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Our collaboration started in 1986.
Photo: Work at home 1988.
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Photo: (Left)In Institute of Physics during 4th Summer School
in Modern Mathematical Physics, Belgrade 2006. (Right)In
Steklov Mathematical Institute during 3rd Int. Conf. on p-Adic
Mathematical Physics, 2007
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@ “Volovich made important contributions to various areas of
mathematical and theoretical physics and mathematics,
including quantum field theory, integrable systems,
superanalysis, quantum information and quantum
computation, supergravity and superstrings, foundations of
quantum mechanics, p-adic mathematical physics, method
of stochastic limit in quantum dynamics, quantum chaos.”
L.Accardi, B. Dragovich, M.O. Katanaev, A. Yu. Khrennikov, V.V. Kozlov, S. Kozyrev, F. Murtagh, M. Ohya,
V.S. Varadarajan, and V.S. Vladimirov, “Igor V. Volovich”, p-Adic Num. Ultrametr. Anal. Appl. 4 (1), 1-4

(2012).

@ Igor V. Volovich elected as foreign member of the Serbian
Academy of Nonlinear Sciences, 2019.
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@ Introduced notion of p-adic string in 1987.

@ There should be quantum fluctuations of geometry and
number fields at the Planck scale.

@ Space-time should be non-Archimedean at the Planck
scale.

@ Proposed the number field invariance principle:
Fundamental physical laws should be invariant under
changing number fields.

@ Emphasized the role of rational numbers in measurements
and construction of physical models.

@ Pointed out the role of p-adic numbers in description of
systems with hierarchical structure.
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1. Introduction

| plan to
@ give a brief review of basic properties of p-adic strings
@ show how a matter can be derived from p-adic strings

@ show that this p-adic matter is related to evolution of a
closed universe

@ discuss obtained results.
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2. p-Adic Strings

Volovich, Vladimirov, Freund, Witten, Arefeva, B.D., ...
String amplitudes:
@ standard crossing symmetric Veneziano amplitude

A(a.b) = g2 / XJZT 1 = X[2 oo
R

L2 i-ad-n-o
=" ¢@  (b) (o)

@ p-adic crossing symmetric Veneziano amplitude

A(a.b) = g2 [@ |21 — X2 dpx
b

_ 21_pa—11_pb—11_pc—1
P1_p—a 1_p—b 1_p—c

where a=-s/2—-1anda,b,cc Canda+b+c=1.
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2. p-Adic Strings

@ Euler product formula for Riemann zeta function

1
C(S):H_I_ip_s, §RS>1 J
P

© Freund-Witten product formula for adelic strings

A(a,b) = Ax(a,b) [ Ao(a, b) = g2, [] g5 = const. J
p p

e amplitudes on equal footing

e various faces of an adelic string

e amplitude of ordinary strings can be regarded as product of
p-adic inverses
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3. Effective Field Theory for p-Adic Strings

@ One of the main achievements in p-adic string theory is an
effective field description of scalar open and closed p-adic
strings. The corresponding Lagrangians are very simple
and exact. They describe not only four-point scattering
amplitudes but also all higher ones at the tree-level.

@ The exact tree-level Lagrangian for effective scalar field ¢
which describes open p-adic string tachyon is

mb  p? 1 =5
L= P - 2mg 4+ p+1

where p is any prime number, 0 = —92 + V2 is the
D-dimensional d’Alembertian and metric with signature
(= + ...+) (Freund, Witten, Frampton, Okada, ...) .
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3. Effective Field Theory for p-Adic Strings

The above Lagrangian is written completely in terms of real numbers
and there is no explicit dependence on the p-adic world sheet.
However, it can be rewritten as:

2 Lo [ oo )
Lp=—5 = u)|ulz™ du) g(k) x(kx) d°k
P~ 5727 Jy (J, elIulE” o) (k) (k)

+ p+1}

pr1”

—1

where x(kx) = e~*. Since [, xp(u)|u*~"du = 7 = Tp(s) and it
is present in the scatterlng amplltude one can say that variable v in

pr\Zp Xp(U )|u\,§’"2 du = —p2m2 is related to the p-adic string
world-sheet.
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3. Effective Field Theory for p-Adic Strings

Figure: The 2-adic string potential Vz() (on the left) and 3-adic
potential V3(¢) (on the right)

Potential

mP 2 A
_Tp P (1 2 pti
Vo(p) g,%p—1[2“0 @ } J
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3. Effective Field Theory for p-Adic Strings

@ The equation of motion is

g o
pa?o=¢" ¢=00=1 (p=-1,p#2) ]
e — 1 otm 1_4AB>0
V1 —4AB ’

There are also nontrivial solutions:.

] 1 p_‘] D

N = p2-1 - (X'
P(x) = PP exp (— 5o ()
szl@)

1
= pa-1)
p(t) = p2P=1 exp (2p|np

D1

1

o(x) = pZP-1 exp ( - 2pplnp m? xz), X2=—tP+> X
i=1

4
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3. Effective Field Theory for p-Adic Strings

@ When p =1+ — 1 there is the limit which is related to the
ordinary bosonic string in the boundary string field theory
(Gerasimov-Shatashvili):

mP 1 O 8
=7 [2omet T nd =)

@ arXiv:2105.00298: (M. Bocardo-Gaspar, H. Garcia-Compean,
Edgar Y. Lépez, W. A. Zaniga-Galindo)

@ Tachyon condensation (D. Ghoshal, A. Sen)

@ AdS/CFT correspondence (S.S. Gubser, S. Parikh, M. Marcolli, I,
Saberi, B. Stoica, ...)

@ From these and some other developments it follows that some
nontrivial features of ordinary strings are similar to p-adic ones
and are related to the p-adic effective action.
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4. p-Adic Matter in Minkowski space

To avoid tachyon, consider transition m> - —m?in D = 4
dimensions. Also change sign to lagrangian to avoid ghost.
Then the related new Lagrangian is

m* P2
P p-

with the corresponding potential

Lo = a (1)

3o oo

- omt PP 1 S
V() = ?p—1[p+1¢p+ _§¢]'

and equation of motion

P ¢ = ¢ (2)
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4. p-Adic Matter in Minkowski space

<
<

b e &

0.

Figure: New potentials Vo(¢) and V3(¢), which are related to new
Lagrangian.

Trivial solutions

P o =¢P, $=0,6=1,(6=—1, p#2) ]

and also previous nontrivial solutions with m?> — —m?.
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4. p-Adic Matter in Minkowski space

5

o e o

0.

Consider weak field approximation ¢ =1+ 6, |0| < 1.

a o
pee? (146)=(1+0)°, = pz2o=po. ]

EoM p% 0 = p 6 has solution since the following Klein-Gordon
equation (O —2m?) 0 = 0, is satisfied and
0 ~ a el(-Et+kX) | 3 g=i(—Et+kX) is g scalar field with E2 = 2m? + k2.
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5. A Closed Universe with p-Adic Matter

A 4-dimensional gravity with a nonlocal scalar field ¢ and
cosmological constant A, given by the EH action

S:y/d4x¢jg(R—2A)+Sm, J

where v = 5.5, R is the Ricci scalar and

Sn=0 [ d*x/=8 (36F(O)6 - U)) J

where F(O) = >"2, fn 0" and U(¢) is a part of the potential.
Note that now

0=V, V¢ = 1_g3u\/—799’“‘”8u
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5. A Closed Universe with p-Adic Matter

The equations of motion for g,.,, and ¢ are

WG+ AGyw) = 7 Gy SF(D)6 + G 5 U(6) + 7 2yu(9) = 0,
F(@)6 - U'(6) = 0,

where

anZ[gp.l/ VQDZQZ/)V on- 1 Z¢+D€¢Dn Z¢)
n=1

- 29,0V, 0" ~9).
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5. A Closed Universe with p-Adic Matter

Matter of interest is p-adic scalar field

1 i 1
SP:UP/d4X\/_Q <§¢ p2m2D ¢ — o ¢p+1>,

mB 52
__ " p
where op = g

In
EoM for this p-adic field ¢ is pa2"¢ = e2?"¢ — ¢P, It has the
same trivial solutions as in the Minkowski space-time.
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5. A Closed Universe with p-Adic Matter

We are interested in cosmological solutions of EoM in the
homogeneous and isotropic space given by the FLRW metric

dr?
1 — kr2

0s? = —a + (1) + 2 d6? + r2sin? 0 di?),

where a(t) is the cosmic scale factor, and kK = 0,+1, —1 for the
flat, closed and open universe, respectively. Owing to
symmetries, there are only two independent EoM: trace

4N — R — odF(D)é + 20U(8) + %Q =0
and 00-component

WGoo — A) + 7 SF([@)e — 5 U(@) + 7 0(6) = 0,

where Q = g"Q,,,,.
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5. A Closed Universe with p-Adic Matter

We look for a solution of EoM in a weak field approximation
¢ =140, where 0| < 1.

pa (146)= (110, = pao=po.

where now

02 0 a
0=-2__3HZ H=2
ot? 3 ot’ a
o
p2m20:p0

has solution if there is solution of (06 = 2m?4, i.e.

—F Hi + ”72 =

where H = a/a is the Hubble parameter.
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5. A Closed Universe with p-Adic Matter

The simplest case is H = constant and it corresponds to the
scale factor a(t) = Ae™. There is solution in the form
6(t) = C e, where \ must satisfy quadratic equation

N+ 3HA+2m° = 0.

Simple solutions A\ » = +=m and the general solution can be
written as

6(t) = C; e ™ + Co ™ = 04(t) + (1),

where C; and C, are integration constants. Note that H and A
must have opposite sign. We have pairs:

61(t) = Cre~™, a;(t) = Aje™ and

Qg(t) = Cge’"t, ag(t) = Agefmt.
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5. A Closed Universe with p-Adic Matter

The next step is to explore how solution for §(t) satisfies EoM
for gravitational field. The EH action with 6 field is

— P
where ap = 55y

The potential V,(0) = —L,(0 =0) is

Vo(6) = op( ; 0% — ap) (3)

and it has the form resembling that of the harmonic oscillator.
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5. A Closed Universe with p-Adic Matter

With relevant replacements

60, oo U®)= "5’92 — ap,

+(4A = R) — o, 0F(C) + 20, (g 0% —ap) + 2 =0,

2(Goo — M)+ 2 0F(D)0 — (567 — ap) + 22 Qo(0) = 0.

2 2
FO) =0 =3 (5g) 0= e
n=0 ’ n=0

Since p%H = p 6, it simplifies the above equations

Y(4A = R) = 20,00+ 22 2 =0,

ag g
7(600—A)+lap+l

2 4 $00(0) =0.
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5. A Closed Universe with p-Adic Matter

Recall that in the FLRW metric

computation for a;(t) = Aje™ and ax(t) = Ace~™ gives

k k
G = 3<m2 = e*2’"’), G2 = S(m2 + y ez””>7
k
Ry = (2m2 + 5 e‘zm'), R, = 6(2m2 + A—S ez’"’).
Direct calculation of Q = g Q,,,(#) and Qoo () gives

Q1(0) =3pInp 63, Q2(0) =3plnp 63,

3 3
oll) — —§p|np912, 0 — —§p|np9§.
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5. A Closed Universe with p-Adic Matter

One can easily verify that EoM are satisfied in both cases

v(4N — R) — 20pap + Ip Q=0,

4
WGoo = ) + 2 ap+ 72 Q0o(6) = 0,
pe 6 =po

with conditions 6ym? + opap —29yA =0, pinpo, A2C? —8y k =
0, (i=1,2), k=+1,orinthe more explicit form

A:3m2+47rG p? - T 1 :27er3Inpm4.
g2 p_1 (A1C1)2 (A202)2 gZ p_1
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6. Conclusion

@ p-Adic strings are nonlocal, nonlinear and
non-Archimedean objects with several ways related to
ordinary strings.

@ By slight modification of Lagrangian for p-adic strings
follows scalar matter that makes sense.

@ In a closed universe with p-adic matter and cosmological
constant, there is exponential expansion (contraction)

0(t) = Ce™™  g(t) = Aet™ J
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THANK YOU FOR YOUR ATTENTION!

Volovich-75.2021 B. Dragovich p-Adic Matter 30/30



