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Finite-dimensional case

Finite-dimensional case: Euler characteristic

A finite-dimensional complex over C:

0
d−1−→ E0

d0−→ E1
d1−→ · · ·

dn−1−→ En
dn−→ 0, dp+1 ◦ dp = 0.

The cohomology of (E ,d):

Hp(E ,d) = ker dp/ imdp−1, p = 0,1, . . . ,n.

Euler characteristic

χ(E ,d) :=
n∑

p=0

(−1)p dimHp(E ,d) =
n∑

p=0

(−1)p dimEp.
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Finite-dimensional case

Finite-dimensional case: Lefschetz number

More generally, T : (E ,d) → (E ,d) an endomorphism of the complex:

Tp : Ep → Ep, dp ◦ Tp = Tp+1 ◦ dp

⇒ the induced action on cohomology

HpT : Hp(E ,d) → Hp(E ,d)

Lefschetz number of T

L(T ) :=
n∑

p=0

(−1)p TrHpT =
n∑

p=0

(−1)p TrTp.
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Finite-dimensional case

Finite-dimensional case: Hodge theory

Assume Ep are Hermitian vector spaces.
The Laplacian on Ep

∆p = d∗
p dp + dp−1d∗

p−1 : Ep → Ep.

The Hodge theorems:

Hp(E ,d) ∼= Hp = Ker∆p, p = 0,1, . . . ,n.

MacKean-Singer formula

χ(E ,d) =
n∑

p=0

(−1)p dimHp =
n∑

p=0

(−1)p Tr e−t∆p ,

T : (E ,d) → (E ,d) an endomorphism of the complex,

L(T ) =
n∑

p=0

(−1)p TrTpPHp =
n∑

p=0

(−1)p TrTpe−t∆p , t ≥ 0.
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Atiyah-Bott-Lefschetz formula

De Rham complex

M a compact smooth manifold, dimM = n.
(Ω(M),d) the de Rham complex of M:

Ωp(M) = C∞(M,ΛpT ∗M) the space of smooth differential p-forms;
d = dp : Ωp(M) → Ωp+1(M) the de Rham differential.

In a coordinate chart with coordinates (x1, . . . , xn) ∈ Rn, a p-form
ω ∈ Ωp(M) is written as

ω =
∑

α1<α2<...<αp

aα(x)dxα1 ∧ . . . ∧ dxαp

and dω ∈ Ωp+1(M) is given by

dω =
n∑

j=1

∑
α1<α2<...<αp

∂aα

∂xj
(x)dxj ∧ dxα1 ∧ . . . ∧ dxαp .
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Atiyah-Bott-Lefschetz formula

De Rham cohomology

The de Rham complex (Ω(M),d)

0
d−1−→ Ω0(M)

d0−→ Ω1(M)
d1−→ · · ·

dn−1−→ Ωn(M)
dn−→ 0, dp+1 ◦ dp = 0.

The de Rham cohomology of M is the cohomology of (Ω(M),d):

Hp(M) = ker dp/ imdp−1, p = 0,1, . . . ,n.

Since the complex (Ω(M),d) is elliptic, it is Fredholm.
Therefore, imdp is closed in C∞-topology, and

dimHp(M) < ∞, p = 0,1, . . . ,n.
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Atiyah-Bott-Lefschetz formula

The Lefschetz number

f : M → M a smooth map.
The induced action on differential forms:

f ∗ : Ωp(M) → Ωp(M).

d ◦ f ∗ = f ∗ ◦ d =⇒ the induced action on the cohomology:

f ∗ : Hp(M) → Hp(M).

The Lefschetz number of f :

L(f ) =
n∑

p=0

(−1)ptr (f ∗ : Hp(M) → Hp(M)).

Fact. L(f ) a homotopy invariant of f .
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Atiyah-Bott-Lefschetz formula

The Lefschetz number of the identity map

In the case f = id:

L(id) =
n∑

p=0

(−1)ptr (id : Hp(M) → Hp(M)) = χ(M),

where χ(M) is the Euler characteristic of M:

χ(M) =
n∑

p=0

(−1)p dimHp(M).
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Atiyah-Bott-Lefschetz formula

Hodge theorem

Fix a Riemannian metric g on M.
It induces inner products on Ω(M) and we can introduced the formal
adjoint of d (the de Rham codifferential):

δp = d∗
p : Ωp(M) → Ωp−1(M).

The signature operator is a first order elliptic differential operator

D = d + δ : Ω(M) → Ω(M).

Its square is the Hodge Laplacian

∆p = dp−1δp−1 + δpdp : Ωp(M) → Ωp(M).

The Hodge Theorem:

Hp(M) = ker∆p, H+(M) = ker(d + δ)
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Atiyah-Bott-Lefschetz formula

The Chern-Gauss-Bonnet theorem

By the Hodge Theorem, we have

χ(M) = indD := kerD − kerD∗.

where
D = d + δ : Ωev (M) → Ωodd(M),

Theorem (The Chern-Gauss-Bonnet theorem)

χ(M) =

∫
M

Pf
(

Rg

2π

)
,

n = dimM is even.
Rg the curvature of the Riemannian metric g.
The Euler form

Pf
(

Rg

2π

)
∈ Ωn(M).
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Atiyah-Bott-Lefschetz formula

Simple fixed points

Let f : M → M be a smooth map.
x ∈ M is a fixed point of f , x ∈ Fix(f ), if

f (x) = x .

A fixed point x of f is called simple, if

det(id−dfx : TxM → TxM) ̸= 0.

For a simple fixed point x of f , put

εx := sign det(id−dfx : TxM → TxM).

Yuri A. Kordyukov (Ufa, Russia) Lefschetz formulas for foliated flows December 13, 2021 11 / 55



Atiyah-Bott-Lefschetz formula

Atiyah-Bott-Lefschetz formula

Theorem (Atiyah-Bott-Lefschetz formula)
Assume that all fixed points of a smooth map f are simple. Then

L(f ) =
∑

x∈Fix(f )

εx .

εx := sign det(id−dfx : TxM → TxM).

Corollary

If L(f ) ̸= 0, then f has a fixed point.
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Atiyah-Bott-Lefschetz formula

About the proof

Formally

L(f ) =
n∑

p=0

(−1)ptr (f ∗ : Hp(M) → Hp(M))

=
n∑

p=0

(−1)ptr (f ∗ : Ωp(M) → Ωp(M)).

For the operator f ∗ : Ωp(M) → Ωp(M), we have

f ∗ω(x) = Λpdf ∗x [ω(f (x))] =
∫

M
Λpdf ∗x δ(y − f (x))ω(y)

Λpdf ∗x : ΛpT ∗
f (x)M → ΛpT ∗

x M the induced action in the fibers.
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Atiyah-Bott-Lefschetz formula

About the proof

f ∗ : Ωp(M) → Ωp(M) is an integral operator with the kernel

Kf∗(x , y) = Λpdf ∗x δ(y − f (x)), x , y ∈ M.

tr(f ∗ : Ωp(M) → Ωp(M)) =

∫
M
TrKf∗(x , x) =

∫
M
Tr Λpdf ∗x δ(x − f (x))

=
∑

x∈Fix(f )

Tr Λpdf ∗x
| det(id−dfx)|

L(f ) =
∑

x∈Fix(f )

∑n
p=0(−1)p Tr Λpdf ∗x
| det(id−dfx)|

=
∑

x∈Fix(f )

det(id−dfx)
| det(id−dfx)|

=
∑

x∈Fix(f )

sign det(id−dfx).
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Atiyah-Bott-Lefschetz formula

About the proof

Fix a Riemannian metric g on M:

L(f ∗) =
n∑

p=0

(−1)p Tr f ∗e−t∆p , t > 0.

f ∗e−t∆p is an integral operator with smooth kernel

f ∗e−t∆pω(x) =
∫

M
Ht ,f (x , y)dvg(y).

Its trace is well-defined

tr f ∗e−t∆p =

∫
M
Tr[Ht ,f (x , x)]ω(y)dvg(x).

tr f ∗e−t∆p →
∑

x∈Fix(f )

εx , t → 0.
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Atiyah-Bott-Lefschetz formula

Lefschetz function for discrete dynamical systems

f : M → M a diffeomorphism.
T = {f k : k ∈ Z} a discrete dynamical system on M.
The Lefschetz function

L(T ) : Z → Z, k 7→ L(f k ).

For k = 0, L(f 0) = L(id) = χ(M) is given by the index theorem.
For k ̸= 0, L(f k ) is given by the Lefschetz formula under the
assumption that the fixed points of f k are simple.
For any x , the trajectory (the orbit) of x

Ox = {f k (x) : k ∈ Z}.

f k (x) = x ⇔ Ox is periodic (closed) with period k .
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Lefschetz formulas for flows

Lefschetz formulas for flows

M a compact smooth manifold, dimM = n.
ϕ = {ϕt : M → M, t ∈ R} a smooth flow on M
a one-parameter group of diffeomorphisms of M:
ϕt+s = ϕt ◦ ϕs, ϕ0 = id.

Problems:
To define a Lefschetz number of ϕ:

L(ϕ) =
n−1∑
j=0

(−1)jTr (ϕ∗ : H j → H j)

H j is some cohomology theory, Tr is some trace.
To prove the corresponding Lefschetz trace formula:

L(ϕ) = a contribution of closed orbits and fixed points of the flow.
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Lefschetz formulas for flows

Foliated flows

M a closed manifold, dimM = n;
F a codimension one foliation on M;
In a foliated chart with coordinates (x1, . . . , xn−1, y) ∈ Rn−1 × R,
the leaves of F are given by y = c ∈ R.
ϕ = {ϕt : M → M, t ∈ R} is a foliated flow
(i.e., each ϕt takes an arbitrary leaf to a leaf).

Fix(ϕ) the fixed point set of ϕ (closed in M):

x ∈ Fix(ϕ) ⇔ ϕt(x) = x ∀t ∈ R.

M0 the F-saturation of Fix(ϕ) (the union of leaves with fixed
points). Observe that M0 is ϕ-invariant.
M1 = M \ M0 the transitive point set.
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Lefschetz formulas for flows

Simple flows

The foliated flow ϕ is simple, if:
Any closed orbit c of period l (not necessarily minimal) is simple:

det(id−ϕl
∗ : TxF → TxF) ̸= 0, x ∈ c, ϕl(x) = x .

any fixed point x of ϕ is simple:

det(id−ϕt
∗ : TxM → TxM) ̸= 0, t ̸= 0.

its orbits in M1 are transverse to the leaves:

TxM = RZ (x)⊕ TxF , x ∈ M1,

Z is the infinitesimal generator of ϕ.

Remark

If ϕ is simple, then M0 is a finite union of compact leaves.
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Lefschetz formulas for flows

Guiilemin-Sternberg formula

If the flow ϕ is simple, there is a canonical expression for the
right-hand side of the Lefschetz trace formula, which follows from the
Guiilemin-Sternberg formula:
L(ϕ) is a distribution on R and, in D′(R+),

L(ϕ) =
∑

c

l(c)
∞∑

k=1

εkl(c)(c)δkl(c) +
∑

x

εx |1 − eκx t |−1,

c runs over all closed orbits and x over all fixed points of ϕ:
l(c) the minimal period of c,
εl(c) := sign det

(
id−ϕl

∗ : TxF → TxF
)
, x ∈ c.

εx := sign det
(
id−ϕt

∗ : TxF → TxF
)
, t > 0.

κx ̸= 0 is a real number such that

ϕ̄t
∗ : TxM/TxF → TxM/TxF , v 7→ eκx tv .
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Lefschetz formulas for flows

Leafwise de Rham complex

(Ω(F),dF ) the leafwise de Rham complex of F :
Ω·(F) = C∞(M,Λ·T ∗F) smooth leafwise differential forms;
dF : Ωp(F) → Ωp+1(F) the leafwise de Rham differential.

In a foliated chart with coordinates (x1, . . . , xn−1, y) ∈ Rn−1 × R such
that leaves are given by y = c, a p-form ω ∈ Ωp(F) is written as

ω =
∑

α1<α2<...<αp

aα(x , y)dxα1 ∧ . . . ∧ dxαp

and dFω ∈ Ωp+1(F) is given by

dFω =
n−1∑
j=1

∑
α1<α2<...<αp

∂aα

∂xj
(x , y)dxj ∧ dxα1 ∧ . . . ∧ dxαp
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Lefschetz formulas for flows

Leafwise de Rham cohomology

The leafwise de Rham complex (Ω(F),dF ) is not elliptic and
non-Fredholm.
The reduced leafwise de Rham cohomology of F :

H(F) = ker dF/imdF ,

the closure is in C∞-topology.
ϕ is a foliated flow =⇒ dF ◦ ϕt = ϕt ◦ dF .
The induced action:

ϕt∗ : H(F) → H(F).

Question

The trace of ϕt∗ : H(F) → H(F)?
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Lefschetz formulas for flows

The case of a nonsingular flow

Assume that there are no fixed points of ϕ
The orbits of ϕ are transverse to the leaves:

TxM = RZ (x)⊕ TxF , x ∈ M.

Any closed orbit c of period l of ϕ is simple:

det(id−ϕl
∗ : TxF → TxF) ̸= 0, x ∈ c.

εl(c) := sign det
(
id−ϕl

∗ : TxF → TxF
)
.

L(ϕ) is a distribution on R and, in D′(R+),

L(ϕ) =
∑

c

l(c)
∞∑

k=1

εkl(c)(c)δkl(c),

c runs over all closed orbits; l(c) the minimal period of c.
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Lefschetz formulas for flows

The leafwise Hodge decomposition

g the Riemannian metric on M such that the infinitesimal
generator Z of the flow ϕ satisfies:

|Z | = 1, Z⊥TF ,

a bundle-like metric (F is a Riemannian foliation).
∆F = dFδF + δFdF the leafwise Laplacian on Ω(F)
(a second order tangentially elliptic differential operator on M).
H(F) the space of leafwise harmonic forms on M:

H(F) = {ω ∈ Ω(F) : ∆Fω = 0}.

Theorem (Alvarez Lopez - Yu. K)
The Hodge isomorphism

H(F) ∼= H(F).
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Lefschetz formulas for flows

The index theory for transversally elliptic operators
Atiyah-Singer, 1973-1974, for compact Lie groups;
Singer-Hörmander, 1974, definition of the index for noncompact
Lie groups.

Transverse ellipticity

The leafwise de Rham complex (Ω(F),dF ) of F as well as the leafwise
Laplacian ∆F are transversally elliptic relative to the action of the
group R, given by the flow ϕ

The principal symbol σ(∆F ) of ∆F is a section of the vector
bundle Hom(π∗Λ·T ∗F) over T ∗M (actually, a scalar function).
Here π : T ∗M → M is a natural projection.
Transverse ellipticity means that σ(∆F )(x , ξ) is invertible for any
(x , ξ) ∈ T ∗M \ 0 orthogonal to the orbits of ϕ.
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Lefschetz formulas for flows

For any f ∈ C∞
c (R), define

Af =

∫
R
ϕt∗ · f (t)dt ◦ Π : L2Ω(F) → L2Ω(F),

where Π is the orthogonal projection in L2Ω(F) to the subspace of
leafwise harmonic L2-forms on M.

Af is a smoothing operator:

For any f ∈ C∞
c (R), the Schwartz kernel KAf = KAf (x , y)|dy | is smooth:

Af u(x) =
∫

M
KAf (x , y)u(y)|dy |.

In particular, Af is of trace class and

TrAf =

∫
M
trKAf (x , x)|dx |.
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Lefschetz formulas for flows

The Lefschetz formula

The Lefschetz distribution L(ϕ) ∈ D′(R):

< L(ϕ), f >= Trs Af :=
n−1∑
j=1

(−1)j Tr A(i)
f , f ∈ C∞

c (R),

where A(i)
f is the restriction of Af to Ωi(F).

Theorem (Alvarez Lopez - Y.K.)

On R \ {0}
L(ϕ) =

∑
c

l(c)
∑
k ̸=0

εkl(c)(c)δkl(c),

when c runs over all closed orbits of ϕ and l(c) denotes the minimal
period of c.
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Lefschetz formulas for flows

About the proof

The proof is based on the heat equation approach to the index
theorem:

For u > 0,

Pu,f =

∫ ∞

−∞
ϕt∗ · f (t)dt ◦ e−uD2

Fc .

d
du Trs Pu,f = 0, which means that Trs Pu,f is independent of u.
As u → +∞,

Trs Pu,f → Trs
∫ ∞

−∞
ϕt∗ · f (t)dt ◦ Π = ⟨L(ϕ), f ⟩.

As u → 0, Trs Pu,f can be computed, using heat kernel
approximations (fantastic cancellations).
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Lefschetz formulas for flows

Contribution of zero

Theorem (Alvarez Lopez - Y.K.)
In some neighborhood of 0 in R:

L(ϕ) = χΛ(F) · δ0.

δ0 the delta-function at 0.
Λ holonomy invariant transverse measure of F determined by dt ;
χΛ(F) the Λ-Euler characteristic of F given by the holonomy
invariant transverse measure Λ (Connes, 1979):

χΛ(F) =
∑

i

(−1)iTr ΛPi ,

The foliation Gauss-Bonnet theorem (Connes, 1979):

χΛ(F) =

∫
M

Pf
(

RF
2π

)
Λ.
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Lefschetz formulas for flows

Example

F : X → X a diffeomorphism of a compact manifold X ;
M = R× X/ ∼, (s, x) ∼ (s + 1,F (x)) mapping torus;
π : M → S1 = R/Z, [(s, x)] 7→ s mod Z a fibration;
F is formed by the fibers of π;
The flow ϕt : M → M, ϕt([(s, x)]) = [(s + t , x)].
Leafwise differential forms ω ∈ Ω(F) are smooth families
{ω(s) ∈ Ω(X ), s ∈ R} such that F ∗[ω(s + 1)] = ω(s).
A leafwise Riemannian metric gF is a smooth family {gs, s ∈ R} of
Riemannian metrics on X such that F ∗[gs+1] = gs

Leafwise harmonic forms ω ∈ H(F) are smooth families
{ω(s) ∈ H(X ,gs), s ∈ R} such that F ∗[ω(s + 1)] = ω(s).

L(ϕ) =
∑
n∈Z

L(F−n)δn,
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Deninger’s program

The Riemann hypothesis

The Riemann zeta-function

ζ(s) =
∞∑

n=1

1
ns .

The function ζ(s) has a holomorphic continuation to C \ {1} with a
simple pole at s = 1.
The completed zeta-function

ζ̂(s) = (2π)−sΓ(s)ζ(s)

is holomorphic continuation in C \ {1} with simple poles at
s = 0,1.
The zeroes of ζ̂(s) are the so-called non-trivial zeros of ζ(s), i.e.
those in the critical strip 0 < Re s < 1.
The Riemann hypothesis: all the non-trivial zeros of ζ(s) lie on the
line Re s = 1/2
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Deninger’s program

The explicit formulas in the analytic number theory

For a test function φ ∈ C∞
c (R), an entire function

Φ(s) =
∫
R
φ(t)ets dt .

Then

Φ(0)−
∑
ρ

Φ(ρ) + Φ(1)

=
∑

p

log p

∑
k≥1

φ(k log p) +
∑

k≤−1

pkφ(k log p)

+ W (φ).

ρ runs over the non-trivial zeroes of ζ(s) and p over the primes.
W a distribution on R:

W (φ) =

∫ +∞

0

φ(t)
1 − e−2t dt , if suppφ ∈ R+.
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Deninger’s program

Comparison with the trace formula

The explicit formula

1 −
∑
ρ

etρ + et =
∑

p

log p

∑
k≥1

δk log p +
∑

k≤−1

pkδk log p

+ W (t).

The Lefschetz formula

n−1∑
i=1

(−1)i tr (ϕ∗
t : H

i
(F) → H

i
(F))

=
∑

c

l(c)
∑
k ̸=0

εkl(c)(c)δkl(c) +
∑

x

εx |1 − eκx t |−1.
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Deninger’s program

Analogies: Deninger’s program

specZ ∪∞ ↔ 3-dimensional manifold M with a codimension one
foliation F and a flow ϕt satisfying above conditions.
an appropriate cohomology theory — the reduced leafwise de
Rham cohomology H̄ ·(F):

tr (ϕ∗
t : H

0
(F) → H

0
(F)) = 1.

tr (ϕ∗
t : H

1
(F) → H

1
(F)) =

∑
ρ etρ.

tr (ϕ∗
t : H

2
(F) → H

2
(F)) = et .

a prime p ↔ closed orbit cp such that
l(cp) = log p;
εk log p(cp) = 1 for all k ≥ 1.

an infinite place ↔ fixed point x∞.
χΛ(F) ↔ Euler characteristic in Arakelov geometry.
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Deninger’s program

Problems in Deninger’s program

Problem 1
W a distribution on R:

W (φ) =

∫ +∞

0

φ(t)
1 − e−2t dt , if suppφ ∈ R+.

W (φ) =

∫ 0

−∞

φ(t)
1 − e2t et dt , if suppφ ∈ R−.

Solution: one should consider singular flows (with fixed points).

Problem 2

By Poincare duality H
0
(F) = H

2
(F), but 1 ̸= et .

Solution: M is a solenoid, F is a lamination.
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Singular flows

The case of a singular flow

M a closed manifold, dimM = n.
F a codimension one foliation on M.
ϕt : M → M, t ∈ R a foliated flow.

Fix(ϕ) the fixed point set of ϕ (closed in M).
M0 the F-saturation of Fix(ϕ) (the union of leaves with fixed
points).
Observe that M0 is ϕ-invariant.
M1 = M \ M0 the transitive point set.
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Singular flows

Simple flows

The foliated flow ϕ is simple, i.e.:
any closed orbit c of period l of ϕ is simple:

det(id−ϕl
∗ : TxF → TxF) ̸= 0, x ∈ c.

any fixed point x of ϕ is simple:

det(id−ϕt
∗ : TxM → TxM) ̸= 0, t ̸= 0.

its orbits in M1 are transverse to the leaves:

TxM = RZ (x)⊕ TxF , x ∈ M1,

Z is the infinitesimal generator of ϕ.

Remark

If ϕ is simple, then M0 is a finite union of compact leaves.
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Singular flows

Difficulties

The leafwise de Rham complex (Ω(F),dF ) of F as well as the
leafwise Laplacian ∆F are transversally elliptic only on the
transitive point set M1, not on M0.
As a consequence, the operator

Af =

∫
R
ϕt∗ · f (t)dt ◦ Π : L2Ω(F) → L2Ω(F)

is not a smoothing operator. Its Schwartz kernel is smooth on
M1 × M1 and singular near M0 × M0. So its trace is not
well-defined.
We don’t discuss the leafwise de Rham complex (Ω(F),dF ) and
related cohomology theory and start with the Hodge theoretic
setting.
Two ideas: a special choice of Riemannian metric and
renormalization of the trace.
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Singular flows

Riemannian metric of bounded geometry

We use a very concrete choice of a Riemannian metric g1 on the
transitive point set M1, which is singular at M0: near each leaf L in M0

g1 = gF +
dx2

x2 ,

where gF is a leafwise Riemanian metric and x is a defining function of
L, i.e. L = {x = 0}, dx ̸= 0 on L.

M1
l , l = 1, . . . , r , the connected components of M1 = M \ M0:

(M1,F1) =
⊔

l

(M1
l ,F1

l ).

M1
l equipped with gl := g1|M1

l
is a manifold of bounded geometry;

g1 is bundle-like for F1 and F1
l a Riemannian foliation of bounded

geometry;
ϕt

l a flow of bounded geometry.
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Singular flows

Operators on the transitive point set

M l is the closure of M1
l : M l = M1

l .
Thus, Ml is a connected compact manifold with boundary,
endowed with a smooth foliation Fl tangent to the boundary.
dF̊l

the leafwise de Rham differential on Ω(F̊l).

δF̊l
the leafwise de Rham codifferential on Ω(F̊l).

DF̊l
= dF̊l

+ δF̊l
.

Heat equation approach

For any f ∈ C∞
c (R), we consider the operator

Pl,f =

∫ ∞

−∞
ϕt∗ · f (t)dt ◦ e

−D2
F̊l .
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Singular flows

Theorem (Alvarez Lopez, Yu.K., Leichtnam)

The operator Pl,f =
∫∞
−∞ ϕt∗ · f (t)dt ◦ e

−D2
F̊l belongs to the class

Ψ−∞
b (Ml ;

∧
TF∗

l ) in pseudodifferential b-calculus of R. Melrose.

The Schwartz kernel KPl,f is smooth in the interior M̊l × M̊l .
KPl,f has a C∞ extension to Ml × Ml \ ∂Ml × ∂Ml that vanishes to
all orders at (∂Ml × Ml) ∪ (Ml × ∂Ml).
Consider a tubular neighborhood of L ⊂ π0(∂Ml) with coordinates
(ρ, y), ρ ∈ (0,∞), y ∈ L.
Then KPl,f = KPl,f (ρ, y , ρ

′, y ′)u(ρ′, y ′)|dρ′||dy ′| has the form

KPl,f (ρ, y , ρ
′, y ′) =

1
ρ′
κPl,f (ρ, y ,

ρ′

ρ
, y ′),

where κPl,f (ρ, y , s, y
′) is smooth up to L (that is, up to ρ = 0).
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Singular flows

The renormalized trace

In a tubular neighborhood of L with coordinates ρ ∈ (0, ϵ0), y ∈ L,

Pl,f u(ρ, y) =
∫

KPl,f (ρ, y , ρ
′, y ′)u(ρ′, y ′)|dρ′||dy ′|,

KPl,f (ρ, y , ρ
′, y ′) =

1
ρ′
κPl,f (ρ, y ,

ρ′

ρ
, y ′),

and κPl,f (ρ, y , s, y
′) is smooth up to L (that is, up to ρ = 0).

The b-trace:

bTr (Pl,f ) = lim
ϵ→0

(∫
ρ>ϵ

KPl,f (ρ, y , ρ, y)|dρ||dy |+ ln ϵ

∫
κPl,f (0, y ,1, y)|dy |

)
.

Key observation

The functional bTr doesn’t have trace propertry, but bTr [P,P ′] is
expressed in terms of traces of some explicit integral operators on ∂Ml .
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Singular flows

Now we put together:

Mc =
⊔

l Ml is a manifold with boundary, F c =
⊔

l Fl .
We get the operator

Pf ≡
⊕

l

Pl,f =

∫ ∞

−∞
ϕt∗ · f (t)dt ◦ e−D2

Fc

We can define the Lefschetz distribution as the b-supertrace of Pf :

bTr s(Pf ) =
n−1∑
j=1

(−1)j bTr (P(j)
f ),

where P(j)
f is the restriction to j-forms.
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Singular flows

Heat equation approach to the index theorem

For u > 0,

Pu,f =

∫ ∞

−∞
ϕt∗ · f (t)dt ◦ e−u2D2

Fc .

d
du Trs Pu,f = 0, which means that Trs Pu,f is independent of u.
As u → +∞,

Trs Pu,f → Trs
∫ ∞

−∞
ϕt∗ · f (t)dt ◦ Π = ⟨L(ϕ), f ⟩.

As u → 0, Trs Pu,f can be computed, using heat kernel
approximations (fantastic cancellations).

Remark

b-trace bTr doesn’t satisfy the trace property. Therefore, d
du

bTr sPu ̸= 0.
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Singular flows

Derivative of the b-supertrace

For u > 0,

d
du

bTr s(Pu,f ) =
∑

L∈π0(M0)

∑
γ∈ΓL

a(DL̃,u, γ, tL,γ)f (tL,γ),

where a(DL̃,u, γ, tL,γ) ∈ R and tL,γ ∈ R, L̃ is the holonomy covering of L
associated with the holonomy group ΓL of L, , DL̃ is the lift of DL to L̃.

For u, v > 0,

bTr s(Pv ,f )− bTr s(Pu,f ) =
∑

L∈π0(M0)

∑
γ∈ΓL

(∫ v

u
a(DL̃,w , γ, tL,γ)dw

)
f (tL,γ).
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Singular flows

The last equality can be written as

bTr s(Pu,f ) =
bTr s(Pv ,f )−

∑
L∈π0(M0)

∑
γ∈ΓL

(∫ v

u
a(DL̃,w , γ, tL,γ)dw

)
f (tL,γ).

The Lefschetz distribution

⟨L(ϕ), f ⟩ = lim
u→0

bTr s(Pu,f )

= bTr s(Pv ,f )−
∑

L∈π0(M0)

∑
γ∈ΓL

(∫ v

0
a(DL̃,w , γ, tL,γ)dw

)
f (tL,γ).

Here the right-hand side is independent of v .
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Singular flows

Trace formula

Theorem (Alvarez Lopez, Yu.K., Leichtnam)

For supp f ⊂ R+, the limit of bTr s(Pu,f ) as u → 0 exists and is given by

lim
u→0

bTr s(Pu,f ) =
∑

c

l(c)
∞∑

k=1

εkl(c)(c) · f (kl(c))

where c runs over all closed orbits of ϕt , l(c) denotes the minimal
period of c, and x is an arbitrary point of c.

Corollary

L(ϕ) is a well-defined distribution on R+ given by

L(ϕ) =
∑

c

l(c)
∞∑

k=1

εkl(c)(c) · δkl(c).
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Singular flows

Concluding remarks

We proved the Lefschetz formula for a singular foliated flow with
correct contribution of closed orbits (as in the Guillemin-Sternberg
formula).
The next problems:
to obtain contribution of fixed points as in the Guillemin-Sternberg
formula.
to give a cohomological interpretation of the limit as v → +∞ of

bTr s(Pv ,f )−
∑

L∈π0(M0)

∑
γ∈ΓL

(∫ v

0
a(DL̃,w , γ, tL,γ)dw

)
f (tL,γ).
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Singular flows

Guiilemin-Patterson conjecture

X a compact manifold of negative curvature.
M = S∗X the cosphere bundle.
αt : M → M the geodesic flow.
αt is an Anosov flow =⇒ there are strongly stable and strongly
unstable foliations Fss and Fsu invariant under the flow:

αt : Fss → Fss, αt : Fsu → Fsu.

Conjecture

On R \ {0}∑
i

(−1)i tr (T ∗
t : H

i
(Fsu) → H

i
(Fsu)) =

∑
c

l(c)
∑
k ̸=0

εkl(c)(c)δkl(c),

when c runs over all primitive closed orbits of Tt and l(c) denotes the
length of c.
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Singular flows

Guiilemin-Patterson conjecture

FORMALLY TRUE in the case when X = H/Γ is a Riemann surface of
genus g > 1 or, more generally, when X is a locally symmetric space
due to representation theory and the Selberg trace formula.

V. Guillemin. Lectures on spectral theory of elliptic operators.
Duke Math. J. 44 (1977), 485–517.
S. J. Patterson. On Ruelle’s zeta-function. Festschrift in honor of I.
I. Piatetski-Shapiro on the occasion of his sixtieth birthday, Part II
(Ramat Aviv, 1989), 163–184, Israel Math. Conf. Proc., 3,
Weizmann, Jerusalem, 1990.
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