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Criterion of irrationality

Theorem

Let o be a real number and there exists a sequence (qn, ppn) € 72
such that

0 < |ghax — pp| — 0, n — oo.

Then « is irrational.
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Let o be a real number and there exists a sequence (qn, ppn) € 72
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Then « is irrational.
HlokazaTenbCcTBO.

Assume that « = 7 € Q, b > 0. Then

a— pnb 1
|qna_pn|:!qnbpn!2b-

Yu.V. Nesterenko Approximation of 7 by rational numbers.



Criterion of irrationality

Theorem
Let o be a real number and there exists a sequence (qn, ppn) € 72
such that

0 < |ghax — pp| — 0, n — oo.

Then « is irrational.

HlokazaTenbCcTBO.
Assume that « = 7 € Q, b > 0. Then

a— pnb 1
|qna_pn|:!qnbpn!2b-

L]
Example:

1 n
e= lim <1 + n> = 2,71828182845904523536028747135. ..

n—o0
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Irrationality of e

Euler, 1737:

e =[2,1,2,1,1,4,1,1,6,1,1,...] =2+
1+
2+

1+
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Irrationality of e

Euler, 1737:
1
e =[2,1,2,1,1,4,1,1,6,1,1,...] =2 + :
1+
1
2+
1+_
1
0<[gne—pn|<—,  gn— o0
dn
o 1 n 1
Fourier, 1815: e = Z o an = 1, pn = nl .
k=0 o
1 2
0<qne—pn:n|z:n<m

k>n
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Measure of irrationality

Davis (1978): 1. For any £ > 0 the inequality

p 1 Inlng
) q’ = <2+5> q*Ing

has infinitely many solutions P €eQ
q
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Measure of irrationality
Davis (1978): 1. For any £ > 0 the inequality

p 1 Inlng
) q' = <2+5> q*Ing

has infinitely many solutions P €eQ

2. For any € > 0 the inequality

p 1 Inlng
‘e q} = <2 8) g’Ing

has only finitely many solutions P
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Exponent of irrationality

Exponent of irrationality p(a) of a real number « is defined as
supremum of the set of all > such that the inequality
p

a—=|<q” 1
q! 0

has infinitely many solutions in rational numbers P
q

Yu.V. Nesterenko Approximation of 7 by rational numbers.



Exponent of irrationality

Exponent of irrationality p(a) of a real number « is defined as
supremum of the set of all > such that the inequality
p

a—=|<q” 1
q! 0

has infinitely many solutions in rational numbers P
q
Properties:

1. For 3¢ > u(a), the set of solutions P of the inequality (1) is
q

finite.

Yu.V. Nesterenko Approximation of 7 by rational numbers.



Exponent of irrationality

Exponent of irrationality p(a) of a real number « is defined as
supremum of the set of all > such that the inequality
p

a—=|<q” 1
q! 0

has infinitely many solutions in rational numbers P
q

Properties:
1. For 3¢ > u(a), the set of solutions P of the inequality (1) is
q

finite.
2. For sz < p(a), the set of solutions P of the inequality (1) is
q

infinite.

Yu.V. Nesterenko Approximation of 7 by rational numbers.



Exponent of irrationality

Exponent of irrationality p(a) of a real number « is defined as
supremum of the set of all > such that the inequality
p

a—=|<q” 1
q! 0

has infinitely many solutions in rational numbers P
q
Properties:

1. For 3¢ > u(a), the set of solutions P of the inequality (1) is
q

finite.
2. For sz < p(a), the set of solutions P of the inequality (1) is
q

infinite.
3. For any integers a, b, ¢, d with ad — bc # 0 we have

(Z2) -
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Exponent of irrationality

Exponent of irrationality p(«) of a real number « is defined as
supremum of the set of all > such that the inequality

has infinitely many solutions in rational numbers P
q
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Exponent of irrationality

Exponent of irrationality p(«) of a real number « is defined as
supremum of the set of all > such that the inequality

has infinitely many solutions in rational numbers P
q
Examples:

» (Lagrange) For any a € R\ Q we have u(a) > 2.
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Exponent of irrationality

Exponent of irrationality p(«) of a real number « is defined as
supremum of the set of all > such that the inequality

has infinitely many solutions in rational numbers P
q
Examples:

» (Lagrange) For any a € R\ Q we have u(a) > 2.
» (Roth, 1955) For any algebraic irrational a we have p(a) = 2.
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Exponent of irrationality

Exponent of irrationality p(«) of a real number « is defined as
supremum of the set of all > such that the inequality

has infinitely many solutions in rational numbers P

Examples: I
» (Lagrange) For any a € R\ Q we have u(a) > 2.
» (Roth, 1955) For any algebraic irrational a we have p(a) = 2.
» (Euler) u(e) = 2.
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Mabhler, 1953: u(m) < 30.

Mahler proved that for any x > 30 the inequality |« — p/q| < g~"
has only finitely many solutions and that for any
E=r—p/al >q*
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Mabhler, 1953: u(m) < 30.

Mahler proved that for any x > 30 the inequality |« — p/q| < g~
has only finitely many solutions and that for any

E=r—p/al >q*

Mignotte, 1974: u(7w) <20 .

R
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Mabhler, 1953: u(m) < 30.

Mahler proved that for any x > 30 the inequality |« — p/q| < g~
has only finitely many solutions and that for any

E=r—p/al >q*

Mignotte, 1974: u(7w) <20 .

G. Chudnovsky, 1982:

R

54 61n(2cos(m/24))
5+ 6In(2sin(7/24))

p(r) <5—5 = 19,88999444 . . ..
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Mabhler, 1953: u(m) < 30.

Mahler proved that for any x > 30 the inequality |« — p/q| < g~
has only finitely many solutions and that for any

E=r—p/al >q*

Mignotte, 1974: u(7w) <20 .

G. Chudnovsky, 1982:

R

54 61n(2cos(m/24))
5+ 6In(2sin(7/24))

p(r) <5—5 = 19,88999444 . . ..

Hata, 1993: u(r) < 13,398 .
lp+qr+rin2| > H* H=max(|q|,|r|) > Ho, » > 7,0160....

Corollary:
p(m) <8,016045.. g>qo = |t—p/q>q°
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M. Hata, 1993: u(7) < 8,016045....
V. Salikhov, 2008: p(7) < 7,6063.. ..

D. Zeilberger, W. Zudilin, 2020: p(7) < 7,1032....
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Exponent of irrationality

Theorem

Let o be a real number and there exists a sequence (qn, ppn) € 72
such that

0 < |gna — pa| — 0, n — oo.

Then « is irrational.
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Exponent of irrationality

Theorem
Let o be a real number and there exists a sequence (qn, ppn) € 72
such that

0 < |ghax — pn| — 0, n — oo.

Then « is irrational.

Theorem (Hata, 1993)

Let «v be real irrational number and a sequence of pairs of integers
Qn, Pn Satisfies

1 1
lim =In|gy| =0 >0, limsup = In|gaa—pp| < =7, 7>0.
n—+o00 n n—+oo N
Then
o
pa) =1+~
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THEOREM 1.1. For any £ > 0, there exists a positive integer Hy(c) such
that

p+qm+rlog2| = HH*
for any integers p,q,r with H = max{|q|, |r|} = Ho(c), where the exponent
[ is given by
2logag +6 —7/V/3

H':_Qlogal—l—ﬁ—?r/\/g
with
10 4jr\ 92 1 23./60
. 18265 cos ( 0 V6 and 6y = = arctan [ —Y"_) .
Y COS(”+ 3 >+3\f e o 3”6‘1”(1209303)

( Numerically one has pn = 7.016045. . .)



LEMMA 2.1. Let m be a fized non-negative integer. Let ~, and o be real
numbers satisfying

Gn Y1 —Pn =€n  and  gpY2 —Tp = 0Oy
for some py, Qn, T € Z+i/mZ for all n > 1. Suppose that
1 1

n]l_l}lé@;l(}g\gﬂ =0, llngealog|en| = -7, ]1111 Elogwn\ =



for positive numbers o, T and " with 7" = 7. Suppose further that there exist
infinitely many n’s satisfying 6, /s, # o for any rational number p. Then
the numbers 1, v, and o are linearly independent over Q. More precisely,
for any £ > 0, there exists a positive integer Hy(=) such that

p+qn +ryel = H 7T
for any integers p, q, r with H = max{|q|, |r|} = Hg(¢).



LEMMA 2.2. There exists a positive integer D, such that

(2.2) T S (2;') (2; ) (Qén) =L




for all integers 0 < 3. k.l < 2n with j +k + 1 # 3n and that

1 1 27
(2.3) nli_}nc]ﬂa]og D, = 5{6 — % + log E} =K, say.

( Numerically one has k = 2.35472 .. .)



log(Sn)

H P Togp Ay(n) = H p, As(n)= H p

p prime p prime p prime
pP<+v/3n p<3n pETn

for all n = 1. The above argument implies that the integer

Al (ﬂ-)ﬂz (ﬂ)
Az(n)

Dn —



1]

o0

i

o0

Z lim S;(n) = Z(Cg —b;)

1

log As(n)

1

lim
n—oo T

I'(2/3)




log Ay(n) = O(y/n) and log As(n) ~ 3n as n tends to +oc,



(1.3) [ (F(QI?GETGB;Z))n%

where
(2 —a1)?(z — a)?(z — as)?
»3
with non-zero distinct complex numbers a,,a; and as;. By taking a; = 1,
as = 2 and a3z = 1 + i, the integral (1.3) enables us to obtain the following

(1_1) F(a-l.,ﬂ-g,ﬂ-g;z) =




3. Proof of Theorem 1.1. Let I, be a smooth oriented path de-
parting from z, arriving at w, and contained in C — {0}. We then consider
the integral

o dz
LIz w) = f (F(ay,aq,a3;2))" —
Z
Fz:w
2n 2n 2n
=3 S B e,
i=0 k=0 =0 J o
where

i+k+l 2n—j 2n—k 2n-—l



(3.1) In(I:w)

Bj k. 2n\ [2n\ [2n ; _an it htl—3n
— Z j—l—kil.—Sn.(j)(k)(l)(le—'_k—i_l3 _ pdtkti=3m)

J+k+1#£3n
2n\ (2n\ [ 2n dz
B. -
oy wa(T)(E) ) 15
Jjt+k+I1=3n 1w
dz
= Uy (2, w) + vy f — > say

-'r‘n".f.‘l.l'.,'

For the proof of Theorem 1.1 we choose a; =1, a; = 2 and a3 = 1 + 1.






Pn = —2iDp{u,(1,2) — 2u, (1,1 +14)},  qn = Dyvn, 1= —Dyuy(1,2),
we obtain
qnT — ppn = 20D, {1, (I 2) — 21, (I 144)} = &0
and
qnlog2 —r, = D,I,(I'12) =0,, say,
where p,,. q,,r, € Z +1Z. Then it follows from Lemmas 2.2 and 2.4 that



we 2 () () -5 eort

Jj+k+I1=3n C

where C' = I} 1;UTI" ;1 1s a closed oriented curve enclosing the origin and
I''4i1 is the path illustrated in Figure 2 through the saddle (5. Hence






Salikhov, 2008: p(7) < 7,6063.. ..

Rlx) — (x? — 8x +20)3"(x — 5)3"(x? — 12x + 40)3"
(X) - X5n+1(10 _ X)5n+1
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Salikhov, 2008: p(7) < 7,6063.. ..

Rlx) — (x? — 8x +20)3"(x — 5)3"(x? — 12x + 40)3"
(X) - X5n+1(10 _ X)5n+1

1 44+2i
/ R(x)dx = um — v, u,veQ.
I Ja—2j
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Salikhov, 2008: p(7) < 7,6063.. ..

Rlx) — (x? — 8x +20)3"(x — 5)3"(x? — 12x + 40)3"
(X) - X5n+1(10 _ X)5n+1

1 44+2i
/ R(x)dx = um — v, u,veQ.
I Ja—2j

R(10 — x) = R(x)
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R(x)

rae see a; € (), Bee b, € Z.

in+1

= P(z) +Z

(3

Y. b -



rie

4421

/(%

Jy =

Hn+1

2

:||=

J:J1+J2+J3,

4+

[ P(z)dz, r| = %Jl e @,

4—2

(

4 %

1
i +m)) 4z, =752 <Q

(4)

(5)

(6)



g3

4421

iq (151 . _ _
f( —I—m_m)d:r_a.l(logﬂ: log(10 — x))

4-2i
aq (log(4 + 27) — log(4 — 2i) + log(6 + 2i) — log(6 — 2i))

1 1 1
aqi (2 arctg 5 + 2arctg E) = Eali?r,

1 1
EJQ,, = Eal'ﬂ-,

(7)



Salikhov, 2008: p(7) < 7,6063.. ..

Rlx) — (x® — 8x +20)3"(x — 5)3"(x? — 12x + 40)3"
(x) = x5n+1(10 — x)5n+1
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Salikhov, 2008: p(7) < 7,6063.. ..

- (x® — 8x +20)3"(x — 5)3"(x? — 12x + 40)3"

R( ) X5n+1(10 _ X)5n+1
A
2 . .
1_
0 4 L -
5 4 = & g 10
=ik
g [ ] L]
B
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Salikhov, 2008: p(7) < 7,6063.. ..

_ (x® = 8x+120)3"(x — 5)3"(x? — 12x + 40)3"

R(X) X5n+1(10 _ X)5n+1
A
2 . .
1_

0 4 L &
5 4 = & g 10

. .

B

/AOB =~
4
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1. Salikhov, 2008: 1i(7) < 7,6063.. . .

LM (x2 = 8x + 20)3(x — 5)3(x2 — 12x + 40)%
h(n) = '/4 < x5(x — 10)5 > '
dx
x(x—10)

—2i

UpT — Vn, Up, vV, € Q.
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1. Salikhov, 2008: 1i(7) < 7,6063.. . .

LM (x2 = 8x + 20)3(x — 5)3(x2 — 12x + 40)%
h(n) = '/4 < x5(x — 10)5 > '
dx
x(x—10)

—2i

UpT — Vn, Up, vV, € Q.

2. Zeilberger and Zudilin, 2020: u(7) < 7,1032....

h(n) = 5_/4+2" (x? — 8x +20)%(x — 5)?(x? — 12x + 40)%\"
2= 4-2i x3(10 — x)3
dx

m = by,m—ap, an, bp € Q.
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Denote D,, — least common multiple of numbers 1,2,3,..., m,

1 2
P, = {p|max(5,\/3n) < p<2n, 3 < {n} < §}’

D
(Dn:Hp’ L, = 4n€Z'
PEP,

Then
o—[5n/2]+2 Ly h(n)= Byt — A, € Z+ Zr.
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There are two possibilities to finish the proof of the upper bound
p(m) < 7,103205...

with Hata's theorem.

1. One can find with computer a linear recurrence equation for
l(n) with polynomial in n coefficients. The sequences A, and B,
are solutions of this equation. After that one can use Poincare’s
theorem for calculation of asymptotics of /(n) and B,.

2. One can find an integral representation for B, and after that
with saddle point method fo calculate the asymptotic for two
sequences h(n) and By,.
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