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Ââåäåíèå Âåùåñòâåííûå àëãåáðàè÷åñêèå ãðóïïû

Àëãåáðàè÷åñêèå ãðóïïû íàä R

Ïóñòü G � ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà, îïðåäåë¼ííàÿ íàä R.

Íàèâíî:

G ⊂ GLn çàäàíà ïîëèíîìèàëüíûìè óðàâíåíèÿìè íà gij ñ
êîýôôèöèåíòàìè ∈ R.

G (C) = {ðåøåíèÿ ñ gij ∈ C} � êîìïëåêñíàÿ ãðóïïà Ëè;

G (R) = {ðåøåíèÿ ñ gij ∈ R} � âåùåñòâåííàÿ ãðóïïà Ëè.

Êîìïëåêñíîå ñîïðÿæåíèå: G (C) 3 g = (gij) 7→ ḡ = (ḡij) ∈ G (C);

g ∈ G (R) ⇐⇒ g = ḡ .

Áîëåå àáñòðàêòíî:

G = (G (C), σ), ãäå σ : G (C)→ G (C), g 7→ ḡ , � âåùåñòâåííàÿ

ñòðóêòóðà (= àíòèðåãóëÿðíûé èíâîëþòèâíûé àâòîìîðôèçì ãðóïïû,

ò. å. σ∗OG = OG ).
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Ââåäåíèå Ãðóïïà êîìïîíåíò

Ãðóïïà êîìïîíåíò

Ïóñòü G ñâÿçíà (â òîïîëîãèè Çàðèññêîãî)

=⇒ G (C) ñâÿçíà (â êëàññè÷åñêîé òîïîëîãèè)

Íî G (R) ìîæåò áûòü íåñâÿçíîé (â êëàññè÷åñêîé òîïîëîãèè)

G (R)◦ := ñâÿçíàÿ êîìïîíåíòà åäèíèöû â G (R)

Çàäà÷à 1

Âû÷èñëèòü ãðóïïó êîìïîíåíò ñâÿçíîñòè π0G (R) = G (R)/G (R)◦.

Ïðèìåðû

G � ðàñùåïèìûé àëãåáðàè÷åñêèé òîð

=⇒ G (C) = C× × · · · × C×︸ ︷︷ ︸
n

, G (R) = R× × · · · × R×
=⇒ π0G (R) = {±1}n

G = GLn =⇒ π0G (R) = {±1}, êîìïîíåíòû ðàçëè÷àåò sgn det g

G = SOk,l (k, l > 0) =⇒ π0G (R) = {±1},
êîìïîíåíòû ðàçëè÷àåò sgn det(gij)

k
i ,j=1
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Ââåäåíèå Ãðóïïà êîìïîíåíò

Ãðóïïà êîìïîíåíò: îñíîâíûå ôàêòû

Îñíîâíûå ôàêòû

G óíèïîòåíòíà =⇒ G (R) ñâÿçíà

G = Guni o Gred (ðàçëîæåíèå Ëåâè íàä R)
=⇒ G (R) = Guni(R) o Gred(R) =⇒ π0G (R) = π0Gred(R)

Âûâîä: äîñòàòî÷íî ðåøèòü çàäà÷ó 1 äëÿ ñâÿçíîé ðåäóêòèâíîé G .

Èçâåñòíûå ðåçóëüòàòû

(Borel�Tits, 1972) G ïîëóïðîñòà è îäíîñâÿçíà =⇒ G (R) ñâÿçíà

(Matsumoto, 1964) π0G (R) ' {±1}n

Îêàçûâàåòñÿ, çàäà÷à 1 èìååò îòíîøåíèå ê êîãîìîëîãèÿì Ãàëóà.
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Ââåäåíèå Êîãîìîëîãèè Ãàëóà

Êîãîìîëîãèè Ãàëóà: îñíîâû

1-êîöèêëû: Z1(R,G ) = {c ∈ G (C) | cc̄ = 1}
Äåéñòâèå ñêðó÷åííûìè ñîïðÿæåíèÿìè G (C) y Z

1(R,G ): c
g7−→ gcḡ−1

1-êîãîìîëîãèè: H1(R,G ) = Z
1(R,G )/G (C)

(ìíîæåñòâî ñ îòìå÷åííîé òî÷êîé, íå ãðóïïà!)

Ïðèíöèï

Ïóñòü X � îáúåêò, îïðåäåë¼ííûé íàä R (êâàäðàòè÷íàÿ ôîðìà, òåíçîð,

àëãåáðà, àëãåáðàè÷åñêîå ìíîãîîáðàçèå èëè ãðóïïà). Òîãäà:

{R-ôîðìû îáúåêòà X} ←→ H
1(R,AutX )

Òî÷íàÿ êîãîìîëîãè÷åñêàÿ ïîñëåäîâàòåëüíîñòü:

Ïóñòü G y Q = Gq0 � îäíîðîäíîå ïðîñòðàíñòâî, q0 ∈ Q(R), H = Gq0 .

1→ H(R)→ G (R)→ Q(R) −→ H
1(R,H)→ H

1(R,G )→ H
1(R,Q)︸ ︷︷ ︸

åñëè HCGq = gq0 7−→ [g−1ḡ ]
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Ââåäåíèå Êîãîìîëîãèè Ãàëóà

Êîãîìîëîãèè Ãàëóà: çàäà÷à âû÷èñëåíèÿ

Çàäà÷à 2

Âû÷èñëèòü H1(R,G ).

Ôàêò

G óíèïîòåíòíà =⇒ H
1(R,G ) = 1

1 −→ Guni −→ G −→ G/Guni −→ 1⋃
‖

Gred
∼−→ G/Guni

· · · −→ H
1(R,Guni) −→ H

1(R,G ) −→ H
1(R,G/Guni)

‖ ↑ ‖
1 H

1(R,Gred)
∼−→ H

1(R,G/Guni)

Âûâîä: äîñòàòî÷íî ðåøèòü çàäà÷ó 2 äëÿ ñâÿçíîé ðåäóêòèâíîé G .
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Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Ãðóïïà êîìïîíåíò: âû÷èñëåíèå

Îáîçíà÷åíèÿ: G ñâÿçíà è ðåäóêòèâíà, G = G ss · S , G ss ïîëóïðîñòà,

S = Z (G )◦, s = LieS , G sc = îäíîñâÿçíîå íàêðûòèå G ss.

1 −→ π1G
i−→ G̃ = G sc × s

óíèâåðñàëüíîå íàêðûòèå

j−→ G = G ss · S −→ 1

Im(i) = Ker(j) =: Z̃ ⊆ Z (G̃ )

· · · −→ G̃ (R) −→ G (R) −→ H
1(R, π1G ) −→ H

1(R, G̃ ) −→ · · ·
‖ ‖

G sc(R)× s(R)
ñâÿçíà

H
1(R,G sc)

1 −→ π0G (R) −→ H
1(R, π1G ) −→ H

1(R,G sc)

H
1(R, π1G ) = H

1(R, Z̃ ) y H
1(R, G̃ ) = H

1(R,G sc), [z̃ ] · [c̃] = [z̃ · c̃].

Òåîðåìà

π0G (R) ' H1(R, π1G )[1] � ñòàáèëèçàòîð [1] ∈ H1(R,G sc).
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Ðåçóëüòàòû Âû÷èñëåíèå êîãîìîëîãèé Ãàëóà

Êîãîìîëîãèè Ãàëóà òîðîâ

Âåùåñòâåííûå ñòðóêòóðû íà òîðàõ:

Ïóñòü (T , σ) � àëãåáðàè÷åñêèé òîð íàä R, T (C) = C× × · · · × C×︸ ︷︷ ︸
n

.

Áàçîâûå R-ñòðóêòóðû:
ðàñùåïèìàÿ: σ(t1, . . . , tn) = (t̄1, . . . , t̄n); T (R) = (R×)n

àíèçîòðîïíàÿ: σ(t1, . . . , tn) = (t̄−11 , . . . , t̄−1n ); T (R) = (S1)n

Ïðåäëîæåíèå

∃! ðàçëîæåíèå T = T0 · T1, ãäå T0 àíèçîòðîïåí, T1 ðàñùåïèì è

|T0 ∩ T1| <∞ (ïî÷òè ïðÿìîå ïðîèçâåäåíèå).

Îáîçíà÷åíèå: T
(2)
0 = {t ∈ T0 | t2 = 1}

Ïðåäëîæåíèå

H
1(R,T ) ' T

(2)
0 /(T0 ∩ T1)
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Ðåçóëüòàòû Âû÷èñëåíèå êîãîìîëîãèé Ãàëóà

Êîãîìîëîãèè Ãàëóà: ñâåäåíèå ê òîðàì

Âûáåðåì ìàêñèìàëüíûé àíèçîòðîïíûé òîð T0 ⊂ G
=⇒ T = ZG (T0) = T0 · T1 � ìàêñèìàëüíûé òîð â G , T1 ðàñùåïèì.

Ñêðó÷åííûé íîðìàëèçàòîð: N0 = {n ∈ NG (T0) | nn̄ −1 ∈ T
(2)
0 }

Ñêðó÷åííîå ñîïðÿæåíèå N0 y T0, t
n7−→ ntn̄ −1, ñîõðàíÿåò T0(R), T

(2)
0 .

N0 ∩ T äåéñòâóåò óìíîæåíèÿìè íà T0 ∩ T1.

Òåîðåìà (Ì. Â. Áîðîâîé, 1988)

H
1(R,G ) ' T

(2)
0 /N0

Êàê âû÷èñëèòü?

Ýôôåêòèâíîå äåéñòâèå: N0 � Ŵ0 y T0

1 −→ T0 ∩ T1 −→ Ŵ0 −→W0 := NG (T0)/T −→ 1
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Ðåçóëüòàòû Âû÷èñëåíèå êîãîìîëîãèé Ãàëóà

Êîãîìîëîãèè Ãàëóà: âû÷èñëåíèå

Âåøåñòâåííàÿ ñòðóêòóðà íà ðåäóêòèâíîé ãðóïïå:

σ = σc ◦ τ ◦ inn(tσ) � ïðîèçâåäåíèå êîììóòèðóþùèõ èíâîëþöèé, ãäå:

σc � àíèçîòðîïíàÿ R-ñòðóêòóðà íà G , ò.å. G (R, σc) êîìïàêòíà;
τ � äèàãðàììíàÿ èíâîëþöèÿ, τ(t) = t±1 ïðè t ∈ T0,1, ñîîòâåòñòâåííî;

tσ ∈ T0 ∩ G ss, t2σ ∈ Z (G ss).

Ëîãàðèôìèðîâàíèå ñî ñäâèãîì:

T0 ∩ T1 ⊂ Ŵ0 y T0(R)

↑ ↑ ↑
| | | E

iX∨0 ⊂ W̃0 y t0(R)

X∨0 = îáðàç X∨(T ) ïðè ïðîåêöèè t = LieT → t0 = LieT0;

W̃0 = iX∨0 oW0 äåéñòâóåò íà t0(R) àôôèííûìè èçîìåòðèÿìè;

E(x) = exp 2π(x − xσ), ãäå exp 2πxσ = tσ

Óòâåðæäåíèå 1: T0(R)/Ŵ0 ' t0(R)/W̃0
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Ðåçóëüòàòû Âû÷èñëåíèå êîãîìîëîãèé Ãàëóà

Êîãîìîëîãèè Ãàëóà: âû÷èñëåíèå

X∨0 ⊃ Q∨0 ⊕ Λ∨0 � ïîäðåø¼òêà êîíå÷íîãî èíäåêñà;

Q∨0 = îáðàç Q∨(G ,T ) (ðåø¼òêà êîêîðíåé) ïðè ïðîåêöèè t→ t0;

Λ∨0 = îáðàç X∨(S) ïðè òîé æå ïðîåêöèè;

W̃0 B W̃r = iQ∨0 oW0 � äèñêðåòíàÿ ãðóïïà, ïîðîæä¼ííàÿ

îòðàæåíèÿìè (àôôèííàÿ ãðóïïà Âåéëÿ ïàðû (G , τ)).

Ôóíäàìåíòàëüíàÿ îáëàñòü äëÿ W̃r y t0(R) åñòü ∆1×· · ·×∆m× s0(R).

Çäåñü: s0 = s ∩ t0, à ∆i � ñèìïëåêñû, çàäàííûå àôôèííûìè

äèàãðàììàìè Äûíêèíà Dyni ïðîñòûõ (íàä R) ôàêòîðîâ ãðóïïû G .

xi ∈ ∆i çàäà¼òñÿ áàðèöåíòðè÷åñêèìè êîîðäèíàòàìè pij ≥ 0

(j = 0, . . . , li ), íîðìèðîâàííûìè òàê, ÷òî
∑

j nijpij = 2 (nij ∈ Z≥0).

F0 = X∨0 /(Q∨0 ⊕ Λ∨0 ) � êîíå÷íàÿ àáåëåâà ãðóïïà.

Óòâåðæäåíèå 2: t0(R)/W̃0 ' (∆1 × · · · ×∆m × s0(R)/i Λ∨0 )/F0
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Ðåçóëüòàòû Âû÷èñëåíèå êîãîìîëîãèé Ãàëóà

Êîãîìîëîãèè Ãàëóà: âû÷èñëåíèå

Âîïðîñ

Êàê îïðåäåëèòü òå x = (x1, . . . , xm, x0) ∈ ∆1 × · · · ×∆m × s0(R), äëÿ

êîòîðûõ E(x) = exp 2π(x − xσ) ∈ T
(2)
0 ?

Îòâåò

E(x) ∈ T
(2)
0 òîãäà è òîëüêî òîãäà, êîãäà:

1 pij ∈ Z≥0 (∀i , j);
2 x0 = iµ/2, ãäå µ ∈ M∨0 := X∨(S0/S0 ∩ G ss);

3
∑

i ,j>0 λijpij + 〈λ, µ〉 ≡
∑

i ,j>0 λijqij (mod Z), ∀λ ∈ X (T0),

ãäå λij ∈ Q � êîîðäèíàòû λ ïî ïðîñòûì êîðíÿì, à qij ∈ Z≥0 �

áàðèöåíòðè÷åñêèå êîîðäèíàòû xσ.
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Ðåçóëüòàòû Âû÷èñëåíèå êîãîìîëîãèé Ãàëóà

Êîãîìîëîãèè Ãàëóà: îñíîâíàÿ òåîðåìà

Îïðåäåëåíèå

Ðàçìåòêà Êàöà � ýòî íàáîð p = (pij)i ,j , ãäå pij ∈ Z≥0,
∑

j nijpij = 2.

Ðåäóêòèâíàÿ ðàçìåòêà Êàöà � ýòî ïàðà (p, [µ]), ãäå p � ðàçìåòêà Êàöà

è [µ] ∈ M∨0 /2Λ∨0 .

K(G ) =

{ðåäóêòèâíûå ðàçìåòêè Êàöà, óäîâëåòâîðÿþùèå ñðàâíåíèÿì (3)}.

F0 = X∨0 /(Q∨0 ⊕ Λ∨0 ) äåéñòâóåò íà K(G ) ÷åðåç àâòîìîðôèçìû
äèàãðàìì Dyn1, . . . ,Dynm è ñäâèãè íà M∨0 /2Λ∨0 .

Òåîðåìà

H
1(R,G ) ' K(G )/F0
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Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Ãðóïïà êîìïîíåíò: êîìáèíàòîðíîå îïèñàíèå

Ñëåäñòâèå

H
1(R,G sc) ' K(G sc) =

= {ðàçìåòêè Êàöà, óäîâëåòâîðÿþøèå (3) äëÿ λ = ωk |T0 , ∀k}
(ωk � ôóíäàìåíòàëüíûå âåñà).

Íàïîìíèì:
π1G ' Z̃ ⊂ Z (G̃ ) ⊂ G̃ = G sc × s

H
1(R, π1G ) ' H1(R, Z̃ ) y H

1(R, G̃ ) ' H1(R,G sc)

[z̃ ] · [c̃] = [z̃ · c̃]

Â êîìáèíàòîðíûõ òåðìèíàõ:

π1G ' X∨(T )/Q∨(G ,T ) ' Z̃ = exp(2πiX∨)

H
1(R, π1G ) ' (X∨/Q∨)−τ/(1− τ)(X∨/Q∨)

z̃ = exp 2πiν, c̃ = exp 2π(x − xσ) =⇒ [z̃ ] · [c̃] = [exp 2π(iν0 + x − xσ)]

Ä. À. Òèìàøåâ (ìåõìàò ÌÃÓ) Ãðóïïà π0 è êîãîìîëîãèè Ãàëóà Ìîñêâà, ìåõìàò ÌÃÓ, 2021 14 / 18



Ðåçóëüòàòû Âû÷èñëåíèå ãðóïïû êîìïîíåíò

Ãðóïïà êîìïîíåíò: êîìáèíàòîðíîå îïèñàíèå

H
1(R, π1G ) y H

1(R,G sc)

| ‖
π: [ν] 7→[ν0] ↓ ‖

F0 y K(G sc)

[1] = [E(xσ)] ∈ H1(R,G sc) ñîîòâåòñòâóåò q ∈ K(G sc).

Òåîðåìà

π0G (R) ' π−1((F0)q) � ñòàáèëèçàòîð q ∈ K(G sc) â H1(R, π1G ).
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Ðåçóëüòàòû Ïðèìåð

Ïðèìåð

G = SO2k,2l , n = k + l , k , l ≥ 2. Çäåñü: τ = id, T0 = T

[ω∨1 ]:

1 0

1 0

0 0 1 0 0

0 1

0 1

2 2 2 2 2 nj ÷¼ðíûå

qj êðàñíûå︸ ︷︷ ︸
k

︸ ︷︷ ︸
l

X (T ) = 〈ω1, α1, . . . , αn〉, ω1 =
∑

j>0 λjαj , λj :
1
1 · · · 11/2

1/2
Ñðàâíåíèå (3): pn−1 ≡ pn (mod 2)

π1G = F0 = 〈[ω∨1 ]〉2 =⇒ H
1(R, π1G ) = F0 =⇒ π0G (R) = F0 ' Z2

K(G ) : 1
1
0···00

0
2
0
0···00

0
0
0
2···00

0
· · · 0

0
0···20

0
0
0
0···02

0
0
0
0···01

1

0
2
0···00

0
0
0
0···00

2

#H1(R,G ) = n + 1
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Ðåçóëüòàòû Ïðèìåð

Ïðèìåð (ïðîäîëæåíèå)

G = AdSO2k,2l

[ω∨1 ]:

1

1

1

1

1

2 2 2 2 2

π1G = F0 =

{
〈[ω∨1 ]〉2 ⊕ 〈[ω∨n−1]〉2, n ÷¼òíî,

〈[ω∨n−1]〉4, n íå÷¼òíî.

[ω∨n−1] : (n even) (n odd)

=⇒ H
1(R, π1G ) =

{
F0, n ÷¼òíî

2F0, n íå÷¼òíî

=⇒ π0G (R) =

{
(Z2)2, k = l ,

Z2, èíà÷å.
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Transform. Groups 26 (2021), no. 2, 433�477,
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arXiv:2110.13062.

Ñïàñèáî çà

âíèìàíèå!
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