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Lc fujet que je me propofe de traiter ici, elt de la derniere impor-
tance dans la Mécanique; & jai déji fuic pluficurs cfiorts pour le
mettre dans tout fon jour. Mais, quoique le calcul ait affds bien
réulli, & que j'aye découvert des formules analytiques qui dérermi-
nent t-.us les changemens dont le mouvement d'un corps aurour d’un
axe variable eft fusceprible, leur application éroir pourtant affujettie 3
des difficuliés qui m’ont paru prefque tour 4 fait infurmontables. Or,
depuis que jit dévelopé les principes de laconnoifiinee mécanique des
corps, labelle propriéeé. des crois axes principaux dont chaque corps
eft doué, m'a enfin mis en &ar de vainere toutes ces difficultés, &
d'érablir les regles fur lesquelles cft fondé le mouvement de roration
autour d’un axe variable, cn forre qu'on en peur fa. ¢ zilément 'appli-
carion a tous les cas propofés,
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XXVI. An Invefiigation of a general Theorem for fimding
the Length of any Are of any Conic Hyperbola, by Mearns
of Two Eliptic Arcs, with fome otber new and wfeful
Theorems deduced therefrom. By John Landen, F.R. S,

Redde, Mar. 23, T N a paper, which the Society did me the
oo honour to publith in the Philofophical
Tranfaétions for the year 1771, I announced, that I had
difcovered a general theorem for finding the length of
any arc of any conic hyperbola, by means of two ellip-
tic arcs; and I promifed to communicate the inveftiga-
tion of fuch theorem. I now purpofe to perform my
promife; and, being pleafed with the difcovery (by
which we are enabled to bring out very elegant conclu-
fions in many interefting enquiries, as well mechanical
as purely geometrical), I cannot but. flatter myfelf, that
what I am about to communicate will be acceptable to

gentlemen who are curious in fuch inquiries,
1. From the theorem taken notice of in Art. 1. of the
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12.
Necherches sur les fonctions l:'}lipﬁqllt‘m
(Par M. N. H. Abel)

Dcpuh longtems les fonctions logarithmiques, et les fonctions exponen.
ticlles et circulaires ont ¢1¢ les seules fonctions transcendanies, qui oot
attiréd l'attention des géomdiires. Ce n'est que dans les derniers tems,
quon a commencé 4 en comsidérer quelques autres. Paro celles-ei il
faut distinguer les fonctions, nommdées elliptiques, tant pour leurs belles
propri¢tés analytiques, que pour leur application dans les diverses bran.
ches des mathématiques. La premidére idée de ces fonclions a &0 don.
niée par Fimmortel Euler, en démontrant, que Péquation separce

£ Lok
L veFratrotindis T VadhFr R0+
est intigrable algébriquement. Apris Eunler, Lagrange y a ajouts
quelque chose, en donnant son ¢élégzante thiorie de la transformation de

= 0

Vintégrale f"”l’ll =1 ‘] = ™ K eat une fonction ralionelle de =

Mais le premier ot, si jo ne me trompe, le senl, qui ait 1ppmfﬂ-nﬂl la nature
de ces fonclions, est M. Legendre, qui, dabord dans un midmoire sur
les fonctions elliptiques, et ensuite dans ses excellents exercices de ma-
thématiques, a développé nombre de poropriéics dégantes de ces fonctions,
et a montrd leur application. Lors de la publication de cet ouvrage,
rien n'a été ajouté a Ja théorie de M. Legendre. Je crois, quon ne
verra pas ici sams plaisic des recherches ultéricures sur ces fonctions
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SUR LE PROBLEME DE LA ROTATION

D'UN CORPS SOLIDE AUTOUR D'UN POINT FIXE®
PAR

SOPHIE KOWALEVSKI

4 STOCKHOLM.

§ 1.

Le probléme de la rotation d'un corps solide pesant autour d’un
point fixe peut se ramener, comme on sait, & l'intégration du systéme
d'équations différentielles suivant:

dp dy

2t = (B—O)gr + Mylyr” — 27); =17 —a"
qu P (' —— 4\ ¥ 11 AP e p .d_;d HEITeY | e
(1) @ = (C— A)rp + Mg(z,y — z,7"), 3 = — 1>

dr " ,
C5 = (4 — B)pg + My(x,7 — Yo1), = —pr.




=The history of the emergence of the concept of an elliptic function

»Mathematical preamble. The concept of an elliptic function. Reduction, comparison, and transformation
of such functions

= Abel's theorem. Representation of elliptic functions in terms of theta functions

=Solution of the problem of the rotation of a rigid body about a fixed point in the case of an initial impact



Mathematical preamble. The concept of an elliptic function. Reduction, comparison, and
transformation of such functions

The concept of an elliptic function.

z=ff(x,\/§)dx,

R 1s an entire function with respect to x

[ 1s rational with respectto x and R

13
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dx xdx r?dx x"dx
—=+b1 [ —=+Db2 [

~ay+ a;x +a,x*+ -+ ay_zx™m 3

4. 4bm [ = (ap+arx+asx*+... +am_3x™ )V R.

VR VR

m> 2

m = 3 - algebraic representation

m<3

- transcendental with respect to the function x
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xdr . x%dx
[
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Where A4 and a are constants, and m 1s a positive integer

xMdx

VR
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p : d( .
J (x — a)"VR bo VR (x — oz)\/EerQ J (x — Q)Qf ((:L —a)? (r—a) T (r— a)m¥



Pdx . . .
f —— , where P 1s some rational function

VR

xdx x?dx dx

f\/—f v | G—avE

P+ qy 5 P—ﬂ
_ Ry = c(y?ta + b)), \ =

y?dy dy
frfff(y — AV Ry

dy L “‘i;lg (
I IS Civys ‘ I S (sin” p)dp

V(1 — k2 sin? )
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A + Bsin® ¢
C + Dsin® ¢

Substitution ’yz —

f Qdy _ o + Bsin? dp -
v+ dsin® ¢ /(1 — k2 sin? @)

Notation \/(Ill— k2 51;;12 g;)l = A(k. am
Ndu,e

Modular function

f Edy fﬁk—l—ﬁsi]{lzgﬁ dop
~v 4+ dsin® ¢ Agp

a + Bsin® ¢ dp

H(p) = i il
() =1J v+ 8sin® ¢ Agp
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H ()

H(—y) = —H(p)

Some properties

H(p) = H(nm £v¢) =2nH(%) £ H(), U-c::i;,-ir-c::ig.

Classification

F(p) = f0¢ i—i an elliptic function of the first kind,

E(p) = | qu A * d an elliptic function of the second kind,

M(n, @) = [¥ 1o an elliptic function of the third kind.
(1+n)sin” pAg
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Hyperelliptic (ultra elliptic functions)

o . .. .
n = isan elliptic function parameter I1(n, @)

Sin @ = @T.

dx
T:(x) = f:H ,

F (). E(p), (n. ) mump

2d
TZ(x) — f(;r x&xx;
x dx
T3(x) = IU (1+nx?)Ax’

Ax = /(1 — x2)(1 — k2x2)
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Jacobi notation for inverse functions

If a is the value of the function F (@), then to denote the inverse function we use the

notation

@ = am(a).

Trigonometric dependencies

sinam(«), cosam(«a), tan am(«)

Ap = Aam ()

20



General property of elliptic functions
(Fagnano, Euler)

dy(x)

If Y (x) is a transcendental function, and is algebraic, then one can find

such an algebraic relationship between the particular values x = x4, x5, ... X,,, In

which the sum m,yY(x;) + m,yY(xy) + ---m,Y(x,)

/ \

CONST Log(Xq1,X5, ---Xn)

v

P(x]_IXZJ ---xn)

Transcendental Functions (Abel)

21
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The only portrait of Niels Henrik Abel

(made by the artist Herbitz in Paris in 1826.)

lorz

- SV
Monument to Abel in the Royal Park in Oslo
(sculptor Gustav Vigeland. 1908)

23



Abel's theorem

" Précis d'une théorie des fonctions elliptiques "

This work of Abel was published posthumously in «Mémoires présentés par
divers savants a 1'Académie des sciences de I'Institut national de France et

imprimes par son ordre T.VII, 1841."

24



Abel's theorem

i - d x
Given : Ts(x) _ I > |

V@A —x2)(1 — k2x2),k? > 1

Y(x) = f(x)*— @(x)*(Ax)*

entire functions with undefined coefficients

Prove :
a lﬂf[f(a) + p(a)Aa
2Aa S fla) — pla)Aa

25
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Proof :
= X1, X Xy = P = £ — p(x)2(BX)? = 0
Y'(x)dx + 6 Y(x) =0
SY(x) =2[f(x) § f(x) — @p(x)5 p(x) ](Ax)~
P(x) = FOO)2— p)2(ax)2 =0 = f(x) = + p(x)Ax, p(x)(Ax)* = + f(x)(Ax)
SY(x) = —2[px) b f(x) — f(x)6 p(x) |[Ax = —6O0(x)Ax
O(x) = |lpx) S f(x)— f(x)6 p(x) ]



dx

L 6 (x
Y’ :

o (x)

xZ

) W ()

,lp r
(x)dx =
7,
(x)A
X

= T5(x) = f
=

x =X1,X
5y wne X
u
= ZTBCx)
=/ 2

(1-%)
Y ()



So finally,

>. T3(x) = Const.

* 1
4Aa O'g

a o (1+z
4Aa °9\1T ==
f(a)+<p(ﬂ)ﬂa)2
f(a)—p(a)Aa

28
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Representation of elliptic functions in terms of theta
functions.

O(z) = 2[p(x)d f(z) — f(x)dp(x)]

T5(x) = [ O)

(1 — =)' ()

$

L

2A\a

f(a) + p(a)Aa

T5(xy) + T3(x2) + ... T3(xy) = const fla) — p(a)Aa

].

-(log|
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Carl Jacobi

p(a)\
T5(x1) + T3(x2) + ... 15(x,) = const 22(1 - lﬂg[ﬁgz; j EEZE

6, (x)
0, (x)

\

rapidly converging series
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Carl Gustav Jacob Jacobi (1804-1851)

(1815-1897)
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Osip Ivanovich Somov 1815 -
1876
= Academician of the Imperial
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Sciences
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=Honored Professor of St.
Petersburg University
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fundamental work "Foundatlons of the theory of elliptic functions" (1850)
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The book contains seven chapters, and another additional chapter is devoted to

applications of elliptic functions to some problems of geometry and mechanics.

Taasa VII. Cnocoosr ain mmmm




The history of the analytical solution of the Euler problem on the rotation of a rigid body
around a fixed point.

[ 1. Leonhard Euler - 1758 }

. 4

[ 2. Joseph Louis Lagrange - 1773 ]

\ 4

[ 3. Osip lvanovich Somov - 1850 }

¥

[ 4. Sofia Vasilievna Kovalevskaya - 1887 }

36



Dynamics problems (Leonhard Euler)

The first
Given: kinematic characteristics of motion
Search: power characteristics

The second
Given: power characteristics
Search: kinematics of motion

37



[ Free rigid body motion J

— ®[Free axes of rotation, main axes of Inertia
e movement of a free rigid body:
translational movement with a center of Inertia
ation-around this cente

@ematlc description of such a motion
@mg up dynamic equations >
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Equations of motion of a rigid body around a fixed point of Leonhard
Euler

P=A- i{i‘f - (C'— B)gr.
{',;-'=B~ +{:“1—(}f!J
{f.r

R=C-—+ (B — A)pgq.
cdt

39



="The sum of the whole Theory of Motion of Rigid Bodies Is
contained 1n these three fairly simple formulas*

*The use of a moving coordinate system invariably associated
with the body - the system of the main axes of inertia of a rigid
body
=*|ntroduction of a movable trihedron, determination of the
position of a movable coordinate system relative to a fixed one
- Euler angles, 1748.



Joseph Louis Lagrange

*The concept of an instantaneous axis of rotation

*New derivation of the dynamic Euler equations, based on
the differential equations of motion of the system
("Lagrange equations of the second kind")

=Formulation of the problem of the rotation of a rigid
body: the fulcrum does not coincide with the center of
gravity of the body (gravity "works")

=Introducing dynamic symmetry to the rotation problem



Solution of the problem of the rotation of a rigid body about a fixed point in the case of an
initial impact

= the body has three degrees of
freedom and begins to rotate
from the initial impact. Further,
there are no shock loads, only
gravity acts.

= A, B, C are the moments of
inertia about the axes parallel to
the main axes of the rotating
body. The position of these axes
Is determined by the Euler
angles: ¥, ¢, 8 (precession,
proper rotation and nutation).

= p,q,r are the angular speeds of
rotation relative to these axes.



The solution is based on differential equations of motion

A dp
dt = . ,
B —C gr
B cd
dt = Ry
A—C pr
C dr
dt =

A—B pq’

43
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system of fundamental integrals

9 Ap? + Bg? + Cr? = h (h - kinetic energy).

A?p? + B?2g? + C?%r? = [? (I? - moment of initial impact),

Ap?+Bg?

diyp = —
w A2p2+52q2

eae, IR v

_.{J'

Ap?+Bg?

Hzpz _l_BZqE

44
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\

where u = n(t — ty), n = J

L 0 sin o — 2 — Ch
p=——sinfsing = VA(A_C)cosam(u),
L 9 | FP=Ch D
q= Bsm coscp—VB(B_C)Slnamu )

! P Ah —[? A
T = =cos —_\ C(A=0) am(u).

(B—C)(AR—I2)

ABC

sin‘am(u)du
C(A — B)
A(B —0)

0 1+

sin‘am(u
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The last integral 1s an elliptic function of the third kind
parameter. Writing it down in terms of the theta function

expression for the precession angle w:

vith an 1maginary

we obtain an

46



Conclusion

Newton defined the laws of dynamics, and Euler divided all problems of dynamics into
two classes, and indicated a mathematical apparatus for solving problems of each class

Mechanical problem posed by Euler and developed in the works of
Lagrange received its mathematical embodiment in the theory of
elliptic functions.

The theory of elliptic functions, enriched by the discoveries of Abel and Jacobi, took an
important place in mathematical analysis and theoretical mechanics in the period from the
18th to the 19th century.

The mathematical apparatus of elliptic functions created by Jacobi allowed O.l. Somov in
1850 brilliantly solved the problem of the rotation of a rigid body in the event of an initial
Impact.

Weierstrass replaced all particular forms of the 6-function with one go-function

Therefore, further investigation of the problem of the motion of the top was
continued on the complex plane, the direction cosines during the rotation of the
body were obtained in the form @ or g -functions.
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