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Navier-Stokes equations

u: + (u-V)u =rvAu — Vp, (1)
V-u=0, (2)

where

u = (ub, u?, u3) is the velocity field,

t is the time variable,

the dot """ stands for the scalar product,

V = (V1, V2, V3) is the gradient with respect to the spacial variable
x = (x1, x%, x3),

the parameter v > 0 is the viscosity of the flow,

A = V3 + V3 + V% is the Laplacian,

p is the pressure.
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Here we study the Navier-Stokes equations from the algebra-geometrical
point of view. The system (1)-(2) is not formally integrable, to get the
equivalent formally integrable system one needs to add the trivial
differential prolongations

V-ou=0, V(V-u)=0, (3)
and the non-trivial differential prolongation (hidden integrability condition)
Ap+V((u-V)u)=Ap+Vu-Vu=0 (4)

(we have used the equation (2)).

Remark

The equation (4) is a Poisson equation for the pressure p with the density
p = —Vu - Vu, it can be considered as the inner constraint for the
Navier-Stokes equations.
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The base space

B=TxXxRMxRy,

where
eM=1m ,m=23,...,
I={i=(i")|i*€Zy, peM} =2,

i1

8xi = (8X1)' o . ..o(axm)im, 1= (1'1, .. .,im) el

o T = {t € R} =R is the time variable;
X ={x=(x*)| x* €R, p€M}=RMis the space variable;

o RM={u=(u')|uf'eR, peM, iel} is the velocity and its
partial space derivatives, u!' = 0, u*;
Rr={p=(pi) | pi € R, i €1} is the pressure and its partial space
variables, p; = 0,ip.
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The base algebra

The base algebra is the unital commutative associative algebra
A(B) = C5.(B)

of all smooth real functions on the base space B of a finite order, i.e.,
depending on a finite number of the variables x*, u!', p;, p € M, i € I

In more detail, the integer r € Z is called the u-order of a function
f(x,u,p) € A(B), we write ord, f = r, if the partial derivative 9, »f # 0
for some variable u!’, |i| = r, while partial derivatives 9,xf = 0 for all

lif > r. In the same way, the p-order is defined. 1

Here and below,

I3i=("...,i") = [i[=/ 4 +i" €Ly
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Derivations

© D(B) = {¢ = ("0 + 'Oy + GOy | ¢*, (' G € AB)

e D(B) =Dv(B) ®4B) Du(B),
Dv(B) = {C€D(B) | {lex(x)y =0} = {{ = 'Oy + GO, };
Du(B) = {¢=¢"Dy | ¢" € A(B)},
DH = O + Uiﬁ_(u)auix\ + Pi+(u)8pi, DM|C00(X) = Oxu, [Di, DM] = 0.

Here and below,

@ the summation over repeated upper and lower indices in the

prescribed limits is assumed,

o i+ (u)=(1...,ir+1,....im), i€l peM.

The pair (A(B),®1(B)) is called the differential algebra associated with
the base space B.
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Symmetries

The Lie algebra

Sym(A(B),Du(B)) = {¢ = evi € Dy(B) | [Dys,ev] =0, p € M}
is the Lie algebra of symmetries of the differential algebra (A(B), ®u(B)),
where

o f=(frf)e AM(B) x A(B), f*={({, f=2{o,

o evi = Dift - Oy + Dif -0, Dif* = (' Dif = (.
Here and below,

D= (D))" o...0(Dm)", i=(i%...,iM el
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Horizontal differential complex
Horizontal differential forms are

0, q<0,q>m,
Qfi(B) = 4 A(B), q=0;
Hom 48)(A9Du(B); A(B)), 1<q<m.

Horm 4 (ey(A "D (B); A(B))
= {wl] = Wppopg - PN AP | Wy, € A(B), + s},

where the abbreviation " +s-s” states that components wy,,.,, are
skew-symmetric in indices fi1, . .., jig € M.

Horizontal differentials d} : Q% (B) — Q& (bB), d3™ o dd =0, g € Z,
1
A = dhi| oo gy : 2(B) — Qi (B),
Wpy.opig = XN N XS Dpowyy g dXFOA A dxM

the brackets [...] denote the skew-symmetrization in indices
[ R 1 € M.
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Horizontal cohomologies

Hi(B) = Kerdd /Imdi ™, qeZ.

Theorem (The main theorem of the formal calculus of
variations)

The linear spaces

0, q<0,9g>m;
Higy = 9=0
H 0, 1<g<m-1,
H(B), gq=m;

The Helmholtz linear space

H(B) = {x = (xu,x) € Am(B) X A(B) | x» = X"}
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The linear mappings
e X© 1 AM(B) x A(B) — Ay (B) x A(B)
act by the rules:

AM(B) x A(B) 3 f = (f*,f) = x.f = g = (g4,8) € Au(B) x A(B),
8= O0uwXu Dif” +0pxu - Dif, g =0uwx - Dif " +0px - Dif;
AM(B) x A(B) > f = (f*,f) = x'f = g = (gu. &) € Au(B) x A(B),
g = (—D)i(f”- 8uiuxy + f- 8ui“X)7 g= (—D)i(f”- Op Xy +f-0 1X>'
The isomorphism ¢ = (dur,dp) : HJ(B) =~ H(B) of linear spaces is defined
by the variational derivatives:
Qi(B)dw =w-d"x = x = dw = (Oyrw, Jpw),
(5uuw = (—D)iauyw, 5pw == (—D)if)piw.
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Constraints

The continuity equation (2), CE = {Oxuu* = 0}, has the algebraic
counterpart

CE={(x,up)€B|CE =u , =0, iel}

The integrability condition (4), Ap 4+ Vu - Vu = 0, has the algebraic
counterpart

PE = {(x,u.p) € B | PE; = Ap; + Di(u,yufy)) =0, i € I}.

where
o (u)=0+(p)=(0,...,0,1,0,...,0), 1 standsin uth place;
oA—(S“D)\oD_éﬂD A)+(p) = ZD2
° D( (A)) D ktl= 1( )uk+(y)ul+()\)
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The subspace
CPE=CENPE=T x X x R}, x R} x Ry,

has the global coordinates (t,x,u,p) = {t, x*, uilo, u®, pi, }, the indices
peM=1m,

ipelp={iel|i'=0},

aeEN=2m, iel,

heli={iel|il=0,1}

The algebra A(CPE) = C°(T x X x ]R]%O x RN x Ry,).

Derivations
o Dy(CPE)={¢=¢ m + (X ue + €O, | G
oihKCPE)Z{CZC”D | ¢ € A(CPE)};
o D, = 0w+ u (M)a 1+ ul+(“)3uia + Pir(u)Op, B EM,
where u! ) + U o) =0 Api+ Di(U(’\M)Ué&)) =0.

i G € A(CPE)};

ip?
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Differential algebra in the space CPE

The pair (A(CPE), ©1(CPE)) is called the differential algebra associated
with the constrained space CPE;

The Lie algebra
Sym(A(CPE), D9u(CPE)) = {evf € ©v(B) | [Dy,ev¢] =0, p € M}

is the Lie algebra of symmetries of the differential algebra
(A(CPE), Du(CPE)), where

@ evy = Dio 1. Builo + Dif* - 8uf‘ + Dilf . 8pi1,

o f = (f" f) € A(CPE)M x A(CPE),
i
(

o D,f* =0, Af+ev (u(’\u)u /\)) =0,
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Horizontal differential complex in the space CPE

Horizontal differential forms are

0, q<0,g>m
Qfj(CPE) = { A(CPE), g=
Hom 4(cpe)(N9Du(CPE); A(CPE)), 1<q<m;

Hom 4cpe)(A“Dn(CPE); A(CPE))
= {ng = Wyyoopg - AXFEA LA dxPe ‘ Wyy.opg € A(CPE)}.
The differential &} : Q¥ (CPE) — Q& (CPE), d™" o dfi = 0, where

Wiy.opig = XN N X Dpowpy gt dXFOA A dx

H{(CPE) = Kerd{/Imdi™", qeZ.
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Horizontal cohomologies in the space CPE

Theorem

The linear spaces of the cohomologies of the differential algebra
(A(CPE), Dy (CPE)) are

0, g<0,1<g<m—2,9>m;
R, qg=0;

KerD{"_leﬂH, g=m—1;
H™1(©)/ImDy"" !, q=m;

HI(CPE) =

o S = Sol(Ds + f*) is the linear space of solutions x = (x?, xg,xo, 1Y)
of the linear system Dyx + f*x = 0;

o H={x= (X?,Xg, X% xY) | x+ = x*} is the Helmholtz space of the
differential algebra (A(CPE), ©1(CPE)).
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Evolution in the space CPE

The evolution in the space

CPE =T x X x (R, xR) xRy, = {t,x = (x*),u = (v}, u®),p=(py)}

1p?

(M = 2,3) is governed by an evolution derivation
Dt = 8t + evg,
where
® evp = DiyF*-8,1 +DiF*-dy0+Di, F-0p, € Sym(A(CPE), Du(CPE));
ig 1

o E = (E*, E) € AM(CPE) x A(CPE);
o D,EF =0, AE+2(u},DryEV).
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Evolutionary differential algebra in the space CPE

There is defined the differential algebra (A(CPE), ©r(CPE)), where
e ©(CPE) = ©y(CPE) D A(cPE) DOr(CPE);
o Dy(CPE) = {C = iy + e + o, | G G € A(CPE));
e O (CPE) has the A(CPE)-basis {D;,D,, | 1 € M},
the time derivation D; = 0; + evg, [D¢, D,] =0, p € M, so

Dp(CPE) = {¢ = ("D + ("D, | ¢*, (" € A(CPE)}.
The Lie algebra of symmetries here is

Sym(A(CPE),Dg(CPE))
= { ev; € Sym(A(CPE, Dy (CPE)) | [D, ev] = 0},

where the condition [D;, ev¢] = 0 reduces to the equation (D; — E,)f = 0.
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Evolutionary differential complex in the space CPE

We split
o QF(CPE) = dt AQf ' (CPE) @ 4cpe) Q4(CPE), g € Z;
@ where

0—>QI‘ZI_1—>Q"—>Q"—>O
w% —wh = (—1)9” 1di.“/\wH ,

wp = dt Awi —|—wH»—>w%;

o di=df +dl Q% - Qi d,=dtAD:, du=dx*AD,
wp = dt A wg_l + wi} = dpwi = dt A (Dywyy — deg_l) + dhwy;
o D{: QJ(CPE) — QJ|(CPE), q€Z,
Df(wmmﬂq cdxMUA LA dxMae) = (th#1~-~ﬂq) cdxMt A LA dxHa,
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Evolutionary cohomologies in the space CPE

HS(CPE) = Kerd?/Imd3™", qcZ

Theorem

The linear spaces of cohomologies of the differential algebra
(A(CPE); Dg(CPE)) are

0, g<0,1<g<m-—2,9g>m+1;
R =0;

HI(CPE)={ 7 97 |
Ker D" -, g=m-—1,

HT(CPE)/ImDf", q=m+1;
while in the case g = m one has HT'(CPE)/Im HF~1(CPE) = Ker D}".

DY : HY(CPE) — HI(CPE), DIwl]=[Dwil], q€Z.

v
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Navier-Stokes equations as evolution in the space CPE

We treat the Navier-Stokes system (1)-(2) as the evolution process

governed by the equation (1) in the space CPE. The algebraic counterpart
of the equation (1) is the symmetry

evp = DyyE* 0,1 + DiE® - 040 + Dy E - ), € Sym(A(CPE), D (CPE)),
ig 1
where

o E=(E* E) € A(CPE)M x A(CPE);

e EH = fu’\ué&) +vAuk — py;

(] ui/jr(}l,) = 0, Aut = Z)\ Ug()\).

@ E to be defined from the condition evg € Sym(A(CPE), ©1(CPE)).
Here D,E* = 0, while the condition

AE + evi(ug,ufy) = AE + 2ug, DAEH = 0 (5)

is the Poisson equation for the component E € A(CPE)
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Conclusion

It can be seen from the above constructions that the Navier-Stokes
equations are subject to meaningful analysis within the framework of the
algebraic approach to differential equations. The resulting equations for
finding algebraic characteristics of Navier-Stokes equations, such as
symmetries and cohomologies, are essentially complicated. One may hope
to find their partial solutions at least, especially using analytical
computational packets (Mathematica, for example).
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THANK YOU
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