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Criterion of irrationality

Theorem
Let α be a real number and there exists a sequence (qn, pn) ∈ Z2

such that

0 < |qnα− pn| −→ 0, n→∞.

Then α is irrational.

Äîêàçàòåëüñòâî.

Assume that α = a
b ∈ Q, b > 0. Then

|qnα− pn| =
|qna− pnb|

b
≥ 1

b
.

Example:

e = lim
n→∞

(
1 +

1

n

)n

= 2, 71828182845904523536028747135 . . .
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Irrationality of e

Euler, 1737:

e = [2, 1, 2, 1, 1, 4, 1, 1, 6, 1, 1, . . .] = 2 +
1

1 +
1

2 +
1

1 + . . .

0 < |qne − pn| <
1

qn
, qn →∞

Fourier, 1815: e =
∞∑
k=0

1

k!
qn = n!, pn = n!

n∑
k=0

1

k!
,

0 < qne − pn = n!
∑
k>n

1

k!
<

2

n + 1
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Measure of irrationality

Davis (1978): 1. For any ε > 0 the inequality∣∣∣∣e − p

q

∣∣∣∣ < (1

2
+ ε

)
ln ln q

q2 ln q

has in�nitely many solutions
p

q
∈ Q

2. For any ε > 0 the inequality∣∣∣∣e − p

q

∣∣∣∣ < (1

2
− ε
)

ln ln q

q2 ln q

has only �nitely many solutions
p

q
.
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Exponent of irrationality

Exponent of irrationality µ(α) of a real number α is de�ned as

supremum of the set of all κ such that the inequality∣∣∣∣α− p

q

∣∣∣∣ < q−κ (1)

has in�nitely many solutions in rational numbers
p

q
.

Properties:

1. For κ > µ(α), the set of solutions
p

q
of the inequality (1) is

�nite.

2. For κ < µ(α), the set of solutions
p

q
of the inequality (1) is

in�nite.

3. For any integers a, b, c , d with ad − bc 6= 0 we have

µ

(
aα + b

cα + d

)
= µ(α).
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The number π

Mahler, 1953: µ(π) ≤ 30.
Mahler proved that for any κ > 30 the inequality |α− p/q| < q−κ

has only �nitely many solutions and that for any
p
q ⇒ |π − p/q| > q−42.

Mignotte, 1974: µ(π) ≤ 20 .

G. Chudnovsky, 1982:

µ(π) ≤ 5− 5 · 5 + 6 ln (2 cos(π/24))

5 + 6 ln (2 sin(π/24))
= 19, 88999444 . . . .

Hata, 1993: µ(π) ≤ 13, 398 .

|p + qπ + r ln 2| > H−κ, H = max(|q|, |r |) ≥ H0, κ > 7, 0160....

Corollary:
µ(π) ≤ 8, 016045... q ≥ q0 ⇒ |π − p/q| ≥ q−9.
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The number π

M. Hata, 1993: µ(π) ≤ 8, 016045....

V. Salikhov, 2008: µ(π) < 7, 6063 . . ..

D. Zeilberger, W. Zudilin, 2020: µ(π) < 7, 1032 . . ..
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Exponent of irrationality

Theorem
Let α be a real number and there exists a sequence (qn, pn) ∈ Z2

such that

0 < |qnα− pn| −→ 0, n→∞.

Then α is irrational.

Theorem (Hata, 1993)

Let α be real irrational number and a sequence of pairs of integers

qn, pn satis�es

lim
n→+∞

1

n
ln |qn| = σ > 0, lim sup

n→+∞

1

n
ln |qnα−pn| ≤ −τ, τ > 0.

Then

µ(α) ≤ 1 +
σ

τ
.
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The number π

Salikhov, 2008: µ(π) < 7, 6063 . . ..

R(x) =
(x2 − 8x + 20)3n(x − 5)3n(x2 − 12x + 40)3n

x5n+1(10− x)5n+1

1

i

∫ 4+2i

4−2i
R(x)dx = uπ − v , u, v ∈ Q.

R(10− x) = R(x)
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The number π

1. Salikhov, 2008: µ(π) < 7, 6063 . . ..

I1(n) = i

∫ 4+2i

4−2i

(
(x2 − 8x + 20)3(x − 5)3(x2 − 12x + 40)3

x5(x − 10)5

)n

·

· dx

x(x − 10)
= unπ − vn, un, vn ∈ Q.

2. Zeilberger and Zudilin, 2020: µ(π) < 7, 1032 . . ..

I2(n) = 5i

∫ 4+2i

4−2i

(
(x2 − 8x + 20)2(x − 5)2(x2 − 12x + 40)2

x3(10− x)3

)n

·

dx

x(x − 10)
= bnπ − an, an, bn ∈ Q.
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The number π.

Denote Dm � least common multiple of numbers 1, 2, 3, . . . ,m,

Pn =
{
p |max(5,

√
3n) < p ≤ 2n,

1

2
≤
{
n

p

}
<

2

3

}
,

Φn =
∏
p∈Pn

p, Ln =
D4n

Φn
∈ Z.

Then

2−[5n/2]+2 · Ln · I2(n) = Bnπ − An ∈ Z + Zπ.
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The number π

There are two possibilities to �nish the proof of the upper bound

µ(π) ≤ 7, 103205 . . .

with Hata's theorem.

1. One can �nd with computer a linear recurrence equation for

I2(n) with polynomial in n coe�cients. The sequences An and Bn

are solutions of this equation. After that one can use Poincare's

theorem for calculation of asymptotics of I2(n) and Bn.

2. One can �nd an integral representation for Bn and after that

with saddle point method fo calculate the asymptotic for two

sequences I2(n) and Bn.
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