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Abstract

The first our aim is to clarify the results obtained by Lidsky V.B. devoted to the de-
composition on the root vector system of the non-selfadjoint operator. We use a technique
of the entire function theory and introduce a so-called Schatten-von Neumann class of the
convergent exponent. Considering strictly accretive operators satisfying special conditions
formulated in terms of the norm, we construct a sequence of contours of the power type in
the contrary to the results of Lidsky V.B., where a exponential type sequence of contours
was used.
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1 Introduction

To write this paper, we were firstly motivated by the boundary value problems of the Sturm-
Liouville type for fractional differential equations. Many authors devoted their attention to the
topic, nevertheless this kind of problems are relevant for today. First of all, it is connected with
the fact that they model various physical - chemical processes: filtration of liquid and gas in highly
porous fractal medium; heat exchange processes in medium with fractal structure and memory;
casual walks of a point particle that starts moving from the origin by self-similar fractal set;
oscillator motion under the action of elastic forces which is characteristic for viscoelastic media,
etc. In particular, we would like to study the eigenvalue problem for a differential operator with
a fractional derivative in final terms, in this connection such operators as a Kipriyanov fractional
differential operator, Riesz potential, difference operator are involved.

In the case corresponding to a selfadjoint senior term we can partially solve the problem
having applied the results of the perturbation theory, within the framework of which the following
papers are well-known [16], [23], [28], [29],[27], [38]. Generally, to apply the last paper results for
a concrete operator L we must be able to represent it by a sum L = T + A, where the senior
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term T must be either a selfadjoint or normal operator. In other cases we can use methods of the
papers [21],[20] which are relevant if we deal with non-selfadjoint operators and allow us to study
spectral properties of operators whether we have the mentioned above representation or not. We
should add that the results of the paper [27] can be also applied to study non-selfadjoin operators
(see a detailed remark in [38]).

In many papers [5]-[7], [32] the eigenvalue problem was studied by methods of a theory of
functions and it is remarkable that special properties of the fractional derivative were used in
these papers, bellow we present a brief review. The singular number problem for the resolvent of
a second order differential operator with the Riemann-Liouville fractional derivative in final terms
was considered in the paper [5]. It was proved that the resolvent belongs to the Hilbert-Schmidt
class. The problem of completeness of the root functions system was studied in the paper [6],
also similar problems were considered in the paper [7].

However, we deal with a more general operator — a differential operator with a fractional
integro-differential operator composition in final terms, which covers the operator mentioned
above. Note that several types of compositions of fractional integro-differential operators were
studied by such mathematicians as Prabhakar T.R. [35], Love E.R. [26], Erdelyi A. [12], McBride
A. [30], Dimovski I.H., Kiryakova V.S. [11], Nakhushev A.M. [33].

The central idea of this paper is to formulate sufficient conditions of the basis property of
the root functions system. We clarify the results obtained by V.B. Lidsky [25] devoted to the
decomposition on the root vector system of the non-selfadjoint operator. We use a technique of the
entire function theory and introduce a so-called Schatten-von Neumann class of the convergent
exponent. Considering strictly accretive operators satisfying special conditions formulated in
terms of the norm, we construct a sequence of contours of the power type in the contrary to
the results of Lidsky V.B., where a exponential type sequence of contours was used. Finally, we
produce applications to differential equations in the abstract Hilbert space.

2 Preliminaries

Let C,Ci, i ∈ N0 be real constants. We assume that a value of C is positive and can be different in
various formulas but values of Ci are certain. Everywhere further, if the contrary is not stated, we
consider linear densely defined operators acting on a separable complex Hilbert space H. Denote
by B(H) the set of linear bounded operators on H. Denote by L̃ the closure of an operator L. We
establish the following agreement on using symbols L̃i := (L̃)i, where i is an arbitrary symbol.
Denote by D(L), R(L), N(L) the domain of definition, the range, and the kernel or null space of
an operator L respectively. The deficiency (codimension) of R(L), dimension of N(L) are denoted
by def T, nulT respectively. Assume that L is a closed operator acting on H, N(L) = 0, let us
define a Hilbert space HL :=

{
f, g ∈ D(L), (f, g)HL

= (Lf, Lg)H
}
. Consider a pair of complex

Hilbert spaces H,H+, the notation H+ ⊂⊂ H means that H+ is dense in H as a set of elements
and we have a bounded embedding provided by the inequality

∥f∥H ≤ C0∥f∥H+ , C0 > 0, f ∈ H+,

moreover any bounded set with respect to the norm H+ is compact with respect to the norm H.
Let L be a closed operator, for any closable operator S such that S̃ = L, its domain D(S) will be
called a core of L. Denote by D0(L) a core of a closeable operator L. Let P(L) be the resolvent
set of an operator L and RL(ζ), ζ ∈ P(L), [RL := RL(0)] denotes the resolvent of an operator
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L. Denote by λi(L), i ∈ N the eigenvalues of an operator L. Suppose L is a compact operator
and N := (L∗L)1/2, r(N) := dimR(N); then the eigenvalues of the operator N are called the
singular numbers (s-numbers) of the operator L and are denoted by si(L), i = 1, 2, ... , r(N). If
r(N) < ∞, then we put by definition si = 0, i = r(N) + 1, 2, ... . According to the terminology
of the monograph [13] the dimension of the root vectors subspace corresponding to a certain
eigenvalue λk is called the algebraic multiplicity of the eigenvalue λk. Let ν(L) denotes the sum of
all algebraic multiplicities of an operator L. Let Sp(H), 0 < p <∞ be a Schatten-von Neumann
class and S∞(H) be the set of compact operators. By definition, put

Sp(H) :=

{
L : H → H,

∞∑
i=1

spi (L) <∞, 0 < p <∞

}
.

Suppose L is an operator with a compact resolvent and sn(RL) ≤ C n−µ, n ∈ N, 0 ≤ µ <∞; then
we denote by µ(L) order of the operator L in accordance with the definition given in the paper
[38]. Denote by ReL := (L+ L∗) /2, ImL := (L− L∗) /2i the real and imaginary components
of an operator L respectively. In accordance with the terminology of the monograph [15] the
set Θ(L) := {z ∈ C : z = (Lf, f)H, f ∈ D(L), ∥f∥H = 1} is called the numerical range of an
operator L. An operator L is called sectorial if its numerical range belongs to a closed sector
Lγ(θ) := {ζ : | arg(ζ − γ)| ≤ θ < π/2}, where γ is the vertex and θ is the semi-angle of
the sector Lγ(θ). An operator L is called bounded from below if the following relation holds
Re(Lf, f)H ≥ γL∥f∥2H, f ∈ D(L), γL ∈ R, where γL is called a lower bound of L. An operator L
is called accretive if γL = 0. An operator L is called strictly accretive if γL > 0. An operator L is
called m-accretive if the next relation holds (A+ ζ)−1 ∈ B(H), ∥(A+ ζ)−1∥ ≤ (Reζ)−1, Reζ > 0.
An operator L is called m-sectorial if L is sectorial and L + β is m-accretive for some constant
β. An operator L is called symmetric if one is densely defined and the following equality holds
(Lf, g)H = (f, Lg)H, f, g ∈ D(L).

Consider a sesquilinear form t[·, ·] (see [15] ) defined on a linear manifold of the Hilbert
space H. Denote by t[·] the quadratic form corresponding to the sesquilinear form t[·, ·]. Let
h = (t+ t∗)/2, k = (t− t∗)/2i be a real and imaginary component of the form t respectively, where
t∗[u, v] = t[v, u], D(t∗) = D(t). According to these definitions, we have h[·] = Re t[·], k[·] = Im t[·].
Denote by t̃ the closure of a form t. The range of a quadratic form t[f ], f ∈ D(t), ∥f∥H = 1 is
called range of the sesquilinear form t and is denoted by Θ(t). A form t is called sectorial if its
range belongs to a sector having a vertex γ situated at the real axis and a semi-angle 0 ≤ θ < π/2.
Suppose t is a closed sectorial form; then a linear manifold D0(t) ⊂ D(t) is called core of t, if the
restriction of t to D0(t) has the closure t (see[15, p.166]). Due to Theorem 2.7 [15, p.323] there
exist unique m-sectorial operators Tt, Th associated with the closed sectorial forms t, h respectively.
The operator Th is called a real part of the operator Tt and is denoted by ReTt. Suppose L is
a sectorial densely defined operator and t[u, v] := (Lu, v)H, D(t) = D(L); then due to Theorem
1.27 [15, p.318] the corresponding form t is closable, due to Theorem 2.7 [15, p.323] there exists
a unique m-sectorial operator Tt̃ associated with the form t̃. In accordance with the definition
[15, p.325] the operator Tt̃ is called a Friedrichs extension of the operator L. Everywhere further,
unless otherwise stated, we use notations of the papers [13], [15], [17], [18], [37].

1. Some properties of non-selfadjoint operators.

In this section we explore a special operator class for which a number of spectral theory
theorems can be applied. As an application of the obtained abstract results we study a basis
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property of the root vectors of the operator in terms of the order of the operator real part. By
virtue of such an approach we express a convergence exponent of s-numbers through the order of
the operator real part. Bellow, we give a slight generalization of the results presented in [20].

Theorem 1. Assume that L is a non-sefadjoint operator acting in H, the following conditions hold

(H1) There exists a Hilbert space H+ ⊂⊂ H and a linear manifold M that is dense in H+. The
operator L is defined on M.

(H2) |(Lf, g)H|≤C1∥f∥H+∥g∥H+ , Re(Lf, f)H≥C2∥f∥2H+
, f, g ∈ M, C1, C2 > 0.

Let W be a restriction of the operator L on the set M. Then the following propositions are true.

(A) We have the following classification

RW̃ ∈ Sp, p =

{
l, l > 2/µ, µ ≤ 1,

1, µ > 1
,

where µ is order of H := Re W̃ . Moreover under the assumptions λn(RH) ≥ C n−µ, n ∈ N, we
have the following implication

{RW̃ ∈ Sp, 1 ≤ p <∞} ⇒ µp > 1.

(B) The following relation holds

n∑
i=1

|λi(RW̃ )|p ≤ C

n∑
i=1

λpi (RH), 1 ≤ p <∞, (n = 1, 2, ..., ν(RW̃ )),

moreover if ν(RW̃ ) = ∞ and µ ̸= 0, then the following asymptotic formula holds

|λi(RW̃ )| = o
(
i−µ+ε

)
, i→ ∞, ∀ε > 0.

(C) Assume that θ < πµ/2 , where θ is the semi-angle of the sector L0(θ) ⊃ Θ(W̃ ). Then the
system of root vectors of RW̃ is complete in H.

Proof. Note that due to the first condition H2, by virtue of Theorem 3.4 [15, p.268] the operator
W is closable. Let us show that W̃ is sectorial. By virtue of condition H2, we get

Re(W̃f, f)H ≥ C2∥f∥2H+
≥ C2ε∥f∥2H+

+
C2(1− ε)

C0

∥f∥2H;

Re(W̃f, f)H − k|Im(W̃f, f)H| ≥ (C2ε− kC1)∥f∥2H+
+
C2(1− ε)

C0

∥f∥2H =
C2(1− ε)

C0

∥f∥2H,

where k = εC2/C1. Hence Θ(W̃ ) ⊂ Lγ(θ), γ = C2(1 − ε)/C0. Thus, the claim of Lemma 1 [20]
is true regarding the operator W̃ . Using this fact, we conclude that the claim of Lemma 2 [20] is
true regarding the operator W̃ i.e. W̃ is m-accretive.
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Using the first representation theorem (Theorem 2.1 [15, p.322]) we have a one-to-one corre-
spondence between m-sectorial operators and closed sectorial sesquilinear forms i.e. W̃ = Tt by
symbol, where t is a sesquilinear form corresponding to the operator W̃ . Hence H := Re W̃ is
defined (see [15, p.337]). In accordance with Theorem 2.6 [15, p.323] the operator H is selfadjoint,
strictly accretive.

A compact embedding provided by the relation h[f ] ≥ C2∥f∥H+ ≥ C2/C0∥f∥H, f ∈ D(h)
proves that RH is compact (see proof of Theorem 4 [20]) and as a result of the application of
Theorem 3.3 [15, p.337], we get RW̃ is compact. Thus the claim of Theorem 4 [20] remains true
regarding the operators RH , RW̃ .

In accordance with Theorem 2.5 [15, p.323] , we get W ∗ = Tt∗ (since W ∗ = W̃ ∗). Now if we
denote t1 := t∗, then it is easy to calculate k = −k1. Since t is sectorial, than |k1| ≤ tan θ · h.
Hence, in accordance with Lemma 3.1 [15, p.336], we get k[u, v] = (BH1/2u,H1/2v), k1[u, v] =
−(BH1/2u,H1/2v), u, v ∈ D(H1/2), where B ∈ B(H) is a symmetric operator. Let us prove that B
is selfadjoint. Note that in accordance with Lemma 3.1 [15, p.336] D(B) = R(H1/2), in accordance
with Theorem 2.1 [15, p.322], we have (Hf, f)H ≥ C2/C0∥f∥2H, f ∈ D(H), using the reasonings
of Theorem 5 [20], we conclude that R(H1/2) = H i.e. D(B) = H. Hence B is selfadjoint. Using
Lemma 3.2 [15, p.337], we obtain a representation W̃ = H1/2(I + iB)H1/2, W ∗ = H1/2(I −
iB)H1/2. Noting the fact D(B) = H, we can easily obtain (I ± iB)∗ = I ∓ iB. Since B is
selfadjoint, then Re([I ± iB]f, f)H = ∥f∥2H. Using this fact and applying Theorem 3.2 [15, p.268],
we conclude that R(I ± iB) is a closed set. Since N(I ± iB) = 0, then R(I ∓ iB) = H (see
(3.2) [15, p.267]). Thus, we obtain (I ± iB)−1 ∈ B(H). Taking into account the above facts,
we get RW̃ = H−1/2(I + iB)−1H−1/2, RW ∗ = H−1/2(I − iB)−1H−1/2. In accordance with the
well-known theorem (see Theorem 5 [39, p.557]), we have R∗

W̃
= RW ∗ . Note that the relations

(I ± iB) ∈ B(H), (I ± iB)−1 ∈ B(H), H−1/2 ∈ B(H) allow as to obtain the following formula by
direct calculations

ReRW̃ =
1

2
H−1/2(I +B2)−1H−1/2.

This formula is a crucial point of the matter, we can repeat the rest part of the proof of Theorem
5 [20] in terms H := Re W̃ . By virtue of these facts Theorems 7-9 [20], can be reformulated in
terms H := Re W̃ , since they are based on Lemmas 1, 3, Theorems 4, 5 [20].

Remark 1. Consider a condition M ⊂ D(W ∗), in this case the operator H := ReW is defined
on M, the fact is that H̃ is selfadjoint, bounded from bellow (see Lemma 3 [20]). Hence a
corresponding sesquilinear form (denote this form by h) is symmetric and bounded from bellow
also (see Theorem 2.6 [15, p.323]). It can be easily shown that h ⊂ h, but using this fact we
cannot claim in general that H̃ ⊂ H (see [15, p.330] ). We just have an inclusion H̃1/2 ⊂ H1/2

(see [15, p.332]). Note that the fact H̃ ⊂ H follows from a condition D0(h) ⊂ D(h) (see Corollary
2.4 [15, p.323]). However, it is proved (see proof of Theorem 4 [20]) that relation H2 guaranties
that H̃ = H. Note that the last relation is very useful in applications, since in most concrete cases
we can find a concrete form of the operator H.

Some facts of the entire functions theory

Here we introduce some notions and facts of the entire functions theory, we follow the mono-
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graph [24] In this subsection we will use the following notations

G(z, p) := (1− z)ez+
z2

2
+...+ zp

p , G(z, 0) := (1− z).

Consider such an entire function that its zeros satisfy the following relation for some λ > 0

∞∑
n=1

1

|an|λ
<∞. (1)

In this case we denote by p the smallest integer number for which the following condition holds

∞∑
n=1

1

|an|p+1
<∞. (2)

It is clear that 0 ≤ p < λ. It is proved that under the assumption (1) the infinite product

∞∏
n=1

G

(
z

an
, p

)
(3)

is uniformly convergent, we will call it a canonical product and call p the genus of the canonical
product. By the convergence exponent of the sequence

{an}∞1 ⊂ C, an ̸= 0, an → ∞

we mean the greatest lower bound for numbers λ for which series (1) converges. Note that if λ
equals to a convergent exponent then series (1) may or may not be convergent. For instance,
the sequences an = 1/nλ and 1/(n ln2 n)λ have the same convergent exponent λ = 1, but in the
first case the series (1) is divergent when λ = 1 while in the second one it is convergent. In this
paper we have a special interest regarding the first case. Consider the following obvious relation
between the convergence exponent ρ1 and the genus p of the corresponding canonical product
p ≤ ρ1 ≤ p + 1. It is clear that if ρ1 is integer, then p = ρ1, when the series (1) diverges for
λ = ρ1, while ρ1 = p+ 1 means that the series converges (in accordance with the definition of p).
In the monograph [24] it is considered a more precise characteristic of the density of the sequence
{an}∞1 than the convergence exponent. Thus, there is defined the so called growth of the function
n(r) equals to a number of points of the sequence in the circle |z| < r. By upper density of the
sequence we call a number

∆ = lim
r→∞

n(t)/tρ1 ,

if a limit exists in the ordinary sense (not in the sense of the upper limit) then ∆ is called the
density. Note that it is proved in Lemma 1 [24] that

lim
r→∞

r(t)/tρ1+ε → 0, ε > 0.

We need the following fact (see [24] Lemma 3)

Lemma 1. If the series (2) converges, then the corresponding infinite product (3) satisfies the
following inequality in the entire complex plane

ln

∣∣∣∣∣
∞∏
n=1

(z)

∣∣∣∣∣ ≤ Crp

 r∫
0

n(t)

tp+1
dt+ r

∞∫
r

n(t)

tp+2
dt

 , r := |z|.
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Using this result it is not hard to prove a relevant fact mentioned in the monograph [24]. Since
it has a principal role in the further narrative, we formulate it as a theorem in terms of the upper
density.

Lemma 2. Assume that the following series is convergent for some values of λ > 0 i.e.

∞∑
n=1

1

|an|λ
<∞,

then the following relation holds∣∣∣∣∣
∞∏
n=1

(z)

∣∣∣∣∣ ≤ eβ(r)r
ρ1 , β(r) = rp−ρ1

 r∫
0

n(t)

tp+1
dt+ r

∞∫
r

n(t)

tp+2
dt

 , (4)

where ρ1 is a convergent exponent of the sequence {an}∞1 . Moreover β(r) → 0, if the convergent
exponent ρ1 is non-integer and such that ρ1 < λ and the density equals zero, or the convergent
exponent is such that ρ1 = λ. In addition the last equality guaranties that the density equals zero.

Proof. Applying Lemma 1, we establish relation (4). Taking into account the fact that the density
equals zero, using the L’Hôpital’s rule, in the case when ρ1 < λ is non-integer, we easily obtain

rp−ρ1
r∫

0

n(t)

tp+1
dt→ 0; rp+1−ρ1

∞∫
r

n(t)

tp+2
dt→ 0. (5)

Therefore β(r) → 0. Consider the case when ρ1 = λ, then let us write the series (1) in the form
of the Stiltes integral

∞∑
n=1

1

|an|λ
=

∞∫
0

dn(t)

tρ1
.

Using integration by parts formulae, we get

r∫
0

dn(t)

tρ1
=
n(r)

rρ1
− n(γ)

γρ1
+ ρ1

r∫
0

n(t)

tρ1+1
dt,

where γ denotes a positive constant, we should note that there exists a neighborhood of the point
zero in which n(t) = 0. The latter representation shows us that the following integral converges
i.e.

∞∫
0

n(t)

tρ1+1
dt <∞.

In its own turn, it follows that

n(r)

rρ1
= n(r)ρ1

∞∫
r

1

tρ1+1
dt < ρ1

∞∫
r

n(t)

tρ1+1
dt→ 0, r → ∞.
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Thus, in the way used above, we conclude that (5) holds if ρ1 is non-integer. If ρ1 = λ is integer
then it is clear that we have ρ1 = p + 1, here we should recall that it is not possible to assume
ρ1 = p due to the definition of p. In the case ρ1 = p+ 1, in the way analogous with (5), we get

r−1

r∫
0

n(t)

tp+1
dt→ 0;

∞∫
r

n(t)

tp+2
dt→ 0,

from what follows the fact that β(r) → 0.

Further, if we consider s - numbers of the operator A then we will use a notation βA for a
corresponding function β defined by formula (4).

Example 1. There exists a sequence {an}∞1 such that the corresponding series (1) is divergent
when λ = ρ1 while density equals zero and β(r) ln r → 0.

We can construct the required sequence supposing n(r) ∼ rρ(ln r · ln ln r)−1, ρ > 0, Further,
we will show that ρ1 = ρ. It follows from the latter relation directly that the density equals zero.
It is clear that we can represent partial sums of series (1) due to the Stiltes integral

k∑
n=1

1

|an|λ
=

r(k)∫
0

dn(t)

tλ
.

Thus the sequence {an}∞1 is defined by the function n(r). Applying the integration by parts
formulae, we get

r∫
0

dn(t)

tλ
=
n(r)

rλ
− aλ1 + λ

r∫
0

n(t)

tλ+1
dt.

Using the latter relation, by direct calculation, we can easily establish the fact that the density
equals zero while the last integral is divergent when λ = ρ, r → ∞, we have

r∫
0

n(t)

tρ+1
dt =

r∫
0

dt

t ln t · ln ln t
= ln ln ln r − C.

On the other hand, we have for values λ > ρ

∞∫
0

n(t)

tλ+1
dt =

∞∫
0

dt

t1+λ−ρ ln t · ln ln t
<∞.

Thus we get that the series (1) is divergent if λ = ρ and convergent if λ = ρ+ ε, ε > 0. The fact
that ρ is a converges exponent is proved. Assume that ρ1 is not integer, then to prove the fact
β(r) ln r → 0, r → ∞, we should use representation (4), we have

rp−ρ1

 r∫
0

n(t)

tp+1
dt+ r

∞∫
r

n(t)

tp+2
dt

 ln r → I, r → ∞.
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Denoting

a(r) := ln r

r∫
0

n(t)

tp+1
dt, b(r) := rρ1−p, a1(r) := ln r

∞∫
r

n(t)

tp+2
dt, b1(r) := rρ1−p−1,

using the L’Hôpital’s rule it is not hard to prove that I = 0, what gives us the desired result.
More precisely

a′(r) :=
1

r

r∫
0

n(t)

tp+1
dt+ ln r

n(r)

rp+1
; a′1(r) :=

1

r

∞∫
r

n(t)

tp+2
dt+ ln r

n(r)

rp+2
.

In general, we have

1

rb′(r)

r∫
0

n(t)

tp+1
dt→ 0,

1

rb′1(r)

∞∫
r

n(t)

tp+2
dt→ 0, r → ∞.

Substituting rρ1(ln r · ln ln r)−1 instead of n(r), we get

ln r
n(r)

b′(r)rp+1
∼ ln r

rρ1

rp+1rρ1−p−1 ln r · ln ln r
→ 0,

ln r
n(r)

b′1(r)r
p+2

∼ ln r
rρ1

rp+2rρ1−p−2 ln r · ln ln r
→ 0, r → ∞.

Note that this example does not cover the case ρ1 = p, since in this case β(r) 9 0, what can be
verified by direct calculations.

Remark 2. Having taken into account the above reasonings, we see that the following implication
holds

ln r
n(r)

rρ1
→ 0, ⇒ β(r) ln r → 0.

Schatten-von Neumann class and the particular case corresponding to the normal
resolvent

Let Sp(H), 0 < p < ∞ be a Schatten-von Neumann class and S∞(H) be the set of compact
operators. By definition, put

Sp(H) :=

{
L : H → H,

∞∑
i=1

spi (L) <∞, 0 < p <∞

}
.

Denote by Tρ(H) the class of the operators such that

A ∈ Tρ(H) ⇒ {A ∈ Sρ+ε, A∈Sρ−ε, ∀ε > 0}.

This operator class we will call a Schatten-von Neumann class of the convergence exponent. Note
that there exists a one to one correspondence between selfadjoint compact operators and mono-
tonically decreasing sequences. In this regard, if we consider example 1 then we see that the
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made definition becomes relevant. Thus, in these terms the claim (A) of the Theorem 1 can be
reformulated in particular as follows.
(AI) We have the following classification

RW̃ ∈ Tp, p = 2/µ, µ ≤ 1,

where µ is order of H := Re W̃ . Moreover under the assumptions λn(RH) ≥ C n−µ, n ∈ N, we
have the following implication

{RW̃ ∈ Tp, 1 ≤ p <∞} ⇒ µ = 1/p.

Lemma 3. Assume that (lnµ+1 x)′λi(H) = o(i−µ), 0 < µ ≤ 1, then in the general case, we get

RW̃ ∈ Tp, 1/µ ≤ p ≤ 2/µ, n(λ) = o(λ2/µ/ lnλ). Moreover, under the made assumptions if
µ ̸= 1, W̃ is normal, then RW̄ ∈ T1/µ, n(λ) = o(λ1/µ/ lnλ), where n(λ) is the counting function
of the sequence {s−1

i (RW̃ )}∞1 .

Proof. Note that the fact RW̃ ∈ Tp, 0 < p ≤ 2/µ follows directly from the claim (AI). In
accordance with relation (54) [20], we have

(|RW̃ |2f, f)H = ∥RW̃f∥
2
H ≤ C · Re(RW̃f, f)H = C(V f, f)H,

where V := (RW̃ +R∗
W̃
)/2. In accordance with the Theorem 5 [20], we have λi(V ) ≍ λi(RH), thus

we have si(RW̃ ) ≤ Cλ
1/2
i (RH); s

−1
i (RW̃ ) ≥ Cλ

1/2
i (H), the detailed proof of the latter fact see in

the Theorem 7 [20]. Using the monotonous property of the functions, we have

lnt s−1
i (RW̃ )

s−2
i (RW̃ )

≤ C · ln
t λi(H)

λi(H)
≤ C · αi

it
;

lnt/2 s−1
i (RW̃ )

s−1
i (RW̃ )

≤ C · αi
it/2

,

where αi → 0. Hence
i ln s−1

i (RW̃ )

s
−2/t
i (RW̃ )

≤ C · αi.

Taking into account the facts n(s−1
i ) = i; n(λ) = n(s−1

i ), s−1
i < λ < s−1

i+1, the monotonous
property of the functions, we get

n(λ) lnλ

λ2/t
< C · αi, s−1

i < λ < s−1
i+1.

The proof corresponding to the general case is complete. Assume in additional that the operator
RW̃ is normal. Let us show that the operator V := (RW̃ + R∗

W̃
)/2 has a complete orthonormal

system of the eigenvectors. Using formula (53) [20], we get

V
−1

= 2H
1
2 (I +B2)H

1
2 .

Note that in accordance with relation (67) [20], we have

(V
−1
f, f)H = 2(SH

1
2f,H

1
2f)H ≥ 2∥H

1
2f∥2H = 2(Hf, f)H, f ∈ D(V

−1
), (6)

10



where S = I + B2. Since V is selfadjoint, then due to Theorem 3 [4, p.136] the operator V
−1

is
selfadjoint also. Combining (6) with Lemma 3 [20], we get that V

−1
is strictly accretive. Using

these facts we can write
∥f∥V −1 ≥ C∥f∥H , f ∈ HV

−1 .

Since the operator H has a discrete spectrum (see Theorem 5.3 [19]), then any set bounded with
respect to the norm HH is a compact set with respect to the norm H (see Theorem 4 [31, p.220]).
Combining this fact with (6), Theorem 3 [31, p.216], we get that the operator V

−1
has a discrete

spectrum, i.e. it has the infinite set of the eigenvalues λ1 ≤ λ2 ≤ ... ≤ λi ≤ ..., λi → ∞, i → ∞
and the complete orthonormal system of the eigenvectors. Now note that the operators V, V

−1

have the same eigenvectors. Therefore the operator V has the complete orthonormal system of
the eigenvectors. Recall that any complete orthonormal system is a basis in separable Hilbert
space. Hence the complete orthonormal system of the eigenvectors of the operator V is a basis
in the space H. Since the operator RW̃ is compact and normal (the last fact follows from the
fact that W̃ is normal), then in accordance with the well-known theorem we have a fact that
there exists an orthonormal system of the eigenvectors {ψi}∞1 of the operator RW̃ . The system is

complete in R(RW̃ ) in the following sense

f =
∞∑
i=1

(f, ψi)ψi, f ∈ R(RW̃ ).

The corresponding system of eigenvalues is such that

RW̃ψi = λiψi, R
∗
W̃
ψi = λiψi, i ∈ N.

The latter facts give us R∗
W̃
RW̃ψi = |λi|2ψi. Since the operator R∗

W̃
RW̃ is selfadjoint and compact,

then it is not hard to prove that si(RW̃ ) = |λi(RW̃ )|. Thus, we get

si(RW̃ ) = |(RW̃ψi, ψi)| =
(
1 + tan θ2i

)
|Re(RW̃ψi, ψi)| = (7)

=
(
1 + tan θ2i

)
|(V ψi, ψi)| =

(
1 + tan θ2i

)
λi(V ),

where the sequence {tan θ2i }∞1 is bounded by virtue of the sectorial property of the operator.
Note that the fact R(RW̃ ) indicates that {ψi}∞1 is complete in H. It follows that the operators
V and RW̃ have the same eigenvectors (since the system of the eigenvectors of the operator V
is complete) and as a result we can claim that all eigenvalues of the operator V are involved in
the right-hand side of relation (7). Taking into account the fact λi(V ) ≍ λi(RH), we obtain the
following relation

C1

∞∑
i=1

|λi(RH)|p ≤
∞∑
i=1

|si(RW̃ )|p ≤ C2

∞∑
i=1

|λi(RH)|p, p > 1.

Using the latter relation, we have RW̄ ∈ Tp, p = 1/µ. At the same time applying the above
reasonings, we get

lnt s−1
i (RW̃ )

s−1
i (RW̃ )

≤ C · ln
t λi(H)

λi(H)
≤ C · αi

it
.

Hence, in an analogous way, we get

i ln s−1
i (RW̃ )

s
−1/t
i (RW̃ )

≤ C · αi;
n(λ) lnλ

λ1/t
→ 0, λ→ ∞.

11



Consider the following example.

Example 2. Here we would like to produce an example of the sequence {λi}∞1 that satisfies the
condition

(lnµ+1 x)′λi = o(i−µ), (0 < µ < 1),

∞∑
n=1

1

|λn|1/µ
= ∞.

Consider a sequence λi = iµ lnµ i · lnµ ln i, then using the integral test for convergence we can
easily see that the previous series is divergent. At the same time substituting, we get

lnµ λi
λi

≤ C lnµ i

iµ lnµ i · lnµ ln i
=

C

iµ · lnµ ln i
,

what gives us the fulfilment of the first condition.

Bellow, we produce an auxiliary technique to study the central problem of the paper. The
estimates for the Fredholm Determinant were studied by Lidsky in the paper [25] and gave a main
tool in questions related to contour integrals, their estimation. We have slightly improved results
by Lidsky having involved the function β and obtaining in this way more accurate results.

Estimates for the Fredholm Determinant

In this section we produce an adopted version of the propositions given in the paper [25], we
consider a case when a compact operator A belongs to the class Tρ, where ρ is not integer. Having
taken into account the facts considered in the previous subsection we can reformulate Lemma 2
[25] in the refined form.

Lemma 4. Assume that a compact operator A satisfies the condition A ∈ Tρ, where ρ is non-
integer, then for arbitrary numbers R, δ such that R > 0, 0 < δ < 1, there exists a circle |λ| =
R̃, (1− δ)R < R̃ < R, so that the following estimate holds

∥(I − λA)−1∥ ≤ eγm(|λ|)|λ|ρ |λ|m, m = [ρ], |λ| = R̃,

where

γm(|λ|) = βm(|λ|m+1) + Cβm(|Cλ|m+1), βm(r) = r−
ρ

m+1

 r∫
0

nAm+1(t)dt

t
+ r

∞∫
r

nAm+1(t)dt

t2

 .

Proof. In accordance with the definition, we have A ∈ Sρ+ε, ε > 0. By direct calculation we get

(I − λm+1Am+1)−1(I + λA+ λ2A2 + ...+ λmAm) = (I − λA)−1. (8)

Note that in accordance with Lemma 3 [25], for sufficiently small ε > 0, we have

∞∑
i=1

λ
ρ+ε
m+1

i (Ã) ≤
∞∑
i=1

λρ+εi (A) <∞,

12



where Ã := (A∗m+1Am+1)1/2. By virtue of the fact ρ/(m+ 1) < 1, we can apply inequality (1.27)
[25, p.10], using Lemma 1, we get

∥∆Am+1(λm+1)(I − λm+1Am+1)−1∥ ≤ C
∞∏
i=1

{1 + |λm+1si(A
m+1)|} ≤ Ceβm(rm+1)rρ ,

where ∆Am+1(λm+1) is a Fredholm determinant of the operator Am+1 (see [25, p.8]). In accordance
with Theorem 11 [24, p.33], we have

∆Am+1(λm+1) ≥ e−(2+ln{12e/δ}) ln ξm , ξm = max
ψ∈[0,2π/(m+1)]

{∆Am+1([2eR̃eiψ]m+1)},

where R, δ arbitrary numbers such that R > 0, 0 < δ < 1, the values of λ belong to the circle
|λ| = R̃, which radius (it can be different in the above relations) is defined by R, δ and satisfy the
condition (1− δ)R < R̃ < R. Note that in accordance with estimate (1.21) [25, p.10], we have

∆Am+1(λ) ≤ C
∞∏
i=1

{1 + |λsi(Am+1)|},

thus applying Lemmas 1, 2, we get ξm ≤ eβm([2eR̃]m+1)(2eR̃)ρ . Consider relation (8), we have the
following estimate

∥(I − λA)−1∥ ≤ ∥(I − λm+1Am+1)−1∥ · ∥(I + λA+ λ2A2 + ...+ λmAm)∥ ≤

≤ ∥(I − λm+1Am+1)−1∥ · |λ|
m+1∥A∥m+1 − 1

|λ| · ∥A∥ − 1
.

We can easily see, it follows from the latter relation, that to obtain the desired estimate it suffices
to estimate the term ∥(I − λm+1Am+1)−1∥, using the obtained estimates, we have

∥(I − λm+1Am+1)−1∥ ≤ eγm(|λ|)|λ|ρ , |λ| = R̃,

where γm(|λ|) = βm(|λ|m+1) + (2 + ln{12e/δ})βm(|2eλ|m+1)(2e)ρ. Thus we get

∥(I − λA)−1∥ ≤ Ceγm(|λ|)|λ|ρ |λ|m, |λ| = R̃.

Abel-Lidsky summarizing the series

In this subsection we improve results obtained by Lidsky [25] considering the class Tα under
the additional assumption β(r) = o(ln−1 r). As an application we consider differential equations
in the Hilbert space. We should stress that a significant refinement takes place in comparison
with the reasonings by Lidsky [25]. However, let us begin our narrative. In accordance with the
Hilbert theorem (see [13, p.32]) the spectrum of an arbitrary compact operator A consists of the
so called normal eigenvalues it gives us the opportunity to consider a decomposition

H = Nq

·
+ Mq, (9)

where the first summand is an invariant subspace regarding the operator A a finite dimensional
root subspace corresponding to the eigenvalue µq. Let nq is a dimension of Nq and let Aq is the
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operator induced inNq.We can chose a basis (Jordan basis) inNq that consists of Jordan chains of
eigenvectors and root vectors of the operator Aq. Each chain eqξ , eqξ+1, ..., eqξ+k, where eqξ , ξ ∈ N
are the eigenvectors corresponding to the eigenvalue µq and other terms are root vectors, can be
transformed by the operator A according with the following formulas

Aeqξ = µqeqξ , Aeqξ+1 = µqeqξ+1 + eqξ , ..., Aeqξ+k = µqeqξ+k + eqξ+k−1. (10)

Considering the sequence {µi}∞1 of the eigenvalues of the operator A and choosing a Jordan basis
in each corresponding space Ni we can arrange a system of vectors {ek}∞1 which we will call a
system of the root vectors or following Lidsky V.B. a system of the major vectors of the operator
A. Let e1, e2, ..., eni

be the Jordan basis in the subspace Ni, then in accordance with Lidsky V.B.
there exists a corresponding biorthogonal basis g1, g2, ..., gni

in the space M⊥
i (see [25, p.14]), note

that in accordance with our clarification M⊥
i = Ni.Moreover the set {gk}ni

1 consists of the Jordan
chains of the operator A∗ which correspond to the Jordan chains (10) due to the following formula

A∗gqξ+k = µqgqξ+k, A
∗gqξ+k−1 = µqgqξ+k−1 + gqξ+k, ..., A

∗gqξ = µqgqξ + gqξ+1.

Let us show that Ni ⊂ Mj, i ̸= j for this purpose note that in accordance with the representation
PµiH = Ni and the property PµiPµj = 0, i ̸= j, where Pµi is a Riesz projector (integral) cor-
responding to the eigenvalue µi (see [13] Chapter I §1.3), we have an orthogonal decomposition

H = Ni

·
+ Nj

·
+ Mij, where Mij = (I − P

Ni

·
+Nj

)H. On the other hand in accordance with [13]

Chapter I §2.1 we can claim that the following orthogonal decomposition is unique

H = Nj

·
+ Mj,

hence we have an orthogonal sum Mj = Ni

·
+ Mij, what proves the desired result. Taking

into account relation (9), we conclude that the set g1, g2, ..., gni
, i ̸= j is orthogonal to the set

e1, e2, ..., enj
. Gathering the sets g1, g2, ..., gni

, i = 1, 2, ..., we can obviously create a biorthogonal
system {gi}∞1 with respect to the system of the major vectors of the operator A. It is rather
reasonable to call it as a system of the major vectors of the operator A∗. Note that if an element
f ∈ H allows a decomposition in the strong sense

f =
∞∑
n=1

encn, cn ∈ C,

then by virtue of the biorthogonal system existing we can claim that such a representation is
unique. Further, let us come to the previously made agrement that the vectors in each Jourdan
chain are arranged in the same order as in (10) i.e. at the first place there stands an eigenvector.
It is clear that under such an assumption we have

cqξ+i =
(f, gqξ+k−i)

(eqξ+i, gqξ+k−i)
, 0 ≤ i ≤ k(qξ),

where k(qξ) + 1 is a number of elements in the qξ-th Jourdan chain. In particular, if the vector
eqξ is included to the major system solo, there does not exist a root vector corresponding to the
same eigenvalue, then

cqξ =
(f, gqξ)

(eqξ , gqξ)
.
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Note that in accordance with the property of the biorthogonal sequences we can expect that the
denominators equal to one in the previous two relations. Consider a formal series corresponding
to a decomposition on the major vectors of the operator A

f ∼
∞∑
n=1

encn,

where each number n corresponds to a number qξ + i (thus, the coefficients cn are defined in
accordance with the above and numerated in a simplest way). Consider a set of the polynomials
with respect to a real parameter t

Pα
m(ζ

−1, t) =
etζ

−α

m!

dm

dζm
e−tζ

−α

, α > 0, m = 1, 2, ..., .

Consider a series
∞∑
n=1

cn(t)en, (11)

where the coefficients cn(t) are defined in accordance with the correspondence between the indexes
n and qξ + i in the following way

cqξ+i(t) = e−λ
α
q t

k−i∑
m=0

P α
m(λqξ , t)cqξ+i+m, i = 0, 1, 2, ..., k,

here λq = 1/µq is a characteristic number corresponding to eqξ . It is clear that in any case, we
have cn(t) → cn, t → 0 (it can be established by direct calculations). In accordance with the
definition given in [25, p.17] we will say that series (11) converges to the element f in the sense
(A, λ, α), if there exists a sequence of the natural numbers {Nj}∞1 such that

f = lim
t→+0

lim
j→∞

Nj∑
n=1

cn(t)en.

Note that sums of the latter relation forms a subsequence of the partial sums of the series (11).
To prove the main theorem we need the following lemmas by Lidsky, note that in spite of the

fact that we have rewritten the lemmas in the refined form the proof has not been changed and
can be found in the paper [25].

Lemma 5. Let Θ(A) ⊂ L0(π/2υ), υ > 1/2, then on each ray ζ containing the point zero and not
belonging to the sector L0(π/2υ) as well as real axis, we have

∥(I − λA)−1∥ ≤ 1

sinφ
, λ ∈ ζ,

where φ = min{|argζ − π/2υ|, |argζ + π/2υ|}.

Lemma 6. Assume that f ∈ R(A), then

lim
t→+0

∫
γ

e−λ
αtA(I − λA)−1fdλ = f,
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where

γ := {λ : |λ| = r > 0, |argλ| ≤ π/2υ + ε} ∪ {λ : |λ| > r, |argλ| = π/2υ + ε} , υ > 1/2,

the number r is chosen so that the function ∥(I − λA)−1∥ is regular within the corresponding
circle.

Lemma 7. We claim that, in the pole λq of the operator (I − λA)−1, the residue of the function
e−λ

αtA(I − λA)−1f, (f ∈ H) equals

−
m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t),

where m(q) is a geometrical multiplicity of the q-th eigenvalue, k(qξ) + 1 is a number of elements
in the qξ-th Jourdan chain.

3 Main results

In this section we consider the operator classes under the point of view made in the latter section.
Firstly, we consider a general statement with the made refinement related to the involved notion
of the convergence exponent. Secondly, having formulated conditions in terms of the operator
order, we produce an example establishing the fact in accordance with which the contours may
be chosen in a concrete way, under the assumption ρ = α, what provides a peculiar validity of
the statement. Finally, we consider applications to the differential equations in the Hilbert space.
The structure of the proof of the following theorem completely belongs to Lidsky. However we
produce the proof since we make a refinement corresponding to consideration of the case when a
convergent exponent does not equals the index of the Schatten-von Neumann class.

Theorem 2. Assume that Θ(A) ⊂ L0(π/2υ), υ > max{α, 1/2}, α ≥ ρ, then there exists such a
sequence of natural numbers {Mj}∞1 that

1

2πi

∫
γ

e−λ
αtA(I − λA)−1fdλ = lim

j→∞

Mj∑
q=1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t),

moreover
∞∑
ν=0

∥∥∥∥∥∥
Nν+1∑

q=Nν+1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t)

∥∥∥∥∥∥ <∞. (12)

Proof. Having fixed R > 0, 0 < δ < 1, consider a monotonically increasing sequence {Rν}∞0 , Rν =
R(1− δ)−ν+1, then using Lemma 4, we get

∥(I − λA)−1∥ ≤ eγm(|λ|)|λ|ρ |λ|m, m = [ρ], |λ| = R̃ν , Rν < R̃ν < Rν+1.

Denote by γν a bound of the intersection of the ring R̃ν < |λ| < R̃ν+1 with the interior of the
contour γ, thus we get γν := {λ : |λ| = R̃ν , |λ| = R̃ν+1, |argλ| < π/2υ + ε} ∪ {λ : R̃ν <
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|λ| < R̃ν+1, |argλ| = π/2υ + ε}. Denote by Nν a number of poles being contained in the set
Gν := {λ : r < |λ| < R̃ν , |argλ| < π/2υ + ε}, where r is defined in Lemma 7, in accordance with
which, we get

1

2πi

∫
γν

e−λ
αtA(I − λA)−1fdλ =

Nν+1∑
q=Nν+1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t).

Let us estimate the above integral for this purpose split the contour γν on for terms γν̃ := {λ :
|λ| = R̃ν , |argλ| < π/2υ + ε}, γν+ := {λ : R̃ν < |λ| < R̃ν+1, argλ = π/2υ + ε}, γν− := {λ : R̃ν <

|λ| < R̃ν+1, argλ = −π/2υ − ε}. In accordance with the above, we have

Iν :=

∥∥∥∥∥∥
∫
γν̃

e−λ
αtA(I − λA)−1fdλ

∥∥∥∥∥∥ ≤ |λ| · ∥A(I − λA)−1f∥
π/2υ+ε∫

−π/2υ−ε

e−tReλαd argλ.

Note that in accordance with the imposed conditions υ > α, we get |argλ| < π/2α− ε. It follows
that

Reλα ≥ |λ|α cos [(π/2α− ε)α] = |λ|α sinα ε.

Thus, we get

Iν ≤ |λ| · ∥A(I − λA)−1f∥e−t|λ|α sinα ε.

Taking into account Lemma 4, we get

Iν ≤ eγm(|λ|)|λ|ρ−t|λ|α sinα ε|λ|m+1 =

= e|λ|
ρ[γm(|λ|)−t|λ|α−ρ sinαε]|λ|m+1, m = [ρ], |λ| = R̃ν .

It is clear that for a fixed t and a sufficiently large |λ|, we have |λ|ρ{γm(|λ|)−t|λ|α−ρ sinα ε} ln |λ| <
0, since we have the facts α ≥ ρ, in accordance with Lemma 2 γm(|λ|) → 0, |λ| → ∞. Therefore,
the following series is convergent

∞∑
ν=0

Iν <∞.

Analogously, using Lemma 5, we get

Jν :=

∥∥∥∥∥∥∥
∫
γν+

e−λ
αtA(I − λA)−1fdλ

∥∥∥∥∥∥∥ ≤ ∥f∥
sinφ

Rν+1∫
Rν

|e−tλα ||dλ| ≤ e−tR
α
ν sinα ε

Rν+1∫
Rν

|dλ| =

= e−tR
α
ν sinα ε{Rν+1 −Rν}.

Hence
∞∑
ν=0

Jν <∞.

Thus, we obtain relation (12), from what follows the rest part of the claim.
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Bellow, we produce an application of the above results, we study a concrete operator class for
which it is possible to chose the contour sequence of the power type. The following theorem is
formulated in terms of the asymptotics of the operator H.

Sequence of contours

Recall that in the paper [25] there is considered a sequence of the contours of the exponentional
type the condition α > ρ is imposed. Bellow, we improve this result in the following sense we
produce a sequence of the power type contours which gives us a solution of the problem in the
case α = ρ. Let us come to the agrement to use a short-hand notation A := RW̃ .

Theorem 3. Assume that the operator W̃ is normal, the conditions (lnµ+1 x)′λi(H) = o(i−µ), 0 <

µ < 1, arctan{C2/C1} < πµ/2 hold. Then the following relation holds

1

2πi

∫
γ

e−λ
αtA(I − λA)−1fdλ =

∞∑
ν=0

Nν+1∑
q=Nν+1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t),

where α = 1/µ, a sequence of contours {Rν}∞0 is chosen so that such root vectors are united, in
the partial sums corresponding to q = Nν + 1, Nν + 2, ..., Nν+1, for which

|λNν+1| − |λNν | ≤ C|λNν+1|1−1/(µ−ε), ∀ε > 0.

Proof. Note that the following relation follows from the conditions imposed on the operator W
see introduction

|λ−1
i | = o

(
i−µ+ε

)
, i→ ∞, ∀ε > 0,

thus λi/i
µ−ε ≥ C. Using this fact, we can prove that that there exists a subsequence {λik}∞k=1,

such that
|λik+1| − |λik | ≥ K|λik+1|1−1/(µ−ε), K > 0,

for this purpose it suffices to establish the following implication

lim
n→∞

(λn+1 − λn)/λ
(p+1)/p
n = 0, =⇒ lim

n→∞
λn/n

p = 0, p > 0.

Now, consider
|λNν+1| − |λNν | ≥ C|λNν |qε , qε := 1− 1/(µ− ε),

and let us find δ from the condition R = K|λNν |qε + |λNν |, R(1 − δ) = |λNν |, then δ−1 =
K−1|λNν |1−qε . Note that in accordance with Lemma 4, reasonings of Theorem 2, there exists
an arch γν̃ := {λ : |λ| = R̃ν , |argλ| < πµ/2}, in the ring (1 − δ)R < |λ| < R, on which the
following estimate holds

Iν =

∥∥∥∥∥∥
∫
γν̃

e−λ
αtA(I − λA)−1fdλ

∥∥∥∥∥∥ ≤ e|λ|
ρ[γm(|λ|)−t|λ|α−ρ sinαε]|λ|m+1, m = [ρ], |λ| = R̃ν ,

where γm(|λ|) = βm(|λ|m+1) + (2 + ln{12e/δ})βm(|2eλ|m+1)(2e)ρ. Substituting δ−1, we have

ln{12e/δ} = ln{12eK−1|λNν |1−qε} = ln{|λNν |1−qε}+ C.
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It is clear that to obtain the desired result we should prove that ln |λNν |1−qεβm(|λNν |m+1) →
0, ν → ∞. Note that in accordance with Lemma 3, we get nA(λ) = o(λ1/µ/ lnλ), where nA(λ) is
the counting function of the sequence {s−1

i (RW̃ )}∞1 . Applying the L’Hôpital’s rule analogously to
the technique using in Example 2, we come to the problem

ln r
nAm+1(rm+1)

r1/µ
→ 0 ? (13)

We need establish some facts, note that the following operators have the same eigenfunctions i.e.

(A∗A)1/2fn = µnfn ⇐⇒ (Am∗Am)1/2fn = µmn fn, m = [ρ] + 1. (14)

To prove this fact, firstly let us show that A∗m = Am∗, it follows easily from the inclusion
A∗m ⊂ Am∗ and the fact D(A∗m) = H. Thus, for a normal operator we have (A∗A)m = A∗mAm.
Let us involve a notion of a spectral function of a selfadjoint non-negative operator, in accordance
with a standard definition (see [22] Chapter 3), we have

(A∗A)τ =

∥A∗A∥∫
0

λτdPλ, τ > 0,

where the latter integral is understood in the Riemann sense as a limit of the partial sums

n∑
i=0

ξτi P∆λi
H−→

∥A∗A∥∫
0

λτdPλ, ω → 0,

where (0 = λ0 < λ1 < ... < λn = ∥A∗A∥) is an arbitrary splitting of the segment [0, ∥A∗A∥], ω :=
max
i

(λi+1 − λi), ξi is an arbitrary point belonging to [λi, λi+1], the operators P∆λi is projectors

corresponding to the selfadjoint operator. It follows easily from the well-known facts that if in
additional A∗A is a compact operator, then the above formula reduces to

(A∗A)τf =
∞∑
n=1

λτn(f, φn)φn,

where {φn}∞1 is a set of eigenvectors of the operator A∗A. Taking into account the latter repre-
sentation, an obvious fact that (A∗A)τ is selfadjoint, it is not hard to obtain a relation

(A∗A)
1
2
·m = (A∗A)m· 1

2 .

Thus, using the property A∗A = AA∗, we get

(A∗A)
1
2
·m = (Am∗Am)

1
2 ,

from what follows the implication from the left-hand side to the right-hand side in formula (14).
To obtain the other implication we should establish the fact that the eigenvectors of the operator
and its positive powers are the same. To prove it, let us notice that

T τei = λτiφi, i ∈ N,
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where T := A∗A. It follows that

T τf =
∞∑
n=1

λτn(f, φn)φn =
∞∑
n=1

(f, T τφn)φn =
∞∑
n=1

(T τf, φn)φn.

Hence we have a fact

g =
∞∑
n=1

(g, φn)φn, g ∈ R(T τ ).

Now, let us assume that there exists an eigenfunction h of the operator T τ that differs from
φi, i ∈ N. Using the fact proved above, we get

T τh =
∞∑
n=1

λτn(h, φn)φn = ζ
∞∑
n=1

(h, φn)φn,

where ζ is a corresponding eigenvalue. Multiplying (in the sense of the inner product) both sides
of the latter relation on φk, we get λτk = ζ, hence h = φk, this contradiction proves the desired
result. Thus, we complete the proof of formula (14). To complete the proof of relation (13) we
need to mention the fact nA(λ) = nAm(λm) which follows easily from relation (14). Thus making
a substitution and using the theorem condition, we claim that relation (13) holds. Finally, we
should note that the integrals along the contours γν+ := {λ : (1 − δ)R < |λ| < R, argλ =
πµ/2 + ε}, γν− := {λ : (1 − δ)R < |λ| < R, argλ = −πµ/2 − ε} converges uniformly i.e.
analogously to Theorem 2, we have

Jν :=

∥∥∥∥∥∥∥
∫
γν+

e−λ
αtA(I − λA)−1fdλ

∥∥∥∥∥∥∥ ≤ ∥f∥
sinφ

R∫
(1−δ)R

|e−tλα ||dλ| ≤ e−t(1−δ)
αRα sinα ε

R∫
(1−δ)R

|dλ| =

= e−t(1−δ)
αRα sinα εδR.

From what follows the desired result.

The following consequence follows immediately from Lemma 6.

Consequence 1. Under Theorem 3 assumptions, we get

f = lim
t→+0

∞∑
ν=0

Nν+1∑
q=Nν+1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t), f ∈ D(W̃ ).

Differential equations in the Hilbert space

In this section we consider an operator (E − λA)−1, where A := RW̃ . Note that absolutely
analogously to the proof of Lemma 2 [20] we can prove that P(A) ∈ C \ L0, where L0 is a sector
containing the numerical range of the operator A. It follows easily from this fact that the operator
(E − λA)−1 is defined on the Hilbert space H when λ ∈ C \ L0.
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1. Let u := u(t), t > 0 be an element-function in the Hilbert space u : R+ → H. Consider the
Cauchy problem for a differential equation

du

dt
+ W̃ nu = 0, n = 2, 3, ... , (15)

(here we should note that the case n = 1 was considered by Lidsky [25]) under the initial condition

u(0) = h ∈ D(W̃ ), (16)

in the case when in additional W̃ n is accretive, we can assume that h ∈ H. Assume that the
following conditions holds regarding the operator W̃ . It is a normal operator, the conditions of
Theorem 3 holds, then there exists a solution

u(t) =
1

2πi

∫
γ

e−λ
ntA(E − λA)−1hdλ =

∞∑
ν=0

Nν+1∑
q=Nν+1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t), h ∈ D(W̃ ).

of the Cauchy problem (15),(16). Note that since the operator A is sectorial, then we can consider
a contour γ defined in Lemma 6. Using Lemma 5, it is not hard to prove that the following integral
converges and as a consequence presents an element of the Hilbert space i.e.

1

2πi

∫
γ

e−λ
nt(E − λA)−1hdλ = g(t) ∈ H.

Since A is bounded, then the latter relation gives us the fact

W̃u(t) =
1

2πi

∫
γ

e−λ
nt(E − λA)−1hdλ,

from what follows that u(t) ∈ D(W̃ ). Analogously the above, using Lemma 5 we can show the
the following derivative exists i.e.

du

dt
= − 1

2πi

∫
γ

e−λ
ntλnA(E − λA)−1h dλ ∈ H.

Notice that λnAn(E−λA)−1 = (E−λA)−1− (E+λA+ ...+λn−1An−1), substituting this relation
to the above formula, we obtain

An−1du

dt
= − 1

2πi

∫
γ

e−λ
nt(E − λA)−1h dλ+

1

2πi

∫
γ

e−λ
nt

n−1∑
k=0

λkAkh, dλ = I1 + I2.

The second integral equals zero by virtue of the fact that the function under the integral is
analytical inside the domain G, here we denotes by G the interior of the contour γ. Thus, we have
come to the relation

An−1du

dt
= − 1

2πi

∫
γ

e−λ
nt(E − λA)−1h dλ.
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Since the left-hand side of the latter relation belongs to D(W̃ n−1), then it is true for the right-hand
side also. It follows that u ∈ D(W n). Now, if we consider the expression for u, we get

An−1du

dt
+ W̃u = 0,

Multiplying both sides on W̃ n−1, we obtain the fact that u(t) is a solution of the equation (15).
Let us show that the initial condition holds in the sense

u(t)
H−→ h, t→ +0.

It becomes clear in the case h ∈ D(W̃ ), in this cases it suffices to apply Lemma 6, what gives
us the desired result. Consider a case when h is an arbitrary element of the Hilbert space H. It
follows from Lemma 5 that for a fixed t the operator

Sth =
1

2πi

∫
γ

e−λ
ntA(E − λA)−1hdλ = u(t),

is bounded. Let us show that
∥St∥ ≤ 1, t > 0.

Note that the prove of this fact cannot be implemented by direct estimating of the operator, but
requires a special technique. Bellow, we produce an estimate obtained directly. Analogously, as
it has been done previously consider a contour γ̃ splitted on terms γ̃R := {λ : |λ| = R, |argλ| <
πµ/2 − ε}, γ̃+ := {λ : 0 < |λ| < R, argλ = πµ/2 − ε}, γ̃− := {λ : 0 < |λ| < R, argλ =
−πµ/2 + ε}. In accordance with the above, we have

IR =

∥∥∥∥∥∥
∫
γ̃R

e−λ
αtA(I − λA)−1fdλ

∥∥∥∥∥∥ ≤ |λ| · ∥A(I − λA)−1f∥
π/2υ+ε∫

−π/2υ−ε

e−tReλαd argλ.

Using the imposed conditions |argλ| < πµ/2− ε, we have

Reλα ≥ |λ|α cos [(π/2α− ε)α] = |λ|α sinα ε.

Thus, we get
IR ≤ |λ| · ∥A(I − λA)−1f∥ · e−t|λ|α sinα ε, |λ| = R,

from what follows that
IR → 0, R → ∞.

Analogously, we get

J− =

∥∥∥∥∥∥
∫
γ̃−

e−λ
αtA(I − λA)−1fdλ

∥∥∥∥∥∥ ≤ ∥f∥
sinφ

R∫
0

|e−tλα ||dλ| ≤ ∥f∥
sinφ

R∫
0

e−t|λ|
α sinα ε|dλ| ≤

≤ ∥f∥
sinφ

R∫
0

e−t|λ| sinα ε|dλ| ≤ Ct−1∥f∥.
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Thus, we obtain an estimate ∥St∥ ≤ Ct−1, t > 0 that is not uniform regarding t, it indicates that
some difficulties are presented in this problem. To avoid this disadvantage consider the following
reasonings. Firstly, assume that h ∈ D(W̃ ), then as it was mentioned above, by virtue of Lemma
6, we get

u(t)
H−→ h, t→ +0.

Thus we can claim the fact that u(t) is continuous at the right-hand side of the point zero. Let
us multiply the both sides of relation (15) on u in the sense of the inner product(

du

dt
, u

)
+ (W̃ nu, u) = 0.

Consider a real part of the latter relation, we have

Re

(
du

dt
, u

)
+Re(W̃ nu, u) =

1

2

(
du

dt
, u

)
+

1

2

(
u,
du

dt

)
+Re(W̃ nu, u) =

=
1

2

d

dt
∥u(t)∥2 = −Re(W̃ nu, u) ≤ 0.

Hence

∥u(τ)∥2 − ∥u(0)∥2 =
τ∫

0

d

dt
∥u(t)∥2dt ≤ 0.

The last relation can be rewritten in the form

∥Sth∥ ≤ ∥h∥, h ∈ D(W̃ ),

since D(W̃ ) is a dense set in H then we obviously have a desired result i.e. ∥St∥ ≤ 1. Now consider
the following reasonings assuming that

hn
H−→ h, n→ ∞, {hn} ⊂ D(W̃ ), h ∈ H,

we have

∥u(t)−h∥ = ∥Sth−h∥ = ∥Sth−Sthn+Sthn−hn+hn−h∥ ≤ ∥St∥·∥h−hn∥+∥Sthn−hn∥+∥hn−h∥.

It is clear that if we chose n so that ∥h − hn∥ < ε/3 and after chose t so that ∥Sthn − hn∥ < ε,
then we obtain ∀ε > 0, ∃δ(ε) : ∥u(t)− h∥ < ε, t < δ. Thus the initial condition holds.

2. Let H still be the abstract Hilbert space. Consider a fractional differential operator in the
Riemann-Liouvile sense (see [37]) i.e. in the formal form, we have

D
1/α
− f(t) := − 1

Γ(1− 1/α)

d

dt

∞∫
0

f(t+ x)x−1/αdx.

Let us study the Cauchy problem for a differential equation

D
1/α
− u = W̃f, α > 1, (17)
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where u := u(t), t > 0 is an element-function in the Hilbert space u : R+ → H, under the initial
condition

u(0) = h ∈ D(W̃ ). (18)

In additional, in the case when the operator composition D
1−1/α
− W̃ is an accretive operator we

can weaken conditions assuming that h ∈ H. Suppose the operator W̃ is normal, the conditions
of Theorem 3 holds, then there exists a solution

u(t) =
1

2πi

∫
γ

e−λ
ntA(E − λA)−1hdλ =

∞∑
ν=0

Nν+1∑
q=Nν+1

m(q)∑
ξ=1

k(qξ)∑
i=0

eqξ+icqξ+i(t), h ∈ D(W̃ ). (19)

of the Cauchy problem (17),(18). Analogously to the previous case let us find a solution in the
form (18). In the same way we get u ∈ D(W̃ ). Consider the following formula for the fractional
derivative on the sufficiently smooth functions

− 1

Γ(1− 1/α)

d

dt

∞∫
0

f(x+ t)x−1/αdx = − 1

Γ(1− 1/α)

∞∫
0

f ′(x+ t)x−1/αdx.

On the one hand, using obvious reasonings, we have

∞∫
0

x−1/αdx

∫
γ

e−λ
α(t+x)A(E − λA)−1hdλ =

∫
γ

e−λ
αtA(E − λA)−1hdλ

∞∫
0

x−1/αe−λ
αxdx =

= Γ(1− 1/α)

∫
γ

λ1−αe−λ
αtA(E − λA)−1hdλ.

On the other hand, since the integrals∫
γ

e−λ
αtA(E − λA)−1hdλ;

∫
γ

e−λ
αtλαA(E − λA)−1hdλ,

are uniformly convergent regarding t (to prove this fact it suffices to apply Lemma 5), then in
accordance with the well-known theorem, we get

d

dt

∫
γ

e−λ
αtA(E − λA)−1hdλ =

∫
γ

d

dt
e−λ

αtA(E − λA)−1hdλ = −
∫
γ

e−λ
αtλαA(E − λA)−1hdλ.

Thus, combining the above facts, we get

D
1/α
− u =

1

2πi

∫
γ

e−λ
αtλA(E − λA)−1hdλ.

Using the formula λnA(E − λA)−1 = (E − λA)−1 − E, we get

D
1/α
− u =

1

2πi

∫
γ

e−λ
nt(E − λA)−1h dλ− 1

2πi

∫
γ

e−λ
nth, dλ = I1 + I2.
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The second integral equals zero in accordance with the fact that the function under the integral
is analytical inside the domain G. Now, if we consider the expression for u, we get

D
1/α
− u = W̃u.

Let us show that the initial condition holds in the sense

u(t)
H−→ h, t→ +0.

Consider a case when h is an arbitrary element of the Hilbert space H. It follows from Lemma 5
that for a fixed t the operator

Sth =
1

2πi

∫
γ

e−λ
αtA(E − λA)−1h dλ = u(t),

is bounded. Let us show that
∥St∥ ≤ 1, t > 0.

Firstly, assume that h ∈ D(W̃ ), then by virtue of Lemma 6, we get

u(t)
H−→ h, t→ +0.

Thus we can claim the fact that u(t) is continuous at the right-hand side of the point zero. Let

us apply the operator D
1−1/α
− to the both sides of relation (17). Taking into account a relation

D
1−1/α
− D

1/α
− u = −du

dt
,

we get
du

dt
+D

1−1/α
− W̃u = 0.

Let us multiply the both sides of the latter relation on u, in the sense of the inner product, we
get (

du

dt
, u

)
+ (D

1−1/α
− W̃u, u) = 0.

Consider a real part of the latter relation, we have

Re

(
du

dt
, u

)
+Re(D

1−1/α
− W̃u, u) =

1

2

(
du

dt
, u

)
+

1

2

(
u,
du

dt

)
+Re(D

1−1/α
− W̃u, u) =

=
1

2

d

dt
∥u(t)∥2 = −Re(D

1−1/α
− W̃u, u) ≤ 0.

Hence

∥u(τ)∥2 − ∥u(0)∥2 =
τ∫

0

d

dt
∥u(t)∥2dt ≤ 0.

The last relation can be rewritten in the form

∥Sth∥ ≤ ∥h∥, h ∈ D(W̃ ),
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since D(W̃ ) is a dense set in H then we obviously have a desired result i.e. ∥St∥ ≤ 1. Now consider
the following reasonings assuming that

hn
H−→ h, n→ ∞, {hn} ⊂ D(W̃ ), h ∈ H.

We have

∥u(t)−h∥ = ∥Sth−h∥ = ∥Sth−Sthn+Sthn−hn+hn−h∥ ≤ ∥St∥·∥h−hn∥+∥Sthn−hn∥+∥hn−h∥.

It is clear that if we chose n so that ∥h−hn∥ < ε/3 and after that chose t so that ∥Sthn−hn∥ < ε,
then we obtain ∀ε > 0, ∃δ(ε) : ∥u(t) − h∥ < ε, t < δ. Thus the initial condition holds. The
representation (19) follows immediately from Theorem 3.

References

[1] Adams R. A. Compact lmbeddings of Weighted Sobolev Spaces on Unbounded Domains.
Journal of Differential Equations, 9 (1971), 325-334.

[2] Agranovich M.S. On series with respect to root vectors of operators associated with forms
having symmetric principal part. Functional Analysis and its applications, 28 (1994), 151-167.

[3] Agranovich M.S. Spectral problems in Lipshitz mapping areas. Modern mathematics, Fun-
damental direction, 39 (2011), 11-35.

[4] N. I. Ahiezer and I. M. Glazman, Theory of linear operators in a Hilbert space, Moscow,
Nauka, Fizmatlit, 1966.

[5] Aleroev T.S. Spectral analysis of one class of non-selfadjoint operators. Differential Equa-
tions, 20, No.1 (1984), 171-172.

[6] Aleroev T.S., Aleroev B.I. On eigenfunctions and eigenvalues of one non-selfadjoint
operator. Differential Equations, 25, No.11 (1989), 1996-1997.

[7] Aleroev T.S.On eigenvalues of one class of non-selfadjoint operators.Differential Equations,
30, No.1 (1994), 169-171.

[8] Ashyralyev A. A note on fractional derivatives and fractional powers of operators. J. Math.
Anal. Appl., 357 (2009), 232-236.

[9] Berezanskii Yu. M. Expansions in eigenfunctions of selfadjoint operators. Providenve,
Rhode Island : American Mathematical Society. Translations of mathematical monographs
volume 17, 1968.

[10] Browder F.E. On the spectral theory of strongly elliptic differential operators. Proc. Nat.
Acad. Sci. U.S.A., 45 (1959), 1423-1431.

[11] Dimovski I.H., Kiryakova V.S. Transmutations, convolutions and fractional powers of
Bessel-type operators via Maijer’s G-function. Sofia: Publ. House Bulg. Acad. Sci., (1986),
45-46.

26



[12] Erdelyi A. Fractional integrals of generalized functions. J. Austral. Math. Soc., 14, No.1
(1972), 30-37.

[13] Gohberg I.C., Krein M.G. Introduction to the theory of linear non-selfadjoint operators
in a Hilbert space. Moscow: Nauka, Fizmatlit, 1965.

[14] Kato T. Fractional powers of dissipative operators. J.Math.Soc.Japan, 13, No.3 (1961),
246-274.

[15] Kato T. Perturbation theory for linear operators. Springer-Verlag Berlin, Heidelberg, New
York, 1980.

[16] Katsnelson V.E. Conditions under which systems of eigenvectors of some classes of oper-
ators form a basis. Funct. Anal. Appl., 1, No.2 (1967), 122-132.

[17] Kipriyanov I.A. On spaces of fractionally differentiable functions. Proceedings of the
Academy of Sciences. USSR, 24 (1960), 665-882.

[18] Kipriyanov I.A. The operator of fractional differentiation and powers of the elliptic op-
erators. Proceedings of the Academy of Sciences. USSR, 131 (1960), 238-241.

[19] Kukushkin M.V. Spectral properties of fractional differentiation operators. Electronic Jour-
nal of Differential Equations, 2018, No. 29 (2018), 1-24.

[20] Kukushkin M.V. On One Method of Studying Spectral Properties of Non-selfadjoint
Operators. Abstract and Applied Analysis; Hindawi: London, UK 2020, (2020); at
https://doi.org/10.1155/2020/1461647.

[21] Kukushkin M.V. Asymptotics of eigenvalues for differential operators of fractional or-
der. Fract. Calc. Appl. Anal. 22, No. 3 (2019), 658–681, arXiv:1804.10840v2 [math.FA];
DOI:10.1515/fca-2019-0037; at https://www.degruyter.com/view/j/fca.

[22] Krasnoselskii M.A., Zabreiko P.P., Pustylnik E.I., Sobolevskii P.E. Integral
operators in the spaces of summable functions. Moscow: Science, FIZMATLIT, 1966.

[23] Krein M.G. Criteria for completeness of the system of root vectors of a dissipative operator.
Amer. Math. Soc. Transl. Ser., Amer. Math. Soc., Providence, RI, 26, No.2 (1963), 221-229.

[24] Levin B. Ja. Distribution of Zeros of Entire Functions. Translations of Mathematical Mono-
graphs, 1964.

[25] Lidskii V.B. Summability of series in terms of the principal vectors of non-selfadjoint op-
erators. Tr. Mosk. Mat. Obs., 11, (1962), 3-35.

[26] Love E.R. Two index laws for fractional integrals and derivatives. J. Austral. Math. Soc.,
14, No.4 (1972), 385-410.

[27] Markus A.S., Matsaev V.I. Operators generated by sesquilinear forms and their spectral
asymptotics. Linear operators and integral equations, Mat. Issled., Stiintsa, Kishinev, 61
(1981), 86-103.

27



[28] Markus A.S. Expansion in root vectors of a slightly perturbed selfadjoint operator. Soviet
Math. Dokl., 3 (1962), 104-108.

[29] Matsaev V.I. A method for the estimation of the resolvents of non-selfadjoint operators.
Soviet Math. Dokl., 5 (1964), 236-240.

[30] McBride A. A note of the index laws of fractional calculus. J. Austral. Math. Soc., A 34,
No.3 (1983), 356-363.

[31] Mihlin S.G. Variational methods in mathematical physics. Moscow Science, 1970.

[32] Nakhushev A.M. The Sturm-Liouville problem for an ordinary differential equation of
the second order with fractional derivatives in lower terms. Proceedings of the Academy of
Sciences. USSR, 234, No.2 (1977), 308-311.

[33] Nakhushev A.M. Fractional calculus and its application. M.: Fizmatlit, 2003.

[34] Pazy A. Semigroups of Linear Operators and Applications to Partial Differential Equations.
Berlin-Heidelberg-New York-Tokyo, Springer-Verlag (Applied Mathematical Sciences V. 44),
1983.

[35] Prabhakar T.R. Two singular integral equations involving confluent hypergeometric func-
tions. Proc. Cambrige Phil. Soc., 66, No.1 (1969), 71-89.

[36] Rozenblyum G.V., Solomyak M.Z., Shubin M.A. Spectral theory of differential oper-
ators. Results of science and technology. Series Modern problems of mathematics Fundamental
directions, 64 (1989), 5-242.

[37] Samko S.G., Kilbas A.A., Marichev O.I. Fractional Integrals and Derivatives: Theory
and Applications. Gordon and Breach Science Publishers: Philadelphia, PA, USA, 1993.

[38] Shkalikov A.A. Perturbations of selfadjoint and normal operators with a discrete spec-
trum. Russian Mathematical Surveys, 71, Issue 5(431) (2016), 113-174.

[39] Smirnov V.I. A Course of Higher Mathematics: Integration and Functional Analysis,
Volume 5. Pergamon, 2014.

[40] Yosida K. Functional analysis, sixth edition. Springer-Verlag Berlin, Heidelberg, New York,
1980.

[41] Zeidler E. Applied functional analysis, applications to mathematical physics. Applied math-
ematical sciences 108, Springer-Verlag, New York, 1995.

28


