚

𝑚 + 1
⟨ℳ𝑘0(𝛽)⟩𝐵⟨ℳ𝑘1(𝛽)⟩𝐵 · · · ⟨ℳ𝑘𝑚(𝛽)⟩𝐵

where ⟨ · ⟩𝐵 ≡ Tr𝐵( · 𝑍−1
𝐵 𝑒−𝛽𝐻𝐵 ), 𝑍𝐵 = Tr𝐵 𝑒−𝛽𝐻𝐵 .
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Mean force Hamiltonian for effective Gibbs state

Let
𝐻𝐼 =

∑︁
𝜔

𝐷𝜔, [𝐻0, 𝐷𝜔] = −𝜔𝐷𝜔

then

𝐻̃𝑚𝑓 = 𝐻𝑆 + 𝜆⟨𝐷0⟩𝐵 + 𝜆2

(︂∑︁
𝜔 ̸=0

𝛽𝜔 + 𝑒−𝛽𝜔 − 1

𝛽𝜔2
⟨𝐷𝜔𝐷−𝜔⟩𝐵

+
𝛽

2
(⟨𝐷2

0⟩𝐵 − ⟨𝐷0⟩2𝐵)

)︂
+ 𝑂(𝜆3)
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Mean force Hamiltonian for effective Gibbs state

Let

𝐷𝜔 =
∑︁
𝜔1

𝑆𝜔−𝜔1⊗𝐵𝜔1 , [𝐻𝑆 , 𝑆𝜔] = −𝜔𝑆𝜔, [𝐻𝐵, 𝐵𝜔] = −𝜔𝐵𝜔

then
𝐻̃𝑚𝑓 = 𝐻𝑆 + 𝜆

∑︁
𝜔

⟨𝐵−𝜔⟩𝐵𝑆𝜔+

+𝜆2
∑︁
𝜔1,𝜔2

(︂∑︁
𝜔 ̸=0

𝛽𝜔 + 𝑒−𝛽𝜔 − 1

𝛽𝜔2
⟨𝐵𝜔−𝜔1𝐵−𝜔−𝜔2⟩𝐵

+
𝛽

2
(⟨𝐵−𝜔1𝐵−𝜔2⟩𝐵 − ⟨𝐵−𝜔1⟩𝐵⟨𝐵−𝜔2⟩𝐵)

)︂
𝑆𝜔1𝑆𝜔2 + 𝑂(𝜆3)
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Mean force Hamiltonian for effective Gibbs state

In particular, if 𝐻𝐼 = (𝑆 + 𝑆†) ⊗
∑︀

𝜔(𝐵𝜔 + 𝐵†
𝜔), 𝑆 ≡ 𝑆𝐸 ,

⟨𝐵𝜔⟩𝐵 = 0, ⟨𝐵𝜔1𝐵𝜔2⟩𝐵 = 0, then

𝐻̃𝑚𝑓 = 𝐻𝑆 + 𝜆2(𝑔𝛽(𝐸)𝑆†𝑆 + 𝑔𝛽(−𝐸)𝑆𝑆†) + 𝑂(𝜆3)

𝑔𝛽(𝐸) =
∑︁
𝜔

𝛽𝜔 + 𝑒−𝛽𝜔 − 1

𝛽𝜔2
⟨𝐵𝜔−𝐸𝐵

†
𝜔−𝐸⟩𝐵
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Conclusion

I 𝐻̃ = 𝐻0 +
∑︀∞

𝑛=1 𝜆
𝑛𝜅𝑛

I 𝐻̃𝑚𝑓 = 𝐻𝑆 +
∑︀

𝑛=1 𝜆
𝑛𝑘𝑛
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Thank you for your attention!
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