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Time-dependent observables and effective Gibbs state
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Time-dependent observables and long timescale

» We consider the Hamiltonian of the form
H = Hy+ \H;

» Observable depends on time in such a way that it are constant
in the interaction picture

A(t) — e—iHotAeiHot

i.e. it equals A in the interaction picture for "free”
Hamiltonian Hy. So A(t) is in resonance with Hy. This is a
usual situation in the case of spectroscopy, for example.
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Time-dependent observables and effective Gibbs state
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Time-dependent observables and long timescale

> We are interested in long timescale such that
wt>1

for all non-zero Bohr frequencies w of Hj.

> A is assumed to be time-independent just for simplicity. It is
also possible to assume that A is slow (with respect to
non-zero Bohr frequencies) varying in time.
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Time-dependent observables and effective Gibbs state
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Effective Gibbs state and effective Hamiltonian

Canonical Gibbs state
e~ PH

For long timescale we observe only the long-time averages

T
lim /0 (A(t)) = Tr APpg,

where
1 T
Pp= lim / etHot pe—itlot g — § I pll,,

HO = Zs SHE.
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Time-dependent observables and effective Gibbs state
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Effective Gibbs state and effective Hamiltonian

Effective Gibbs state for slow observables

1 a7
PPB:EG BHa

where H is an effective (thermal) Hamiltonian for slow observables.

Let us remark that Z = e BH — Ty e BH
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Main result

Theorem 1
The following asymptotic expansion holds

00
H= Hy —{—Z)\n,‘{n,

n=1

= EV M (OIML(B) - My, (B),

m—+1
ko+-+km=n,ko>1

B Br—1
Mi(8) = <—1>’€/0 dﬂl.../o ABPHI(BL) ... Hi(By),

Hi(B) = ePHo e PHo,
if My(B) are well-defined.
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Main result
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Eigenoperator expansion

For explicit calculations it is useful to expand the interaction
Hamiltonian in the following way

H; =) Do, [Hy,Dy]=-wD,,
w

which leads to

PH(B1) - Hi(Br) =
Z 6_(/81_/Bk)wl—~-~_(:3kfl_/8k)wk71Dw

Wiy, W —1

..D

17 wk—1D—w1—~-—wk—1

Teretenkov Alexander Steklov Mathematical Institute of RAS

Perturbation theory for effective Gibbs state



Main result
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Eigenoperator expansion

In particular, the first terms of the cumulant expansion take the

form
5 w+e P —1
H=Hy+ADg+ ) ﬂWDwD_w +0(\3)
RWA w#0

~
temperature—dependent correction

Teretenkov Alexander Steklov Mathematical Institute of RAS

Perturbation theory for effective Gibbs state



Main result
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Simple example

H = Ea'a+ wib'b+ Aa + a)(g*b + gb")

» E # w (off-resonance)

H =Eng +winy + /\25|g|2< (2n, +1)(2np + 1)
+ f(Blwr = E))(na + 1)np + f(B(E — wi))na(ny +1)

+ F(=B(E +w1))(na + 1)(mp+ 1) + F(B(E + m))nanb)

e —(14+z+%-
where f(z) = M ng = ata, ny = bib.

xT
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Simple example

In particular, in high-temperature limit

H = Ea'a+wb'b+ Az\g\2§(2na +1)(2np + 1)
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Simple example

» FE = w; (resonance)

H =E(a'a 4 b'b) + A(g*a’b + gab’)

#2281 (3((na + )00+ 1) 4 )+

+ F(=B(E +w0)(na + 1)(mp + 1) + F(B(E + w1>>nanb)
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Simple example

» E =wj + O(X) (non-strict resonance)

H =Ea'a+wb'b+ \(g*a'b + gab')

#2281 (3((na + )00+ 1) 4 )+

+ F(=B(E +w0)(na + 1)(mp + 1) + F(B(E + w1>>nanb)
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Mean force Hamiltonian for effective Gibbs state
1 ~ - ~
TI‘B PPB = fefﬁHmf7 me e TrS e*BHmf
Ty

Hpyp=Hs+ > N'ky,

n=1

=t Y S0 s M, ()
ko+-+km=n,ko>1

where < . >B = 'I\I‘B( . Z;leiﬁHB), Zp ="Trp 67’8HB.
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Mean force Hamiltonian for effective Gibbs state
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Mean force Hamiltonian for effective Gibbs state

Let
H; =) D,  [HyDy,]=-wD,
w

then

- wHe P —1
Hmf = Hg + )\<D0>B + A2 ( Z ﬁW<Dwa>B
w#0

N

(DR~ (Dof3) ) + O
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Mean force Hamiltonian for effective Gibbs state
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Mean force Hamiltonian for effective Gibbs state

Let
DUJ = ZSw—wl®Bw1, [HS, SUJ] = _wSU.H [HBan] — _wa

w1

then )
Hyp=Hs+ XY (B u)BSu+

fw+e P —1
223 <Z e (Bur Bl

w1,w2 “w#0

3B Bo)p — (Bo)aBo)p) )SunSs + ON)
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Mean force Hamiltonian for effective Gibbs state

In particular, if H; = (S + ST) ® (B + B:L) S =Sp,
(Bu)B =0, (B, Bu,)B =0, then

Hyp = Hg + X (gs(E)STS + gs(—E)SST) + O(N?)

+e P —1
g8(E) = le;wg<Bw—EBLE>B
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Conclusion

> H = Hy + Z;.Lozl ANKn,
> Hyp=Hs+ >, Nk,
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Mean force Hamiltonian for effective Gibbs state
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Thank you for your attention!
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