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The Euler system

Consider flows of an inviscid medium

p(ue + uu) = —ps — pgh',
pt + (pu)a =0, (1)
pT (st + usy) — kTa =0,

on a naturally-parametrised space curve in the three-dimensional
Euclidean space

M = {X = f(a)7 Yy = g(a)7 zZ= h(a)}

in a field of constant gravitational force.
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Thermodynamics

A thermodynamic state is a two-dimensional Legendrian manifold
L C R3(p,p,s, T,e€), a maximal integral manifold of the differential
1-form

0 = de — Tds — pp~2dp,

i.e. a manifold such that the first law of thermodynamics H‘L =0
holds.
Following [1], we require that the quadratic differential form

k=d(TY) de—p2d(pT7 1) dp
on the surface L be negative definite,
/{}L <0,

and the entropy s satisfies the inequality s < sy, where the constant
so depends on the nature of a process under consideration.
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Thermodynamics

Consider the projection 7: (p, p,s, T,e) — (p,p,s, T). The
restriction of this map on the state surface L is a diffeomorphism

L = w(L), and the surface L C R* is a Lagrangian manifold in the
4-dimensional symplectic space R* equipped with the structure form

Q=d0=dsAdT + p~2dp A dp.

Thus, the thermodynamic state is the Lagrangian submanifold L in
the symplectic space (R*, Q):

{f(p"” "D wd =0 @

glp,p,s, T) =0,

where [f, g] is the Poisson bracket, and the symmetric differential
form « is negative definite on this surface.
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Symmetry Lie algebra

We consider a Lie algebra g of point symmetries of the Euler
system (1).
Let ¥: g — b be the following Lie algebras homomorphism

U X = X(p)0, + X(s5)0s + X(p)0p + X(T)OT,

where b is a Lie algebra generated by vector fields that act on the
thermodynamic variables p, p, s and T.

The kernel of the homomorphism ¥ is an ideal gn C g (geometric
symmetries).

Let also h¢ be the Lie subalgebra of the algebra b that preserves
thermodynamic state (2).

Theorem

A Lie algebra gsym of symmetries of the Euler system £ coincides
with

-1
977 (by).
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Symmetry Lie algebra

Let h(a) be an arbitrary function.

The Lie algebra g of point symmetries of the system (1) is
generated by the vector fields

X1 = 0%, X4 =T OT,
Xo = Op, Xs =p0Op+ p0y — s0s.
X3:857

The pure thermodynamic part b of the system symmetry algebra is

Yl = 8p7 Y3 = TaT)
Y = 0Os, Yo =pOp+p0, —50s.

Thus, in this case the system of differential equations £ has the
smallest Lie algebra of point symmetries ¥~1(hy).
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Symmetry Lie algebra

@ h(a) is arbitrary
X1 =0, Xo = 0Op, X3 = 0, Xy =TOT,
X5 =pOp+p0d,—s0s

e h(a) = const
Xo = 03, X7 =1t0,+ 0y,
X8:t8t+aaa—585,
Xo=1t0r—udy, —2p0p+50s,

@ h(a)=Xa, A #0
X6:aay X7:taa+aw
Xg=1t0;+2a0,+ud, —2p0, —s0s,
Xo=(5+ )0 +2(t+52)0u — 220,

e h(a) =Xa®>, A #0
X = a0+ ud, —2p0,,
X7 =sin(v/2Mg t) 05 + /2\g cos(+v/2Ag t) Oy,
Xg = cos(v/2Ag t) 0, — /2Agsin(v/2Ag t) O,
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Symmetry Lie algebra

o h(a):)\la’\Z,)\gyéo
Xo = t 0r — 2250, —;22“26 + 22260, — 50
] h(a):)\leAza, AQ#O
X6:t8t—/\%8a—u8u—p6p+p8p
@ h(a)=1Ina
Xe=t0;+ad; —s0s
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Lifting curves from the plane

Let a curve in the space be defined as a pair of a plane curve
(x(7), ( )) and a ‘lifting” function z(7).

Let /(T f \/ X2 + yg df — the length of the plane curve.

Then the foIIowmg relation between natural parameter a and the
parameter T is valid

Zr

NCES ey

h, =

1. h(a) = const
The first way of lifting a plane curve is to translate the whole curve
along z-axis, i.e. if h(a) = const then z(7) = const.
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Lifting curves from the plane

2. h(a) =Xa, A #0

The second way to lift curve is lifting proportional to the length of
the plane part, i.e. if h(a) = A\a then we have the following
differential equitation on the ‘lifting’ function z(7)

(1-22) 22 =22 (x2 +y2),
solving which given 1 — A2 > 0, we get

z(1) = :t\/lAi)\z I(T) + C,

where /(1) — is length of plane projection of curve and C = const.
If A\ = =1, then x(t) = y(t) = const and we have a vertical line.

Anna Duyunova, Valentin Lychagin, Sergey Tychkov The Euler system on a space curve



Lifting curves from the plane

3. h(a) =Xa%>, A #£0
The relation between the ‘lifting’ function z(7) and the length /(7)
of the plane curve is

V4Xz(1 — 4)\z) — arccos(VAAz) = £4MI(T).
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Lifting curves from the plane
5. h(a) = \1e*??
The relation between the ‘lifting’ function z(7) and the length /()
of the plane curve is
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Lifting curves from the plane

6. h(a)=1Ina
The relation between the ‘lifting’ function z(7) and the length /(7)
of the plane curve is

vV e¥ —1—arctan/e?? — 1 = £/(1).
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Thermodynamic states

Let h(a) be an arbitrary function, and let the thermodynamic state
admit a one-dimensional symmetry algebra

Z:’Ylap+'72as+73T8T+74(p8p+pap_565)7

then the Lagrangian surface L can be found from the conditions
{Q|; =0,:2Q|; = 0}, which lead to the following PDE system on
the internal energy

Yap €pp + (V2 — V4S)€ps + Yacp — 11p 2 =0,
(72 - 745)655 + Vap€ps — V3 €5 = 0.

Solving this system for the general case, we have

k]

p=Cp— 2, T=0Colya—as) =,
Y4
where C;, G, are constants. The condition x|; < 0 leads to the
relations
3
Y2 — V45

>0, G >0 forall se(—o0,s0]



Thermodynamic states

Theorem
The thermodynamic states admitting a one-dimensional symmetry
algebra have the form

gl -2
polp—,? T = G(v2 —7as) ™,
4

where the constants defining the symmetry algebra satisfy
inequalities
50<B, G >0, ﬂ<0,
Y4 V4
and besides they must meet one of the following conditions:
(1) if’wy—j is irrational, then v3 > 0, 74 > 0, G > 0;
Q if 22 is rational, then 12 > 0 (i.e. 12 = 2 ) and

@ ifk iseven, then v, >0, G > 0;
@ ifk is odd and m is even, then C; > O;
@ if k is odd and m is odd, then Coy4 > 0.

Anna Duyunova, Valentin Lychagin, Sergey Tychkov The Euler system on a space curve



Kinematic invariants

We consider two group actions on the Euler system £ — the
prolonged actions of the groups generated by actions of the Lie
algebras gm and gsym.

A function J on the manifold & is a kinematic differential invariant
of order < k if

@ J is a rational function along fibers of the projection
Tk,0 : gk — 50,

@ J is invariant with respect to the prolonged action of the Lie
algebra gn, i.e., for all X € gm,

x®(J) =0, (3)

where & is the prolongation of the system & to k-jets, and X(¥) is
the k-th prolongation of a vector field X € gp,.

A kinematic invariant is an Euler invariant if condition (3) holds for
all X € gsym.
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Kinematic invariants

Theorem
@ The kinematic invariants field is generated by first-order basis
differential invariants and by basis invariant derivations. This
field separates regular orbits.

@ For the general cases of h(a), as well as for h(a) = A\1a’2,
h(a) = A1e*2? and h(a) = In a, the basis differential invariants

are
a, u, P S, Us, Pa; St, Sa,

and the basis invariant derivations are

da d
dt’ da’
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Kinematic invariants

Theorem

@ For the cases h(a) = const, h(a) = \a and h(a) = \a?, the
basis differential invariants are

P S, U, Pa, Sa, St + us,,

and basis invariant derivations are

4, ,4 4
at Yda da

@ The number of independent invariants of pure order k is equal
to 4 for k > 1.

Anna Duyunova, Valentin Lychagin, Sergey Tychkov The Euler system on a space curve



Euler invariants

Let h(a) be an arbitrary function.
If the thermodynamic state admits a one-dimensional symmetry
algebra generated by the vector field

§1Xo + X3 + §3X4 + §4.Xs,

then the field of Euler differential invariants is generated by the
differential invariants

< £2> Pa
a, S=+= )P u, Ua, R StP, Sap
€a P

of the first order and by the invariant derivations

d d
dt’ da’
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Euler invariants

Let h(a) = Aa®, A # 0.
If the thermodynamic state admits a one-dimensional symmetry
algebra generated by the vector field

§1X2 + §X3 + §3 X4 + 4 Xs + {5 X + £ Xo,

then the field of Euler differential invariants is generated by the
differential invariants

(s — 52) Pa & 1 sapt (st +uss)p’

) u37 Papg“fz&‘r’i I 3 2
54 PSa Pa Pa

of the first order and by the invariant derivations
€5

d e
_ - Eq4—25
T P
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Quotient equation

Our goal is to study a quotient equation for the case: h(a) = \a

A#£0.

It follows from theorem above that there are four relations

(syzygies) between the

du,
Tp’
du,
a7

where

d

d

are Tresse derivatives.

following second order invariants

dp.  dTs  d(Ti+uTs)
dp’ dp’ dp ’
dp, dT, d(T:+uT),)
dT’  dT’ dT ’

1
d_ 1 (pday
dp ptTa _paTt dt da

d__ v (4 d
dT ~ peTa—paTe \ P2dr T Ptda

Anna Duyunova, Valentin Lychagin, Sergey Tychkov The Euler system on a space curve

2



Quotient equation

Choosing p and T as Lie-Tresse coordinates (x,y) and

K(x,y) = ua, L(x,y) = pa, M(x,y) = T, N(x,y) = T+ uT, as
unknown functions, respectively, if u? + py #0, xKM + LN # 0,
M # 0, we get the quotient equation Eg
(xKMy, — NM,, + LNy + M(N, — K) = 0,

k(LM + MM, ) + xy(xKsy, — Ns,) =0,

L (x(pxxL? + 2pxy LM + pyy M?)+

(XLLy + XMLy, — L?)py + (xLMy + xMM, — LM)p, ) +
x? (KNLy, — xK?Ly + (xKM + LN)K, + 3LK? + w?L) = 0,

M (X(PcL® + 2Py LM + pyy M?)+

(XLLx 4+ xML, — L®)py + (XLMy + xMM,, — LM)p, ) —

| x (N?L, — xKNLy + (xKM + LN)xK; + 2LKN — xM(K? + w?)) = 0.
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Quotient equation
The symbol of the quotient equation E is

0 xK& — N& L& + ME
x2(xKM + LN)E&, A xpyL(L&E + MEy) 0 ’
—x?(xKM + LN)é1 B xpyM(L&E + ME) 0

where
A = x(pxL? — X°K?)&1 + x(px LM + xKN)&3,

B = x(pxLM + xKN)&1 + x(pcM? — N?)&,.

Its determinant has the form
ko (xKM + LN)(LE1 + M&)? ((Léx + M&2)?py — (XK & — NE2)?)
which gives us three characteristic vector fields of Eg:

Zy = Lox + MOy, Z>3 = xK0x — NO, £+ \/px(LOx + MDy).
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Quotient equation

We find solution of the quotient for the case of ideal gas.
Recall that the thermodynamic state is given by the Planck
potential ®(x, y), which for the case of ideal gas is the following

d)(x,y):glny—lnx,

where n is a number of freedom degrees of a gas particle.
Pressure and entropy are expressed in terms of ®(x,y):

p(x,y) = —RETo,, s(x,y) = R(® +yd,),

where R is a specific gas constant.
Moreover, we consider solutions of the quotient equation E, that
are constant along the field Z;.
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Quotient equation

Let us require the functions M and L be the first integrals of the
vector field Z;. Then solving an overdetermined system
EqU{Zi(L) = Z1(M) = 0}, we obtain the following of solutions of

the quotient Eg:

2 Cox2 — 2
L—0, M= ax*E K= e =, N = V@2t

n

2n 2n
"2 n-2 2K
LZCl <X> ) M:XLv K:\/C2 <X> _W27 N=—— y7
Y X y n

where ¢; # 0, ¢ are constants.
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Euler solutions

Now we use the first solution of Ej to solve the Euler system.
Recalling that x, y, K, L, M, N are invariants and adding their
expressions to the Euler system, we get a finite-type system

2 /
Pa = 0) Ta = C1101+”7 Uz = C2P2 - w27
2T
Te+uT, = ——Vcp? — w2,
n

p(us + uug) + RpT, + w?pa =0,

pt‘ + pua — Oa
2kTaa - Rnp( Tt + UTa) + 2RTpt =0.

This system is overdetermined, and solving it, we get expressions
for the pressure, density, temperature and velocity.
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Euler solutions

p= d u=awtan(c; — wt) + f(t),

V& cos(cz — wt)’

2 pp f(t)
T = I+ —cos™n(c3—wt) [ cicy 2w /dt o
cap cos” n(c3—wt) | c1cy, " w cos(cs — ) +cs ),

where

n+2

—Rc c_?wﬁ 2
f(t) = 12 (/ cos n(c3 — wt)dt + C4>

cos(c3 — wt)

and c; #0,¢c > 0,...,cs are constants.
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Euler solutions

Doing the same with the second solution of the quotient:

2n

n—2
L:C1<X> , I\/]:X[_7 K = EL_W27 N = ’
y X C1 n

we have
n—2

— t 2n
u=awtan(c3 —wt) +2f(t), T = p(qcos 1o w)) |

2
cGiw~a
p= 5 / dt+c5 |,
crcos?(c3 — wt) ¢ cos(cz — wt) cos C3 — wt)
where f(t) is the same as before, and ¢y, ..., ¢s are constants.
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Thank you for attention.
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