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This talk is based on the following paper by Neena Gupta :

On the family of affine threefolds x™y = F(x, z, t),
Compositio Math. 150 (2014) 979-998.
(NG)
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Investigations on the threefold x™y = F(x, z, t)

Let k be any field and

k[X,Y,Z,T]

A= (X™Y — F(X.Z,T))

where m > 1.
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Investigations on the threefold x™y = F(x, z, t)

Let k be any field and

k[X,Y,Z,T]
(XmY — F(X,Z,T))

A = where m > 1.

Problem: To obtain a criterion on F(X, Z, T) for which
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Investigations on the threefold x™y = F(x, z, t)

Let k be any field and

k[X,Y,Z,T]
(XmY — F(X,Z,T))

A = where m > 1.

Problem: To obtain a criterion on F(X, Z, T) for which
o A[W] = k[X,Y,Z,T].
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Investigations on the threefold x™y = F(x, z, t)

Let k be any field and

k[X,Y,Z,T]
(XmY — F(X,Z,T))

A = where m > 1.

Problem: To obtain a criterion on F(X, Z, T) for which
o A[W] = k[X,Y,Z,T].
o AK[X,Y,Z].
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Investigations on the threefold x™y = F(x, z, t)

Let k be any field and

k[X,Y,Z,T]
(XmY — F(X,Z,T))

A = where m > 1.

Problem: To obtain a criterion on F(X, Z, T) for which
o A[W]=K[X,Y,Z,T].
o AK[X,Y,Z]
e X™Y — F(X,Z,T) is a variable in k[X,Y,Z,T].

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Notation and Definition

Throughout my talk k is a field.

For integral domains R C B,

B = RI"l denotes: B = R[ti,..., t,] for elements
ty,...,t, € B algebraically independent over R.
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Notation and Definition

Throughout my talk k is a field.

For integral domains R C B,

B = RI"l denotes: B = R[ti,..., t,] for elements
ty,...,t, € B algebraically independent over R.

Def 1: A polynomial F € k[Z, T] is said to be non-trivial line
k[Z,T] .

05 k™ but k[Z, T] # k[F]1.
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Notation and Definition

Throughout my talk k is a field.

For integral domains R C B,

B = RI"l denotes: B = R[ti,..., t,] for elements
ty,...,t, € B algebraically independent over R.

Def 1: A polynomial F € k[Z, T] is said to be non-trivial line
k[Z,T] .
(F)

Def 2: An R-algebra A is called A"-fibration over R if A is
flat and finitely generated over R satisfying

A®g k(P) = k(P)" V prime ideals P of R.

k™ but k[Z, T] # k[F]1.
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Notation and Definition

Throughout my talk k is a field.

For integral domains R C B,

B = RI"l denotes: B = R[ti,..., t,] for elements
ty,...,t, € B algebraically independent over R.

Def 1: A polynomial F € k[Z, T] is said to be non-trivial line

kIZ.T] o\, i
) = K but kIZ T KA

Def 2: An R-algebra A is called A"-fibration over R if A is
flat and finitely generated over R satisfying

A®g k(P) = k(P)" V prime ideals P of R.
Def 3: An affine k-algebra A is said to be geometrically

factorial if A® k is a factorial (UFD) domain, where k is an
algebraic closure of k.
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Zariski Cancellation Problem

ZCP. Is k"l (= k[Xi, ..., X,]) cancellative?, i. e.,

A[W] gk k[X17 s 7Xn+]] — A gk k[x1, [N 7Xn]?
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Zariski Cancellation Problem

ZCP. Is k"l (= k[Xi, ..., X,]) cancellative?, i. e.,
A[W] gk k[X17 LR 7Xn+]] :> A gk k[x1, e 7Xn]?

n = 1: YES (Abhyankar-Eakin-Heinzer 1972 [AEHT72])
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Zariski Cancellation Problem

ZCP. Is k"l (= k[Xi, ..., X,]) cancellative?, i. e.,
A[W] gk k[X17 LR 7Xn+]] :> A gk k[x1, e 7Xn]?

n = 1: YES (Abhyankar-Eakin-Heinzer 1972 [AEHT72])

Three well-known results ([AEH72], 2.6, 2.8, 4.8)

Theorem AEH1 : Let k be a field and A be one-dimensional
normal k-subalgebra of k[Xi,..., X,]. Then A = k.
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Zariski Cancellation Problem

ZCP. Is k"l (= k[Xi, ..., X,]) cancellative?, i. e.,
A[W] gk k[X17 LR 7Xn+]] :> A gk k[x1, e 7Xn]?

n = 1: YES (Abhyankar-Eakin-Heinzer 1972 [AEHT72])

Three well-known results ([AEH72], 2.6, 2.8, 4.8)

Theorem AEH1 : Let k be a field and A be one-dimensional
normal k-subalgebra of k[Xi,..., X,]. Then A = k.

Corollary AEH2 : Let k be a field and A an affine k-algebra.
Suppose AlM=, kIm+1 Then A = k.
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Zariski Cancellation Problem

ZCP. Is k"l (= k[Xi, ..., X,]) cancellative?, i. e.,
A[W] gk k[X17 LR 7Xn+]] :> A gk k[x1, e 7Xn]?

n = 1: YES (Abhyankar-Eakin-Heinzer 1972 [AEHT72])

Three well-known results ([AEH72], 2.6, 2.8, 4.8)

Theorem AEHL1 : Let k be a field and A be one-dimensional
normal k-subalgebra of k[Xi,..., X,]. Then A = k.
Corollary AEH2 : Let k be a field and A an affine k-algebra.
Suppose AlM=, kIm+1 Then A = k.

Theorem AEH3 : Let R be a UFD and D be an R-algebra
such that R C D C R[Xq,...,X,], tr.degr D =1 and D is
factorially closed in R[Xy, ..., X,]. Then D = RU.
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Zariski Cancellation Problem

ZCP. Is k"l (= k[Xi, ..., X,]) cancellative?, i. e.,
A[W] gk k[X17 LR 7Xn+]] :> A gk k[x1, e 7Xn]?

n = 1: YES (Abhyankar-Eakin-Heinzer 1972 [AEHT72])

Three well-known results ([AEH72], 2.6, 2.8, 4.8)

Theorem AEHL1 : Let k be a field and A be one-dimensional
normal k-subalgebra of k[Xi,..., X,]. Then A = k.
Corollary AEH2 : Let k be a field and A an affine k-algebra.
Suppose Al™=, klm+1 Then A = k[,

Theorem AEH3 : Let R be a UFD and D be an R-algebra
such that R C D C R[Xq,...,X,], tr.degr D =1 and D is
factorially closed in R[Xy, ..., X,]. Then D = RU.

Remark : R UFD, A an R-algebra. Then
Alml >~ pim+1] —— A = RAI
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Zariski Cancellation Problem

n=2: YES ch k =0 (Fujita 1979, Miyanishi-Sugie 1980)

YES k perfect (Russell 1981)
YES ch k > 0, k any field
(Bhatwadekar-Gupta (2015))
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Zariski Cancellation Problem

n=2: YES ch k =0 (Fujita 1979, Miyanishi-Sugie 1980)

YES k perfect (Russell 1981)
YES ch k > 0, k any field

(Bhatwadekar-Gupta (2015))

n>3: NO ch k > 0 (Gupta 2014[NG])
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Zariski Cancellation Problem

n=2: YES ch k =0 (Fujita 1979, Miyanishi-Sugie 1980)
YES k perfect (Russell 1981)
YES ch k > 0, k any field
(Bhatwadekar-Gupta (2015))
n>3: NO ch k > 0 (Gupta 2014[NG])

n>3: OPENch k=0
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Epimorphism Problem for Hyperplanes

Q1. % C Kl KXy, Xa] = k(G117
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Epimorphism Problem for Hyperplanes

k[Xq,..., X,
Q1 Mu Xl ey X = k(G U7

(G)
Abhyankar-Sathaye Conjecture asserts that the answer to
Q 1is YES for ch kK =0.
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Epimorphism Problem for Hyperplanes

k[Xq,..., X,
Q1. % C kU KXy, Xo] = K[G]1?
Abhyankar-Sathaye Conjecture asserts that the answer to
Q 1is YES for ch kK =0.

n=2: YES ch k = 0 (Abhyankar-Moh; Suzuki 1975)
n=2: NO ch k > 0 (Segre 1957)
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Epimorphism Problem for Hyperplanes

k[Xq,..., X,
Q1. % C kU KXy, Xo] = K[G]1?
Abhyankar-Sathaye Conjecture asserts that the answer to
Q 1is YES for ch kK =0.

n=2: YES ch k = 0 (Abhyankar-Moh; Suzuki 1975)
n=2: NO ch k > 0 (Segre 1957)

Example : (Segre-Nagata)
Let ch k =p >0, s(=2) € N where pts,

F=2Z" + T+ T®ck[ZT]
Then f is a non-trivial line in k[Z, T], i.e.,

k[Z,T]
(F)

>~ kU but k[Z, T] # k[F]!.
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Segre-Nagata example

A corollary of the Automorphism Theorem of k[Z, T] (Jung
1942, van der Kulk 1953) :

Corollary 2: For an element F € k[Z, T|, TFAE
o k[Z, T] = k[F]1
e For each pair of variables Z;, T; of k[Z, T], either
degz F | degr,F or degr,F | degz F.
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Segre-Nagata example

A corollary of the Automorphism Theorem of k[Z, T| (Jung
1942, van der Kulk 1953) :

Corollary 2: For an element F € k[Z, T|, TFAE
o k[Z, T] = k[F]1
e For each pair of variables Z;, T; of k[Z, T], either
degz F | degr,F or degr,F | degz F.
Define a k-algebra homomorphism ¢ : k[Z, T] — k[U] given
by
$(Z) = —U— U® and ¢(T)= UP. Since
&(Z + (ZP — T#)°) = —U, the map is onto and
Ker ¢ = (ZF + T + T*). So Kz, Tl

= k[ but by Corollary
(F)
2, k[Z, T] # k[F]™.
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Epimorphism problem : n =3

Some special cases :
¢ G=a(X,2)Y — b(X,2)
YES ch k =0 (Sathaye (1976)),
YES ch k > 0 (Russell (1976))
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Epimorphism problem : n =3

Some special cases :
o G=a(X,Z)Y - b(X,2)
YES ch k =0 (Sathaye (1976)),
YES ch k > 0 (Russell (1976))

o G=a(X,Z)Y" —b(X,Z), n>2
YES k alg closed (Wright (1978)),
YES any field k (Das, Dutta (2011)).

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Epimorphism problem : n =3

Some special cases :
o G=a(X,Z)Y - b(X,2)
YES ch k =0 (Sathaye (1976)),
YES ch k > 0 (Russell (1976))

e G=a(X,Z)Y"—-b(X,Z), n>2
YES k alg closed (Wright (1978)),
YES any field k (Das, Dutta (2011)).
k[X,Y,Z]

(G-X)
YES k = C (Kaliman (2002)),
YES ch k =0 (Daigle, Kaliman (2009)).

= k! for almost every \ € k
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Epimorphism problem : n =4

Some special cases :
XY, ZW
F=a(X,Y)W —b(X,Y,Z) and B := %

Then C[X, Y, Z, W] = C[F]B! in the following cases
(Kaliman, Vénéreau and Zaidenberg (2004))

— CBI
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Epimorphism problem : n =4

Some special cases :
XY, ZW
F=a(X,Y)W —b(X,Y,Z) and B := %

Then C[X, Y, Z, W] = C[F]B! in the following cases
(Kaliman, Vénéreau and Zaidenberg (2004))

a e C[X];

degz b < 1;

b is of the form by(X, Y) + by(X, Y, Z)Z?
ht(a;BNC[X, Y]) < 1 for every irreducible factor a; of a;

a is square-free. In fact, it is enough to assume that for
every irreducible factor ¢ of a such that
ht(cBNC[X, Y]) =1, we have c? { a.

— CBI
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Epimorphism problem : Gupta’s Example

Over any field k of arbitrary characteristic, one has the
following special case of the previous result.

Theorem Al : (N. Gupta (2014)[Theorem 3.11][NG])
Let k be any field and A an integral domain defined by

k[X,Y,Z W]

A= (X W = (XY, 2))

, where m > 1.

Set f(Y,Z):=b(0,Y,Z) and F := X"W — b(X, Y, Z).
Then TFAE
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Epimorphism problem : Gupta’s Example

Over any field k of arbitrary characteristic, one has the
following special case of the previous result.

Theorem Al : (N. Gupta (2014)[Theorem 3.11][NG])
Let k be any field and A an integral domain defined by

k[X,Y,Z W]

A= (X W = (XY, 2))

, where m > 1.

Set f(Y,Z) = b(0,Y,Z) and F := X"W — b(X, Y, 2).
Then TFAE

f(Y,Z) is a variable in k[Y, Z].

A = k[x]?, where x denotes the image of X in A.

o A= kb3l

F is a variable in k[X, Y, Z, W].

F is a variable in k[X, Y, Z, W] along with X.
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Formulation of G,-action as ring homomorphism

An exponential map on a ring A is a ring homomorphism
o(or ¢y) : A — A[U] satisfying the following two properties
(corresponding to the two axioms of a group action):
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Formulation of G,-action as ring homomorphism

An exponential map on a ring A is a ring homomorphism
o(or ¢y) : A — A[U] satisfying the following two properties
(corresponding to the two axioms of a group action):

(i) A% AlU] =% Ais identity on A, where
€0 A[U] — A is the evaluation at U = 0.

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Formulation of G,-action as ring homomorphism

An exponential map on a ring A is a ring homomorphism
o(or ¢y) : A — A[U] satisfying the following two properties
(corresponding to the two axioms of a group action):

(i) A% AlU] =% Ais identity on A, where
€0 A[U] — A is the evaluation at U = 0.

(ii) ¢vou = dviu, where ¢y : A — A[V] is extended to a
homomorphism ¢y : A[U] — A[V, U] by setting
ov(U) =
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Formulation of G,-action as ring homomorphism

An exponential map on a ring A is a ring homomorphism

o(or ¢y) : A — A[U] satisfying the following two properties

(corresponding to the two axioms of a group action):

(i) A2 AJU] =% A s identity on A, where
o : A[U] — A is the evaluation at U = 0.

(ii) ¢vou = dviu, where ¢y : A — A[V] is extended to a
homomorphism ¢\ : A[U] — A[V/, U] by setting
ov(U) = U.

Remark : ¢ is always an A-algebra homomorphism. When
A = k[V] for an affine variety V over a field k, the
exponential maps on A correspond to the algebraic actions of
(k,+) on Spec(A) (van den Essen (2000)[9.5][Es]).
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Example of invariants of (G,-actions

For an exponential map ¢ on A, the ring of ¢-invariants is
denoted by
A? ={ac A|¢(a) = a} C A
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Example of invariants of (G,-actions

For an exponential map ¢ on A, the ring of ¢-invariants is
denoted by
A? ={ac A|¢(a) = a} C A

An exponential map ¢ is said to be non-trivial if A? # A.
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Example of invariants of (G,-actions

For an exponential map ¢ on A, the ring of ¢-invariants is
denoted by
A? ={ac A|¢(a) = a} C A

An exponential map ¢ is said to be non-trivial if A? # A.

Example : For the exponential map ¢ on k[X] defined by
ou(X) = X + U, the ring of invariants is
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Example of invariants of (G,-actions

For an exponential map ¢ on A, the ring of ¢-invariants is

denoted by
A? ={ac A|¢(a) = a} C A

An exponential map ¢ is said to be non-trivial if A? # A.

Example : For the exponential map ¢ on k[X] defined by
du(X) = X + U, the ring of invariants is k[X]? = k.
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Example of invariants of (G,-actions

For an exponential map ¢ on A, the ring of ¢-invariants is
denoted by

A? ={ac A|¢(a) = a} C A
An exponential map ¢ is said to be non-trivial if A? # A.

Example : For the exponential map ¢ on k[X] defined by
du(X) = X + U, the ring of invariants is k[X]? = k.

Example : For the exponential map ¢ on k[X, Y] (ch.
k = p > 0) defined by ¢y(X) = X and

ou(Y) =Y + U+ XUP, the ring of invariants

k[X, Y]? = k[X].
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Example of invariants of (G,-actions

For an exponential map ¢ on A, the ring of ¢-invariants is
denoted by

A? ={ac A|¢(a) = a} C A
An exponential map ¢ is said to be non-trivial if A? # A.
Example : For the exponential map ¢ on k[X] defined by
du(X) = X + U, the ring of invariants is k[X]? = k.

Example : For the exponential map ¢ on k[X, Y] (ch.
k = p > 0) defined by ¢y(X) = X and

ou(Y) =Y + U+ XUP, the ring of invariants

k[X, Y]? = k[X].

In general it is difficult to classify all the exponential map of a
ring.
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Locally finite iterative higher derivations

A a k-alg. For ¢ € EXP(A), a€ Aand n € NU {0} define
D"(a) := coefficient of U™ in ¢(a) and D :={D° D' ...}.
D is called a locally finite iterative higher derivation
(Ifihd).
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Locally finite iterative higher derivations

A a k-alg. For ¢ € EXP(A), a€ Aand n € NU {0} define
D"(a) := coefficient of U™ in ¢(a) and D :={D° D' ...}.
D is called a locally finite iterative higher derivation
(Ifihd).
e Since ¢(a) € Alll, the sequence {D'(a)} has finitely
many non-zero elts.
e D": A— Ais a k-linear map.

e D"(ab) =Y, ,_, D'(a)Di(b), for all a,b € A (Leibniz
rule).
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Locally finite iterative higher derivations

A a k-alg. For ¢ € EXP(A), a€ Aand n € NU {0} define
D"(a) := coefficient of U™ in ¢(a) and D :={D° D' ...}.
D is called a locally finite iterative higher derivation
(Ifihd).
e Since ¢(a) € Alll, the sequence {D'(a)} has finitely
many non-zero elts.
e D": A— Ais a k-linear map.
o D"(ab) =3, ;_,D'(a)D/(b), for all a,b € A (Leibniz
rule).
e D is the identity map (criteria (i) for exp map).
o D'DJ = (’j’) D+ (criteria (i) for exp map).
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Locally finite iterative higher derivations

A a k-alg. For ¢ € EXP(A), a€ Aand n € NU {0} define
D"(a) := coefficient of U™ in ¢(a) and D :={D° D' ...}.
D is called a locally finite iterative higher derivation
(Ifihd).
e Since ¢(a) € Alll, the sequence {D'(a)} has finitely
many non-zero elts.
e D": A— Ais a k-linear map.
e D"(ab) =Y, ,_, D'(a)Di(b), for all a,b € A (Leibniz
rule).
e D is the identity map (criteria (i) for exp map).
o D'DJ = (’j’) D+ (criteria (i) for exp map).
e When ch. k=0, D' € LND(A) and
¢ = exp(UD*) = 3. +(UD')" € EXP(A) with
A? = Ker D!. (not possible in ch. p).
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Some properties of exponential maps

We summarise some useful properties of exponential maps
(c.f. Makar-Limanov, Crachiola (2005), Crachiola
(2005)[Cr05], Gupta (2014)[NG])

Lemma 3 : Let A be an affine k-domain and ¢ € EXP(A) be
non-trivial. Then

(i) A? is factorially closed in A.

(ii) A?is alg. closed in A.
(iii) tr.deg, (A?) = tr.deg,(A) — 1.
(iv) There exists ¢ € A%, such that A[1] = A?[1].

(v) tr.deg,(A) =1 = A= k[l and A? = k, where

k = alg. closure of k in A.

(vi) For S C A?\ {0} mult. closed, ¢ extends to a non-trivial
exp map S71¢ on S71A with ring of invariants S~1(A?).
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The Derksen invariant of a polynomial ring

The Derksen invariant of a ring A is a subring of A defined by

DK(A) = k[f | f € A%, ¢ a non-trivial exponential map].
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The Derksen invariant of a polynomial ring

The Derksen invariant of a ring A is a subring of A defined by
DK(A) = k[f | f € A%, ¢ a non-trivial exponential map].

Lemma: DK(kI) = kIl if n > 1.
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The Derksen invariant of a polynomial ring

The Derksen invariant of a ring A is a subring of A defined by
DK(A) = k[f | f € A%, ¢ a non-trivial exponential map].

Lemma: DK(kI) = kIl if n > 1.

Pf: Let A= k[X1,...,X,]. For 1 <i<n,let ¢;: A— A[U]
be a k-algebra homo defined by

¢i(Xj) = X; for i#j and ¢i(X;) =X+ U.
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The Derksen invariant of a polynomial ring

The Derksen invariant of a ring A is a subring of A defined by
DK(A) = k[f | f € A%, ¢ a non-trivial exponential map].

Lemma: DK(kI) = kIl if n > 1.
Pf: Let A= k[X1,...,X,]. For 1 <i<n,let ¢;: A— A[U]
be a k-algebra homo defined by

¢i(X;) = X; for i#j and ¢;(Xi) =X+ U.

Then A% := k[Xy,..., X;_1, Xiy1, ..., X,]. Hence
DK(A) = A.
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The Derksen invariant of a polynomial ring

The Derksen invariant of a ring A is a subring of A defined by
DK(A) = k[f | f € A%, ¢ a non-trivial exponential map].

Lemma: DK(kI) = kIl if n > 1.
Pf: Let A= k[X1,...,X,]. For 1 <i<n,let ¢;: A— A[U]
be a k-algebra homo defined by
¢i(Xj) = X; for i#j and ¢i(X;) =X+ U.
Then A% := k[Xy,..., X;_1, Xiy1, ..., X,]. Hence
DK(A) = A.

Corollary: Let A be an affine k-algebra s.t. tr.deg, A > 1. If
DK(A) G A, then A'is not a polynomial ring over k.
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.

G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and

X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:
o A kBl
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:
o A kBl
o A= k[x]®l.
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:

o A kBl

o A= k[x]®l.

e f(Z, T)is a variable in k[Z, T].
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:

o A kBl

o A= k[x]®l.

e f(Z, T)is a variable in k[Z, T].

° k[X,Y,Z, T] = k[G]BL
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:

o A= kBl

o A= k[x]®l.

e f(Z,T)is a variable in k[Z, T].
° k[X,Y,Z, T] = k[G]BL

® k[X,Y,Z, T]=k[X,G]A.
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:

o A kBl

o A= k[x]®l.

e f(Z,T)is a variable in k[Z, T].

° k[X,Y,Z, T] = k[G]BL

o k[X,Y,Z, T] = k[X, G2,

o Al ==, kl+3l for some ¢ > 0 and DK(A) = A.
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:

o A kBl

o A= k[x]®l.

e f(Z, T)is a variable in k[Z, T].

° k[X,Y,Z, T] = k[G]BL

o K[X,Y,Z,T] = k[X, G]2.

o Al = kI+3l for some ¢ > 0 and DK(A) = A.
e Ais an A%fibration over k[x] and DK(A) = A.
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.

G:=X"Y —-F(X,Z,T), f(Z,T):=F(0,2Z,T) and

X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:
o A kBl

A= k[x]®.

f(Z,T) is a variable in k[Z, T].

kIX,Y,Z, T] = k[G]BL

k[X,Y,Z, T] = k[X, G]&.

Al =2, k3] for some £ > 0 and DK(A) = A.

A is an A%-fibration over k[x] and DK(A) = A.

k[Z, T]/(f) = kY and DK(A) = A.
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Theorem A (Gupta (2014))

A =k[X,Y,Z, T]/(X™Y — F(X,Z,T)), where m > 1.

G:=X"Y —-F(X,Z,T), f(Z,T):=F(0,2Z,T) and

X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:
o A kBl

A= k[x]®.

f(Z,T) is a variable in k[Z, T].

kIX,Y,Z, T] = k[G]BL

k[X,Y,Z, T] = k[X, G]&.

Al =2, k3] for some £ > 0 and DK(A) = A.

A is an A%-fibration over k[x] and DK(A) = A.

k[Z, T]/(f) = kY and DK(A) = A.

DK(A) = A, Ki(A) = k* and A|x geometrically factorial.
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Theorem A (Gupta (2014))

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m> 1.
G:=X"Y—-F(X,Z,T), f(Z,T):=F(0,Z,T) and
X,y,z,t denote the images of X, Y, Z, T resp. in A. TFAE:

o A kBl

o A= k[x]®l.

e f(Z, T)is a variable in k[Z, T].

° k[X,Y,Z, T] = k[G]BL

° k[X,Y,Z, T] = k[X, G,

o Al = kI+3l for some ¢ > 0 and DK(A) = A.

e Ais an A%fibration over k[x] and DK(A) = A.

o k[Z, T]/(f) = k] and DK(A) = A.

e DK(A) = A, Ki(A) = k* and Al geometrically factorial.
@ DK(A) = A, (A/xA)* = k* and A|x geometrically factorial.
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Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

@ Ais a polynomial ring in three variables over k if and only
if F(0,Z, T) is a variable in k[Z, T].
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Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

@ Ais a polynomial ring in three variables over k if and only
if F(0,Z, T) is a variable in k[Z, T].
Provides a general framework for understanding the
non-triviality of Russell-Koras threefold x2y + x + z? + t3 = 0.
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Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

@ Ais a polynomial ring in three variables over k if and only
if F(0,Z, T) is a variable in k[Z, T].
Provides a general framework for understanding the
non-triviality of Russell-Koras threefold x2y + x + z? + t3 = 0.

e If Ais isomorphic to kIl then k[X, Y, Z, T] = k[X, G]?.
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Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

@ Ais a polynomial ring in three variables over k if and only
if F(0,Z, T) is a variable in k[Z, T].
Provides a general framework for understanding the
non-triviality of Russell-Koras threefold x2y + x + z? + t3 = 0.
e If Ais isomorphic to kIl then k[X, Y, Z, T] = k[X, G]?.
Proves a partial case of the Abhyankar-Sathaye Conjecture.
Extends partially Sathaye-Russell theorem to the case n = 4.
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Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

@ Ais a polynomial ring in three variables over k if and only
if F(0,Z, T) is a variable in k[Z, T].

Provides a general framework for understanding the
non-triviality of Russell-Koras threefold x2y + x + z? + t3 = 0.

e If Ais isomorphic to kIl then k[X, Y, Z, T] = k[X, G]?.
Proves a partial case of the Abhyankar-Sathaye Conjecture.
Extends partially Sathaye-Russell theorem to the case n = 4.

o A is isomorphic to kPl if and only if A = k[x][.

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Consequences

k: a field of ANY characteristic, m > 1.

A =k[X,Y,Z,T]/(G), where G:=X"Y —F(X,Z,T).

@ Ais a polynomial ring in three variables over k if and only
if F(0,Z, T) is a variable in k[Z, T].

Provides a general framework for understanding the
non-triviality of Russell-Koras threefold x2y + x + z? + t3 = 0.

e If Ais isomorphic to kIl then k[X, Y, Z, T] = k[X, G]?.
Proves a partial case of the Abhyankar-Sathaye Conjecture.
Extends partially Sathaye-Russell theorem to the case n = 4.

o A is isomorphic to kPl if and only if A = k[x][.

@ A is a non-trivial A2-fibration over k[x] if and only if
F(0,Z, T) is a non-trivial line.
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Theorem B(Gupta (2014))

|. k: a field of ANY characteristic,
A=k[X )Y, ZT]/(X"Y —F(X,Z,T)), where m> 1.
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Theorem B(Gupta (2014))
|. k: a field of ANY characteristic,
A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m > 1.
o If F(0,Z,T)is aline in k[Z, T], then Alll = k4.
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Theorem B(Gupta (2014))
|. k: a field of ANY characteristic,
A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m > 1.
o If F(0,Z,T)is aline in k[Z, T], then Alll = k4.

Recall: If F(0,Z, T) is a non-trivial line then A 2 k3.
Thus, if F(0,Z, T) is a non-trivial line, then A gives rise to a
counter-example to the Zariski Cancellation Problem.
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Theorem B(Gupta (2014))
|. k: a field of ANY characteristic,
A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m > 1.
o If F(0,Z,T)is aline in k[Z, T], then Alll = k4.

Recall: If F(0,Z, T) is a non-trivial line then A 2 k3.
Thus, if F(0,Z, T) is a non-trivial line, then A gives rise to a
counter-example to the Zariski Cancellation Problem.

lI. k: a field of positive characteristic,
A(m,f) =k[X,Y,Z T|/(X"Y —f(Z,T)), where m>1
and f(Z, T) is any non-trivial line in k[Z, T]. Then:
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Theorem B(Gupta (2014))
|. k: a field of ANY characteristic,
A=k[X )Y, ZT]/(X"Y —F(X,Z,T)), where m> 1.
o If F(0,Z,T)is aline in k[Z, T], then Alll = k4.
Recall: If F(0,Z, T) is a non-trivial line then A 2 k3.
Thus, if F(0,Z, T) is a non-trivial line, then A gives rise to a
counter-example to the Zariski Cancellation Problem.
ll. k: a field of positive characteristic,
A(m,f) =k[X,Y,Z T|/(X"Y —f(Z,T)), where m>1

and f(Z, T) is any non-trivial line in k[Z, T]. Then:
o A(m,f) = A(n,g) iff m=nand f and g are equivalent.
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Theorem B(Gupta (2014))
|. k: a field of ANY characteristic,
A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m > 1.
o If F(0,Z,T)is aline in k[Z, T], then Alll = k4.

Recall: If F(0,Z, T) is a non-trivial line then A 2 k3.
Thus, if F(0,Z, T) is a non-trivial line, then A gives rise to a
counter-example to the Zariski Cancellation Problem.

ll. k: a field of positive characteristic,
A(m,f) =k[X,Y,Z T|/(X"Y —f(Z,T)), where m>1
and f(Z, T) is any non-trivial line in k[Z, T]. Then:
o A(m,f) = A(n,g) iff m=nand f and g are equivalent.
Thus, over a field k of positive characteristic, there is an

infinite family of non-isomorphic rings which are stably
isomorphic to k3!

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Lemma |

Let k be a field and A an integral domain defined by
A=k[X,Y,Z, T]/(X"Y —F(X,Z,T)), where m>1,

f(Z, T):=F(0,Z,T); x is the image of X in A. TFAE:
(i) Ais a UFD.

(ii) x is prime in A or x is a unit in A.

(iii) f(Z, T) is irreducible in k[Z, T] or f(Z,T) € k*.
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Lemma |

Let k be a field and A an integral domain defined by
A=k[X,Y,Z, T]/(X"Y —F(X,Z,T)), where m>1,

f(Z, T):=F(0,Z,T); x is the image of X in A. TFAE:
(i) Ais a UFD.

(ii) x is prime in A or x is a unit in A.

(iii) f(Z, T) is irreducible in k[Z, T] or f(Z,T) € k*.

Proof: (i) = (ii): ETS that either x is an irreducible element
in Aor xis aunitin A. Let z, t denote, respectively, the
images of Z, T in A. Suppose that x is not irreducible in A.
Then, since x is irreducible in k[x, z, t], there exist a, b € A
such that x = ab and a ¢ k[x, z, t]. Since

A C Alx7Y] = k[x,x71, z, t], we have a = a/x" and b = 3/x/
for some «, 5 € k[x, z, t| and some integers i,j > 0.
Therefore, x 1 = af in k[x, z, t].
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Lemma |

Since x is prime in k[x, z, t], we have o = Ax" and 3 = A\ 71x°
for some X\ € k* and r,s > 0 satisfying r + s =7+ j + 1.
Thus a = Ax"~" and =A\x*7. Since a ¢ k[x, z, t], we have
r—i <0 and hence x~! € A.
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Lemma |

Since x is prime in k[x, z, t], we have o = Ax" and 3 = A\ 71x°
for some X\ € k* and r,s > 0 satisfying r + s =7+ j + 1.
Thus a = Ax"~" and =A\x*7. Since a ¢ k[x, z, t], we have
r—i <0 and hence x~! € A.

(i) = (i): A[L] = k[x, 1]® is a UFD. Therefore, if x is prime
in A then, by Nagata's well known criterion, A is a UFD. If x
is a unit in A, then clearly A= A[x"!] is a UFD.
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Lemma |

Since x is prime in k[x, z, t], we have o = Ax" and 3 = A\ 71x°
for some X\ € k* and r,s > 0 satisfying r + s =7+ j + 1.
Thus a = Ax"~" and =A\x*7. Since a ¢ k[x, z, t], we have
r—i <0 and hence x~! € A.

(i) = (i): A[L] = k[x, 1]® is a UFD. Therefore, if x is prime
in A then, by Nagata's well known criterion, A is a UFD. If x
is a unit in A, then clearly A= A[x"!] is a UFD.

(ii) <= (iii) holds since

A/xA = K[Y,Z, T]/(f) = (K[Z, T]/(F))1.
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Lemma Il

Let k, A, f and x be as in previous Lemma. TFAE:
(i) Ais an A%fibration over k[x].
(ii) A/xA = k3,
(iii) £(Z,T)is alinein k[Z, T], i.e., k[Z, T]/(f) = k1.
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Lemma Il

Let k, A, f and x be as in previous Lemma. TFAE:
(i) Ais an A%fibration over k[x].
(ii) A/xA = k3,
(iii) £(Z,T)is alinein k[Z, T], i.e., k[Z, T]/(f) = k1.

Proof (i) = (ii) follows from the definition of A2-fibration.
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Lemma Il

Let k, A, f and x be as in previous Lemma. TFAE:
(i) Ais an A%fibration over k[x].
(ii) A/xA = k3,
(iii) £(Z,T)is alinein k[Z, T], i.e., k[Z, T]/(f) = k1.

Proof (i) = (ii) follows from the definition of A2-fibration.
(i) = (iii):

A/XA = k[Y,Z,T]/(f) = (k[Z, T]/(f))M.
By Corollary AEH2, A/xA = k& = Kk[Z, T]/(f) = k111,
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Lemma Il

Let k, A, f and x be as in previous Lemma. TFAE:

(i) Ais an A%fibration over k[x].

(ii) A/xA = k3,
(iii) f(Z, T)is alinein k[Z, T], i.e., k[Z, T]/(f) = kL.
Proof (i) = (ii) follows from the definition of A2-fibration.
(i) = (iii):

A/xA=K[Y,Z, T|/(f) = (KIZ, T]/(F)M.

By Corollary AEH2, A/xA = k& = Kk[Z, T]/(f) = k111,
(i) = (i): Clearly A/xA = (k[Z, T]/(f))M = k[
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Lemma Il

Let k, A, f and x be as in previous Lemma. TFAE:
(i) Ais an A%fibration over k[x].
(ii) A/xA = k3,
(iii) £(Z,T)is alinein k[Z, T], i.e., k[Z, T]/(f) = k1.

Proof (i) = (ii) follows from the definition of A2-fibration.
(i) = (iii):

A/XA = k[Y,Z,T]/(f) = (k[Z, T]/(f))M.
By Corollary AEH2, A/xA = k& = Kk[Z, T]/(f) = k111,

(i) = (i): Clearly A/xA = (k[Z, T]/(f))M = k[

Let P be a prime ideal of k[x]| other than xk[x].

Since x ¢ P, Pk[x,x '] is a prime ideal of k[x, %].

Since A[2] = k[x, 1]P, we have A @y k(P) = k(P)P. Thus
A'is an A2-fibration over k[x].
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Admissible proper Z-filtration: Definition

A proper Z-filtration of an affine domain A over a field k is
a collection of k-linear subspaces {A,},cz satisfying:

(i) A, C A, forall neZ,

(11) A UnEZ n
(iii) (V,ez An = (0) and
(IV) ( \An 1) ( m \ Am—l) Q An+m \ An+m—1 A n,me 7.
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Admissible proper Z-filtration: Definition

A proper Z-filtration of an affine domain A over a field k is
a collection of k-linear subspaces {A,},cz satisfying:

(i) A, C A, forall neZ,

(11) A UnEZ n
(iii) (V,ez An = (0) and
(iv) (An\An1)-(An\Am-1) CAnim \ Anim1 ¥V n,m € Z.

A proper Z-filtration of A is called admissible if 3 finite
generating set [ of A such that, for any n € Z and f € A,

f can be written as a finite sum of monomials in elements of I
and each of these monomials is an element of A,,.
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Admissible proper Z-filtration: Definition

A proper Z-filtration of an affine domain A over a field k is
a collection of k-linear subspaces {A,},cz satisfying:

(i) A, C A, forall neZ,

(11) A UnEZ n
(iii) (V,ez An = (0) and
(iv) (An\An1)-(An\Am-1) CAnim \ Anim1 ¥V n,m € Z.

A proper Z-filtration of A is called admissible if 3 finite
generating set [ of A such that, for any n € Z and f € A,

f can be written as a finite sum of monomials in elements of I
and each of these monomials is an element of A,,.

Example: The filtration induced by a graded structure of a
finitely generated k-algebra is admissible.
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Homogeneous Exponential map

Let A be a graded ring. Then it induces a (usual) graded
structure to the polynomial ring A[U] with U as a a
homogeneous element.
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Homogeneous Exponential map

Let A be a graded ring. Then it induces a (usual) graded
structure to the polynomial ring A[U] with U as a a
homogeneous element.

An exponential map ¢ on a graded ring A is said to be
homogeneous if ¢ : A — A[U] is a graded ring
homomorphism.

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Homogeneous Exponential map

Let A be a graded ring. Then it induces a (usual) graded
structure to the polynomial ring A[U] with U as a a
homogeneous element.

An exponential map ¢ on a graded ring A is said to be
homogeneous if ¢ : A — A[U] is a graded ring
homomorphism.

If ¢ is homogeneous then A? is a homogeneous subring of A.
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Homogeneous Exponential map

Let A be a graded ring. Then it induces a (usual) graded
structure to the polynomial ring A[U] with U as a a
homogeneous element.

An exponential map ¢ on a graded ring A is said to be
homogeneous if ¢ : A — A[U] is a graded ring
homomorphism.

If ¢ is homogeneous then A? is a homogeneous subring of A.
Ex 1: Let A= k[X, Y] be a polynomial ring with the usual
grading. Then the exponential map ¢; : A — A[U] defined by

¢1(X) =X. and ¢1(Y)=Y +U
is homogeneous. Note that A% = k[X].
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Homogeneous Exponential map

Let A be a graded ring. Then it induces a (usual) graded
structure to the polynomial ring A[U] with U as a a
homogeneous element.

An exponential map ¢ on a graded ring A is said to be
homogeneous if ¢ : A — A[U] is a graded ring
homomorphism.

If ¢ is homogeneous then A? is a homogeneous subring of A.
Ex 1: Let A= k[X, Y] be a polynomial ring with the usual
grading. Then the exponential map ¢; : A — A[U] defined by

p1(X)=X. and ¢ (Y)=Y +U

is homogeneous. Note that A% = k[X].
Ex 2: The exponential map ¢, : A — A[U] defined by

(X)) = X +2YU — U? and ¢(Y)=Y - U

is not homogeneous.
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Homogeneous Exponential map

Let A be a graded ring. Then it induces a (usual) graded
structure to the polynomial ring A[U] with U as a a
homogeneous element.

An exponential map ¢ on a graded ring A is said to be
homogeneous if ¢ : A — A[U] is a graded ring
homomorphism.

If ¢ is homogeneous then A? is a homogeneous subring of A.
Ex 1: Let A= k[X, Y] be a polynomial ring with the usual
grading. Then the exponential map ¢; : A — A[U] defined by

p1(X)=X. and ¢ (Y)=Y +U

is homogeneous. Note that A% = k[X].
Ex 2: The exponential map ¢, : A — A[U] defined by

62(X) = X +2YU — U? and o(Y) =Y — U
is not homogeneous. Note that A% = k[X + Y?].
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Admissible proper Z-filtration

Any proper Z-filtration on A determines the following
Z-graded integral domain

gr(A) = @A,‘/Aifl, and a map

p:A—gr(A) defined by p(a) =a+A,1, if ac A\ A1
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Admissible proper Z-filtration

Any proper Z-filtration on A determines the following
Z-graded integral domain

gr(A) = @A,‘/Aifl, and a map

p:A—gr(A) defined by p(a) =a+A,1, if ac A\ A1

Some remarks :

e p is not a ring homomorphism. If / < n and

ay,...,a € A, \ A,_1 such that Zj aj € Ai\Ai_1(C A,q),
then p(>_;8;) = > ;a + Ai-1 # 0 but

>;pa) =223+ A1 = 0.
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Admissible proper Z-filtration

Any proper Z-filtration on A determines the following
Z-graded integral domain

gr(A) = @A,‘/Aifl, and a map

p:A—gr(A) defined by p(a) =a+A,1, if ac A\ A1

Some remarks :

e p is not a ring homomorphism. If / < n and

ay,...,a € A, \ A,_1 such that Zj aj € Ai\Ai_1(C A,q),
then p(>_;8;) = > ;a + Ai-1 # 0 but

>;pa) =223+ A1 = 0.

e Suppose A has proper Z-filtration and a finite generating

set [ which makes it admissible. Then gr(A) is generated by
p(T). Since if a;,...,a,and a; +---+ a, € A, \ Ap_1, then

p(>_;a;) = >_;r(a;) and p(ab) = p(a)p(b) for all a,b € A.
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Admissible proper Z-filtration : A Theorem

Remarks (cont’d) :

e Suppose A has a Z-graded algebra structure, say,

A = @..; Ci. Then there exists a proper Z-filtration {A,},cz
on A defined by A, := @ign C;. Moreover,

gr(A) =P, An/A1 =D, Co = Aand, forany a € A,
the image of p(a) under the isomorphism gr(A) — A is the
homogeneous component of a of maximum degree.
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Admissible proper Z-filtration : A Theorem

Remarks (cont’d) :

e Suppose A has a Z-graded algebra structure, say,

A = @..; Ci. Then there exists a proper Z-filtration {A,},cz
on A defined by A, := @ign C;. Moreover,

gr(A) =P, An/A1 =D, Co = Aand, forany a € A,
the image of p(a) under the isomorphism gr(A) — A is the
homogeneous component of a of maximum degree.

Theorem DHM: (Derksen, Hadas and Makar-Limanov
(2001))

Let A be an affine domain over a field k with an admissible
proper Z-filtration and gr(A) the induced Z-graded domain.
Let ¢ be a non-trivial exponential map on A. Then ¢ induces
a non-trivial homogeneous exponential map ¢ on gr(A) such

that p(A?) C gr(A)°.
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Applications of Russell-Sathaye criteria

We state two applications of Russell-Sathaye criteria
(Russell-Sathaye (1979) [Theorems 2.4.2, 2.3.1][RS79]
Theorem RS1 : (NG (2014)

Let k be a field and F € k[X, Y] be such that

k[X, Y] @k k(F) = k(F)P. Then k[X, Y] = k[F]&.
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Applications of Russell-Sathaye criteria

We state two applications of Russell-Sathaye criteria
(Russell-Sathaye (1979) [Theorems 2.4.2, 2.3.1][RS79]
Theorem RS1 : (NG (2014)

Let k be a field and F € k[X, Y] be such that

k[X, Y] @k k(F) = k(F)P. Then k[X, Y] = k[F]&.
Theorem RS2 : (Bhatwadekar-Dutta (1994))

Let R C D be domains such that D is a finitely generated
R-algebra. Suppose there exists a prime element 7 € R such
that 7 remains prime in D, D[1] = R[], xDN R = 7R and
R/7R is algebraically closed in D/7D. Then D = R,
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Applications of Russell-Sathaye criteria

We state two applications of Russell-Sathaye criteria
(Russell-Sathaye (1979) [Theorems 2.4.2, 2.3.1][RS79]
Theorem RS1 : (NG (2014)

Let k be a field and F € k[X, Y] be such that

k[X, Y] @k k(F) = k(F)P. Then k[X, Y] = k[F]&.
Theorem RS2 : (Bhatwadekar-Dutta (1994))

Let R C D be domains such that D is a finitely generated
R-algebra. Suppose there exists a prime element 7 € R such
that 7 remains prime in D, D[1] = R[], xDN R = 7R and
R/7R is algebraically closed in D/7D. Then D = R,

As a consequence, we have (NG (2014))

Theorem RS3 : Let k be a field and F € k[Z, T] be such
that k[F] is algebraically closed in k[Z, T]. Suppose that
KIY,Z, T] @xy.r k(Y, F) = k(Y, F)1 for an indeterminate
Y over k[Z, T]. Then k[Z, T] = k[F]™.
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Some technical results : Lemma Il

Lemma lll: Let k, A, f and x be as in Lemma |. Let
k[X,Y,Z, T]
B =
(XmY —f(Z, 7))
Z-filtration {A,}nez on A with x € A_; \ A_, and
z,t € Ap \ A_1 such that gr(A) = B.

. Then there exists a proper
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Some technical results : Lemma Il

Lemma lll: Let k, A, f and x be as in Lemma |. Let

B._ k[X,Y,Z, T]
C(XmY —f(Z,T))

Z-filtration {A,}nez on A with x € A_; \ A_, and

z,t € Ay \ A_1 such that gr(A) = B.

Proof (sketch) : ¢ A< k[x,1 z t] =, Fi, where

F: = k|[z, t]x" and consider the proper Z-filtration {A,},cz on

A given by A, := AN @i}—n F;.

. Then there exists a proper
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Some technical results : Lemma Il

Lemma lll: Let k, A, f and x be as in Lemma |. Let

5. k[X,Y,Z, T]
C(XmY —£(Z,T))

Z-filtration {A,}nez on A with x € A_; \ A_, and

z,t € Ay \ A_1 such that gr(A) = B.

Proof (sketch) : ¢ A< k[x,1 z t] =, Fi, where

F; = k[z, t]x" and consider the proper Z-filtration {A,},cz on

A given by A, := AN @i}—n F;.

e Every g € A can be written uniquely as

8= 08z, X"+ 37, 0 gi(2, t)x'y/ where 0 < i< m

and g,, giJ € k[z,t].

. Then there exists a proper
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Some technical results : Lemma Il

Lemma lll: Let k, A, f and x be as in Lemma |. Let
k[X,Y,Z, T]
B =
(XmY —f(Z, 7))
Z-filtration {A,}nez on A with x € A_; \ A_, and
z,t € Ay \ A_1 such that gr(A) = B.

Proof (sketch) : ¢ A< k[x,1 z t] =, Fi, where

F; = k[z, t]x" and consider the proper Z-filtration {A,},cz on
A given by A, := AN @i}—n F;.

e Every g € A can be written uniquely as

8= 0208(2, X"+ 37, o gi(2, t)x'y) where 0 < i< m
and g,, giJ € k[z,t].

e If g denotes image of g in gr(A), then g = g;(Z, t)x', for
some i > 0if g € k[x,z,t] and g = g;(Z, )X, (with j >0
and 0 < i < m) otherwise. It follows the filtration is
admissible with ' = {x, y, z, t}.

. Then there exists a proper
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A major technical step : Proposition IV

Proposition IV: Let
B=k[X,Y,Z T]/(X"Y —f(Z,T)), where m> 1.

X,y,z,t respectively denote images of X, Y,Z, T in B.
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A major technical step : Proposition IV

Proposition IV: Let
B=k[X,Y,Z T]/(X"Y —f(Z,T)), where m> 1.

X,y,z,t respectively denote images of X, Y,Z, T in B.

Consider B = @, , B; as a graded subring of k[x,x ][z, t]
with B; = BN k|z, t]x' for each i € Z.
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A major technical step : Proposition IV

Proposition IV: Let
B=k[X,Y,Z T]/(X"Y —f(Z,T)), where m> 1.

X,y,z,t respectively denote images of X, Y,Z, T in B.

Consider B = @, , B; as a graded subring of k[x,x ][z, t]
with B; = BN k|z, t]x' for each i € Z.

Suppose that there exists a non-trivial homogeneous
exponential map ¢ on the graded ring B such that k[y] C B®.
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A major technical step : Proposition IV

Proposition IV: Let
B=k[X,Y,Z T]/(X"Y —f(Z,T)), where m> 1.

X,y,z,t respectively denote images of X, Y,Z, T in B.

Consider B = @, , B; as a graded subring of k[x,x ][z, t]
with B; = BN k|z, t]x' for each i € Z.

Suppose that there exists a non-trivial homogeneous
exponential map ¢ on the graded ring B such that k[y] C B®.

Then there exists w € B? such that k[z, t] = k[w]ll.
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Proof of Proposition |V

Case | : B? C k[y, z, t]

e D:=B?Nk[z,t]. Then D G k[z,t] (since y € B? and
tr.deg, B® = 2)

e D fact. closed in k[z, t] (as B? fact. closed in B)

e B? graded subring of k[y, z,t] = @,, k[z. t]y" and
tr.deg, B® =2= kS D. So tr.deg, D = 1.

e Theorem AEH3 = D = k[w] = kI, w € k[z, t].

e B? = k[y, w]. Set L = k(y, w), the field of fractions of B?
and S = B?. Then B®s L= L1,

e Since L C k[y,z,t]®s L C B®s L= LM and K[y, z,t] ®s L
is a normal domain, by Theorem AEH1 K[y, z, t] ®s L = L[,
e By Theorem RS3, k[z,t] = k[w](! (since D = k[w] is alg.
closed in k|z, t]).
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Proof of Proposition |V

Case Il : B® ¢ K[y, z,1]

e x € B? (B? graded subring and fact. closed).

e ¢ induces non-trivial exp. map ¢; on B := B R k(x) =
k(X)Y,Z, T|/(X"Y —f(Z,T)) = k(x)|[z, t]. and

B# = B¢ Xk[x] k(X).

e By Theorem AEH3, B% = k(x)[wi], wy € k[z, t] (since
tr. deg, () B =1 and B is fact. closed in B).

e By Theorem RS1, k(x)[z, t] = k(x)[wy]¥! (since

KOOI 8] kg Ko 1) = k(x, wy)0).

o Let wy € k[x,z,t] s.t. k(x)[wi] = k(x)[wa]. Then

w, € B N k[x, z,t] € B®. Moreover, if w, = 3. hi(z, t)x’,
then h;(z,t) € B® (B? graded subring and fact. closed).
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Proof of Proposition |V

e Set E := B? N k[z,t]. Now

tr.deg, BY =2 and x € B® = E C k]z, t] and

hi(z,t) € E = k C E. So tr.deg, E =1 and by Theorem
AEH3, E = k[w] for some w € k[z,t]. ®

E=klw]C B?C B¢t = k(x)[ws] and

k(x)[wa] = B = B? @y k(x) C k(x)[w] (since E = k[w]).
e So k(x)[w] = k(x)[wza] = k(x)[w1]. e Since E = k[w] is alg.
closed in k[z, t] and k(x)[z, t] = k(x)[w1]! = k(x)[w]™H, by
Theorem RS1, k|[z,t] = k[w]ll.
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The following result was proved by Makar-Limanov (2001) for
ch. k = 0. Modifying his arguments, Gupta (2014) has proved

Lemma V : Let k be a field, p(Z) € k[Z] be such that
degzp(Z) > 1 and

k[X,Y,Z|

Y= Xmy —p(2))

where m > 2.

Let x, y, z denote the images of X, Y and Z in D. Then there
does not exist any exponential map ¢ on D such that y € D?.
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Sketch of proof of Lemma V

e Consider the proper Z filtration D, ,c7z on D, given by

D, := DN @,., Ci, where C; = k[x,x ']z’ and

D < k[x,x™,z] = @, C.

e This filtration on D is admissible with generating set
k[X,Y.,Z

= {x,y,z} and E := gr(D) X, ¥, 2] where \Z" is

(XmY —\Z")
the leading term in p(Z).

I

e Suppose 3 non-trivial ¢ € Exp(D) such that y € D?. Then,
by Theorem DHM, ¢ induces a non-trivial homogeneous
exp. map ¢ on E such that k[y] C E? (for g € D, g is its
image in E).

e So ¢ induces a non-trivial exp. map on E ®y;1 k(7). But it
is not normal and has tr. deg. 1 over k — a contradiction!!
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Lemma VI : DK and ML of x"y = F(x, z, t)

Lemma VI : Let k be a field and A the integral domain defined
by
k[IX,Y,Z, T]

(XmY — F(X,Z,T))
Let x, y, z, t denote the images of X, Y,Z, T in A. Then
k[x,z,t] € DK(A) and ML(A) C k[x].

A= where m > 1.
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Proof of Lemma VI :

Proof : Define two exp. maps ¢; and ¢, on A as follows :
01(x) =x, ¢1(z) =2z, ¢:1(t)=t+x"U, and

F(x,2,t 4 x™
only) = Bty e U,

Xm
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Proof of Lemma VI :

Proof : Define two exp. maps ¢; and ¢, on A as follows :
01(x) =x, ¢1(z) =2z, ¢:1(t)=t+x"U, and

F(x,2,t 4 x™
only) = Bty e U,

Xm
Pa(x) =x, gat) =t, ¢o(z) =z+x"U, and
b2(y) = Flczexm0.1) =y + UpB(x,z,t,U).

Xm

e Note that, «, 8 € k[x, z,t, U].

e k[x, z] and k|[z, t] are algebraically closed subrings of A of
transendence degree 2.

e So A% = k[x, z] and A% = k|z, t] and ¢;, ¢, are non-trivial.
e k[x, z,t] C DK(A) and k[x, z] N k|[z, t]| = k[x] € ML(A).
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Lemma VIIb

We shall use a lemma proved by Gupta in [NG2].

Lemma VIIb : Let B be an affine domain over an infinite
field kK and f € B be such that f — X\ is a prime element in B
for infinitely many \ € k. Let ¢ be a non-trivial exponential
map on B such that f € B®. Then there exist infinitely many
B € k such that f — [ is prime in B and ¢ induces a
non-trivial exponential map on B/(f — /3).
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Proposition VII : a necessary condition for A = k3!

Proposition VII: Let
A=k[X Y, ZT]/(X"Y -F(X,Z,T)), where m>2.
Suppose DK(A) = A
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Proposition VII : a necessary condition for A = k3!

Proposition VII: Let
A=k[X Y, ZT]/(X"Y -F(X,Z,T)), where m>2.
Suppose DK(A) = A

Set F(0,Z,T)=f(Z, T). Then there exist Z;, T; € k[Z, T]
and ap, a; € k! s.t.
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Proposition VII : a necessary condition for A = k3!

Proposition VII: Let
A=k[X Y, ZT]/(X"Y -F(X,Z,T)), where m>2.

Suppose DK(A) = A
Set F(0,Z,T)=f(Z, T). Then there exist Z;, T; € k[Z, T]
and ap, a; € k! s.t.

K[Z,T] = k[Z1,T1] and f(Z,T) = ao(Z1) + a1(Z1) T1.
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Proposition VII : a necessary condition for A = k3!

Proposition VII: Let
A=k[X Y, ZT]/(X"Y -F(X,Z,T)), where m>2.

Suppose DK(A) = A
Set F(0,Z,T)=f(Z, T). Then there exist Z;, T; € k[Z, T]
and ap, a; € k! s.t.

K[Z,T] = k[Z1, Ta] and £(Z,T) = ao(Z1) + a1(Z1)T1.
Moreover, k[Z, T]/(f) = kYl = k[Z, T] = k[f]M.

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Proposition VII : a necessary condition for A = k3!
Proposition VII: Let

A=k[X,Y.Z T]/(X"Y —F(X,Z,T)), where m>2.
Suppose DK(A) = A

Set F(0,Z,T)=f(Z, T). Then there exist Z;, T; € k[Z, T]
and ap, a; € k! s.t.

K[Z,T] = k[Z1,T1] and f(Z,T) = ao(Z1) + a1(Z1) T1.

Moreover, k[Z, T]/(f) = ki = k[z, T] = k[f]M.

Proof: Choose ¢ an exponential map such that
A? & klx, z, t].
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Proposition VII : a necessary condition for A = k3!

Proposition VII: Let

A=k[X,Y,Z T]/(X"Y —F(X,Z,T)), where m>2.
Suppose DK(A) = A
Set F(0,Z,T)=f(Z, T). Then there exist Z;, T; € k[Z, T]
and ap, a; € k! s.t.

k[Z, T] = k[Zl, Tl] and f(Z, T) = ao(Zl) + al(Zl)Tl.
Moreover, k[Z, T]/(f) = kYl = k[Z, T] = k[f]M.
Proof: Choose ¢ an exponential map such that
A? & klx, z, t].
e Consider A as a subring of k[x,x7!][z, t] and define a
filtration A, = AN@D.._, k[z,t]x" on A. Then

gr(A) = k[X,Y,Z, T]/(X"Y — £(Z,T)) = B.
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Proposition VII : a necessary condition for A = k3!

Proposition VII: Let
A=k[X Y, ZT]/(X"Y -F(X,Z,T)), where m>2.

Suppose DK(A) = A
Set F(0,Z,T)=f(Z, T). Then there exist Z;, T; € k[Z, T]
and ap, a; € k! s.t.

k[Z, T] = k[Zl, Tl] and f(Z, T) = ao(Zl) + al(Zl)Tl.
Moreover, k[Z, T]/(f) = kYl = k[Z, T] = k[f]M.
Proof: Choose ¢ an exponential map such that
A? & klx, z, t].
e Consider A as a subring of k[x,x7!][z, t] and define a
filtration A, = AN@D.._, k[z,t]x" on A. Then

gr(A) = k[X,Y,Z, T]/(X"Y — £(Z,T)) = B.

e By Theorem DHM, ¢ induces ¢ on B satisfying
p(A?) C gr(A)°.
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Proof of Prop. VII

e Show that 7 € B? (for g € A®\ k[x, z, t], & = g;(z, D)X’y
st. 0<i<mandj>0; B? is fact. closed)

e By Proposition IV, 3 7 € k[z, ] s.t. k[Z, ] = k[z]™ and
71 € B®. Then k[Z, T| = k[Z1, T1] (where Z;= preimage of
z in K[Z, T)).
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Proof of Prop. VII

e Show that y € B? (for g € A®\ k[x, z, t], & = g;i(Z, )X’y
st. 0<i<mandj>0; B? is fact. closed)

e By Proposition IV, 3 7 € k[z, ] s.t. k[Z, ] = k[z]™ and
71 € B®. Then k[Z, T| = k[Z1, T1] (where Z;= preimage of
Zyin k[Z, T]).

o Let h(Z, ) = f(Z, T) =\, ai(Z)Th' and

k = alg. closure of k. Then ¢ induces a non-trivial
exponential map qb on B:=B®,k= =

k[X Y Zl,Tl]/((XmY h(Zl,Tl)):k[)_(,y,Z_l,t_l],

such that k[y, 7] C B.
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Proof of Prop. VII

e Show that 7 € B? (for g € A®\ k[x, z, t], & = g;(z, D)X’y
st. 0<i<mandj>0; B? is fact. closed)

e By Proposition IV, 3 7 € k[z, ] s.t. k[Z, ] = k[z]™ and
71 € B®. Then k[Z, T| = k[Zy, T1] (where Z;= preimage of
Zyin k[Z, T]).

o Let h(Z, ) = f(Z, T) =\, ai(Z)Th' and

k = alg. closure of k. Then ¢ induces a non-trivial
exponentlal map qb on B:=B Rk k = =

k[X Y Zl,Tl]/((XmY h(Zl,Tl)):k[)_(,y,Z_l,t_l],

such that k[y, 7] C B.

e There exists infinitely many 3 € k such that z — (3 is prime
in B. By Lemma Vlla, we can choose 3 € k such that gzﬁ
induces a non-trivial exponential map on B/(Z — j3) and

an(B) # 0.
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Proof of Prop. VII

e Thus there exists a non-trivial exponential map on
B k[X7 Y7 Tl]

(z=0)  (X7Y = (a0(P) + a(B) T+ -+ an(5) T1")
with image of y in its ring of invariants.
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Proof of Prop. VII

e Thus there exists a non-trivial exponential map on
B k[X7 Y7 Tl]

(z=0)  (X7Y = (a0(P) + a(B) T+ -+ an(5) T1")
with image of y in its ring of invariants.

e By Lemma V, n =1 and we have proved the first part!
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Proof of Prop. VII

e Thus there exists a non-trivial exponential map on
B k[X7 Y7 Tl]

(z=0)  (X7Y = (a0(P) + a(B) T+ -+ an(5) T1")
with image of y in its ring of invariants.

e By Lemma V, n =1 and we have proved the first part!

e We have f(Z, T) = ao(Z1) + a1(Z1) T1. If a1 =0, then f is
a linear polynomial in Z;, since

k[Z, T1]/(f) = k[Z, T]/(f) = kY. So f is a variable in

k[Z, T].

e If a3 # 0, ap and a; are coprime in k[Z;]. So

A/xA = K[Z, |0 But (A/xA)* = k*, since f is a line. So
a1(Zy1) € k*. Hence f is a variable, being monic in T;.
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Non-triviality of x™y = F(x, z, t) for m > 1

Theorem B : Let k be any field of characteristic p > 0 and
f(Z,T) e k[Z, T] be such that

k[Z, T)/(f) = k™ but k[Z, T] # k[f]".
Let
k[X,Y,Z, T]
(XmY - F(X,Z,T))
such that F(0,Z, T) = f(Z, T). Then

A= where m>1

A 2 kB,
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Non-triviality of x™y = F(x, z, t) for m > 1

Theorem B : Let k be any field of characteristic p > 0 and
f(Z,T) e k[Z, T] be such that

k[Z, T]/(f) = KM but k[Z, T] # k[f]™.

Let
k[X,Y,Z, T]
(XmY —F(X,Z,T))

such that F(0,Z, T) =f(Z, T). Then

A= where m>1

A 2 kB,

Proof : Follows from Proposition VII as DK(A) # A.
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A is stably polynomial

With the usual notations, if f(Z, T) is a line in k[Z, T], then
by Lemma Il, A is an A2-fibration over k[x]. It follows from
a result of Asanuma (1987) [Proposition 2.5|[Asa87] that

Al = k[x]"+2 for some [ > 0.
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A is stably polynomial

With the usual notations, if f(Z, T) is a line in k[Z, T], then
by Lemma Il, A is an A2-fibration over k[x]. It follows from
a result of Asanuma (1987) [Proposition 2.5|[Asa87] that

Al = k[x]"+2 for some [ > 0.

Gupta has improved Asanuma'’s results by showing [Theorem
4.2][NG]
Theorem C : Let k be any field and

k[X,Y,Z T]

A= (XY — F(X,Z,T))

where m > 1.

Let f(Z, T) = F(0,Z, T) be such that k[Z, T]/(f) = k1.
Then
Alll >0 k[x][3] o, k4
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/CP forn=3and ch. k>0

As a consequence of Theorems B and C, we have
Corollary : Zariski’s cancellation conjecture does not hold

kX, Y, Z, T
for any threefold A defined by A = (X'")[/ — F7(X’, Z], 7y
where m > 1 and f(Z, T) = F(0,Z, T) is a non-trivial line in

K[Z,T).
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/CP forn=3and ch. k>0

As a consequence of Theorems B and C, we have
Corollary : Zariski’s cancellation conjecture does not hold

kX, Y, Z, T
for any threefold A defined by A = (X'")[/ — F7(X’, Z], 7y
where m > 1 and f(Z, T) = F(0,Z, T) is a non-trivial line in

K[Z,T).

Remark : The hypotheses of the above Corollary are fulfilled
only when ch. k > 0. By the famous result of
Abhyankar-Moh, Suzuki (1975), there are no non-trivial lines
when ch. kK = 0. As mentioned earlier, when ch. Kk =p > 0,
we do have non-trivial lines (e.g. the Segre-Nagata lines
f(Z, T)=ZP" + T + T*° where p®{ sp and sp { p®.
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A recapitulation of the results

Theorem RS2 : Let R C D be domains such that D is a f.g.
R-algebra. Suppose there exists a prime element 7 € R s.t. 7
remains prime in D, D[1] = R[], tDN R = 7R and R/7R
is alg. clsd. in D/7D. Then D = R,
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A recapitulation of the results

Theorem RS2 : Let R C D be domains such that D is a f.g.
R-algebra. Suppose there exists a prime element 7 € R s.t. 7
remains prime in D, D[1] = R[], tDN R = 7R and R/7R
is alg. clsd. in D/7D. Then D = R,

Let k be a field and A = L5l where m > 1, with

f(Z, T)=F(0,Z,T). Then the following hold.
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A recapitulation of the results

Theorem RS2 : Let R C D be domains such that D is a f.g.
R-algebra. Suppose there exists a prime element 7 € R s.t. 7
remains prime in D, D[1] = R[], tDN R = 7R and R/7R
is alg. clsd. in D/7D. Then D = R,

Let k be a field and A = L5l where m > 1, with
f(Z, T)=F(0,Z,T). Then the following hold.
e Aisa UFD < x is prime or a unitin A & f(Z, T) is either

irreducible in k[Z, T] or f(Z, T) € k* (Lemma 1).

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



A recapitulation of the results

Theorem RS2 : Let R C D be domains such that D is a f.g.
R-algebra. Suppose there exists a prime element 7 € R s.t. 7
remains prime in D, D[1] = R[], tDN R = 7R and R/7R
is alg. clsd. in D/7D. Then D = R,

Let k be a field and A = L5l where m > 1, with
f(Z, T)=F(0,Z,T). Then the following hold.

e Aisa UFD < x is prime or a unitin A & f(Z, T) is either
irreducible in k[Z, T] or f(Z, T) € k* (Lemma 1).

e Ais an A2-fibration over k[x] & f(Z, T) is a line in

k[Z, T] (Lemma II).
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A recapitulation of the results

Theorem RS2 : Let R C D be domains such that D is a f.g.
R-algebra. Suppose there exists a prime element 7 € R s.t. 7
remains prime in D, D[1] = R[], tDN R = 7R and R/7R
is alg. clsd. in D/7D. Then D = R,

Let k be a field and A = L5l where m > 1, with
f(Z, T)=F(0,Z,T). Then the following hold.

e Aisa UFD < x is prime or a unitin A & f(Z, T) is either
irreducible in k[Z, T] or f(Z, T) € k* (Lemma 1).

e Ais an A2-fibration over k[x] & f(Z, T) is a line in

k[Z, T] (Lemma II).

e (m > 1) Suppose DK(A) = A. Then there exist Z;, Ty such
that k[Z, T] = k[Zl, Tl] and f(Z, T) = 30(21) + al(Zl)Tl.
Moreover k[Z, T]/(f) = kil = k[Z, T] = k[f]"] (Prop.
Vi),
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A recapitulation of the results

Theorem RS2 : Let R C D be domains such that D is a f.g.
R-algebra. Suppose there exists a prime element 7 € R s.t. 7
remains prime in D, D[1] = R[], tDN R = 7R and R/7R
is alg. clsd. in D/7D. Then D = R,

Let k be a field and A = L5l where m > 1, with
f(Z, T)=F(0,Z,T). Then the following hold.

e Aisa UFD < x is prime or a unitin A & f(Z, T) is either
irreducible in k[Z, T] or f(Z, T) € k* (Lemma 1).

e Ais an A2-fibration over k[x] & f(Z, T) is a line in

k[Z, T] (Lemma II).

e (m > 1) Suppose DK(A) = A. Then there exist Z;, Ty such
that k[Z, T] = k[Zl, Tl] and f(Z T) = 30(21) + al(Zl)Tl.
Moreover k[Z, T]/(f) = kM = k[Z, T] = k[f]l (Prop.
Vi),

e (m>1) k[x,z,t] C DK(A) (Lemma VI).
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Some results from K-theory

A result due to Quillen [Sri08, Corollary 5.5].
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Some results from K-theory

A result due to Quillen [Sri08, Corollary 5.5].

Theorem KT1 : Let R be a regular ring and U an
indeterminate. Then

(i) The inclusion map R < R[U] induces an isomorphism from
Ki(R) to Ki(R[U]) for each i > 0.

(ii) For each i > 1, the sequence

0 — Ki(R[U]) — Ki(R[U,U']) — K;_1(R) — 0

is a split short exact sequence, where the map
K:(R[U]) — Ki(R[U,U™']) is induced by the inclusion
R[U] — R[U, U™1].
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Some results from K-theory

We shall also need the following long exact sequence [Sri08,
Proposition 5.15, 5.6 (pg 52), 5.16 (pg 61)].

Theorem KT2 : Let R be a regular ring and x € R be a
non-zero-divisor such that R/(x) is a regular ring. Let

Jj: R — R[x7!] is the inclusion map. Then we have the
following long exact sequence of K-groups
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Some results from K-theory

We shall also need the following long exact sequence [Sri08,
Proposition 5.15, 5.6 (pg 52), 5.16 (pg 61)].

Theorem KT2 : Let R be a regular ring and x € R be a
non-zero-divisor such that R/(x) is a regular ring. Let

Jj: R — R[x7!] is the inclusion map. Then we have the
following long exact sequence of K-groups

— Ki(R/(x)) = Ki(R) N K:(R[x7]) 2 Ki_1(R/(x)) —
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Some results from K-theory

We shall also need the following long exact sequence [Sri08,
Proposition 5.15, 5.6 (pg 52), 5.16 (pg 61)].

Theorem KT2 : Let R be a regular ring and x € R be a
non-zero-divisor such that R/(x) is a regular ring. Let

Jj: R — R[x7!] is the inclusion map. Then we have the
following long exact sequence of K-groups

— Ki(R/(x)) = Ki(R) & Ki(RIx"1]) & Ki_1(R/(x)) —

Moreover, if ¢ : R — S is a flat ring homomorpshism such
that S and S/(u) are regular (¢(x) = u), then we have the
following natural commutative diagram.

— Ki(R/(x)) = Ki(R) = Ki(RIx™1]) 2 Ki_1(R/(x)) —
{ { 1 {
— Ki(S/(u)) = Ki(S) = Ki(S[u™]) & Ki_1(S/(u)) =
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Some results from K-theory

We shall also need an elementary result.

Lemma KT3 : Let ¢ : R — B be an injective ring
homomorphism. Then the map ¢, : Ki(R) — Ki(B), induced
by ¢, maps the subgroup R* of Ki(R) injectively into the
subgroup B* of Ki(B).
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Main Theorem : Theorem A

: k[X,Y,Z, T]
Let k be a field and A = X7y — F(X.Z,T))
Let x, y, z, t denote images of X, Y,Z, T in A. Set
G:=X"Y —-F(X,Z,T)and f(Z,T)=F(0,Z,T). Then
TFAE :

() k[X,Y,Z, T] = k[X, G]™

where m > 1.

(ii) k[X, Y, Z, T] = k[G]B!
(i) A= k[x]m
(iv) A= = kBl
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Main Theorem : Theorem A

: k[X,Y,Z, T]
Let k be a field and A = X7y — F(X.Z,T))
Let x, y, z, t denote images of X, Y,Z, T in A. Set
G:=X"Y —-F(X,Z,T)and f(Z,T)=F(0,Z,T). Then
TFAE :

() k[X,Y,Z, T] = k[X, G]™

(i) k[X,Y,Z, T] = k[G]E
(if) A = k[x]1

(iv) A= kB
(
(

where m > 1.

v) Al =, (U+3] for some | > 0 and DK(A) = A

vi) A is an A2-fibration over k[x] and DK(A) = A
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Main Theorem : Theorem A

: k[X,Y,Z, T]

Let k be a field and A = X7y — F(X.Z,T))
Let x, y, z, t denote images of X, Y,Z, T in A. Set
G:=X"Y —-F(X,Z,T)and f(Z,T)=F(0,Z,T). Then
TFAE :

() k[X,Y,Z, T] = k[X, G]™

(i) k[X,Y,Z, T] = k[G]E

(if) A = k[x]1

(iv) A= kB

(v) Al =, kU+3] for some | > 0 and DK(A) = A

(

(

(

where m > 1.

vi) A is an A2-fibration over k[x] and DK(A) = A
vn) Ais geo. fact. over k, DK(A) = A and Ki(A) = k*
viii) A is geo. fact. over k, DK(A) = A and (A/(x))" =

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Main Theorem : Theorem A

: k[X,Y,Z, T]

Let k be a field and A = X7y — F(X.Z,T))
Let x, y, z, t denote images of X, Y,Z, T in A. Set
G:=X"Y —-F(X,Z,T)and f(Z,T)=F(0,Z,T). Then
TFAE :

() k[X,Y,Z, T] = k[X, G]™

(i) k[X,Y,Z, T] = k[G]E

(i) A= K[x]?

(iv) A= kB

(v) Al =, kU+3] for some | > 0 and DK(A) = A

(vi) A is an A2-fibration over k[x] and DK(A) = A

(

(

(

(

where m > 1.

vii) A is geo. fact. over k, DK(A) = A and Ki(A) = k*
viii) A is geo. fact. over k, DK(A) = A and (A/(x))" =
ix) k[Z, T] = k[f]), i.e., f is a variable

x) k[Z, T]/(f) = k1 and DK(A) = A.
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Proof of Theorem A

Easy implications : (i) = (i) = (iv) = (v) and
(1) = (iii) = (vi).
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Proof of Theorem A

Easy implications : (i) = (i) = (iv) = (v) and
(i) = (iif) = (vi).

ETS : (v) = (vii) = (viii) = (ix) = (i) and

(vi) = (x) = (ix).
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Proof of Theorem A

Easy implications : (i) = (i) = (iv) = (v) and

(1) = (i) = (vi).

ETS : (v) = (vii) = (viii) = (ix) = (i) and

(vi) = (x) = (ix).

(v) = (vii) : By Theorem KT1 and since K;(k) = k* for
any field k.
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Proof of Theorem A

Easy implications : (i) = (ii) = (iv) = (v) and

(1) = (i) = (vi).

ETS : (v) = (vii) = (viii) = (ix) = (i) and

(vi) = (x) = (ix).

(v) = (vii) : By Theorem KT1 and since K;(k) = k* for
any field k.

(vii) = (viii) : Since DK(A) = A, by Prop. VII, we can
assume f(Z, T) = ag(Z) + a1(Z) T. Let us consider two cases
Case: a,(Z)=0

o If k is an alg. closure of k, then A® k is a UFD.

e By Lemma |, ay(Z2) is either irreducible in k[Z, T] or
ao(Z) c /;*

o If ag(Z) € k*, then A = k[x,x 1, z, ] and hence

Ki(A) # k* (a contradiction!). So ag(Z) is irreducible and
hence linear in Z. Thus f is a variable in k[Z T] Now
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Proof of Theorem A

Case: a,(Z) #0

e By Lemma |, f is irreducible in k[Z, T] (being linear in T).
So (a0(Z), a1(Z))«z; = 1. Hence

A/(x) = k[Z, T, Y]/(20(Z) + a(2)T) = k[Z, ;5[ Y] Also
A[x71] = k[x, x71]®. Since both A/(x) and A[x 1] are
regular, so is A.

e By Theorem KT2, we have an exact sequence :

— Ko(A[x1 KN Ki(A/(x)) = Ki(A) & Ki(Alx71]) —,
where

J« is induced by j : A < A[x~!] and § is the connecting
homomorphism.

e If n: k— A, then, by Lemma KT3, j, o7, maps k*
injectively into (A[x"])*. Since Ki(A) = n.(Ki(k)) = k*, J.
maps Ki(A) injectively into Ki(A[x71]).
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Proof of Theorem A

So we have the following exact sequence :

= Ky(AxY 2 Ki(A/(x)) = 0

e Since A[x7!] = k[x, x|, by Theorem KT1,
Ko(KDx, x 1) 2 Ka(Alx1]).

e Again, by Theorem KT1, we have the following split short
exact sequence : 0 — Ky(k[x]) — Ka(k[x,x7]) = Ki(k) =0
e Since A is a torsion-free module over k[x] and hence free, by
Theorem KT2, we have the following commutative diagram

Ko(k[x, x"1] 2 Ky (k) — 0

~ | 0.

Ka(Alx1] 2 Ki(A/(x)) = 0
¢ is induced by the inclusion ¢ : k — A/(x).
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Proof of Theorem A

e From prev. diag., ¢. is surjective. Again, by Lemma KT3,
¢, maps k* injectively into (A/(x))* < K1(A/(x)). Hence
(A/(x))" = k* = Ki(A/(x)).
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Proof of Theorem A

e From prev. diag., ¢. is surjective. Again, by Lemma KT3,
¢, maps k* injectively into (A/(x))* < K1(A/(x)). Hence
(A/(x))" = k* = Ki(A/(x))

(viii) = (ix) : As before, we may assume

f(Z,T)=a(Z)+ a(2)T.

e If a;(Z2) =0, then A/(x) = k[Y,Z, T]/(a0(Z)). As
(A/(x))* = k*, we have ap(Z) ¢ k. Then, as before, ap(Z) is
irreducible in k[Z, T] and hence linear in Z. So f = ay(Z) is a
variable in k[Z, T].

o If a;(Z) # 0, then, as before, A/(x) = k[Z, ﬁ][Y] Since
(A/(x))*, we have a;(Z) € k*. Thus f is a variable in

k[Z. T].
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Proof of Theorem A

(ix) = (i) : WLOG, assume f(Z, T) = Z. Set
D :=k[X,Y,Z,T] and R = k[X, G, T]. Then
D[X~'] = R[X~Y[Z] and D/XD = (R/XR)M. By Theorem
RS2, D = R, ie., k[X,Y,Z, T] = k[X, G].
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Proof of Theorem A

(ix) = (i) : WLOG, assume f(Z, T) = Z. Set
D :=k[X,Y,Z,T] and R = k[X, G, T]. Then
D[X~'] = R[X~Y[Z] and D/XD = (R/XR)M. By Theorem
RS2, D = R, ie., k[X,Y,Z, T] = k[X, G].

(vi) < (x) : By Lemma II.
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Proof of Theorem A

(ix) = (i) : WLOG, assume f(Z, T) = Z. Set

D :=K[X,Y,Z, T] and R = k[X, G, T]. Then

D[X~1] = R[X~][Z] and D/XD = (R/XR)W. By Theorem
RS2, D = R, ie, k[X,Y,Z, T] = kX, G]?.

(vi) < (x) : By Lemma II.

(x) = (ix) : By Proposition VII.
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Several implications of Theorem A go through when m = 1.
However, when m =1,

“A geo. fact. over k, DK(A) = A and Ki(A) = k*" (vii)

+# k[Z, T] = k[f]M (ix); and

“A geo. fact. over k, DK(A) = A and (A/(x))* = k™" (vii)
+ k[Z, T] = k[f]M (ix).

Remark (NG) : Let A= k[X. Y, Z, T]/(XY — F(X,Z,T)).
Then DK(A) = A and ML(A) = k.
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A modified version of Theorem A

Theorem A2 : Let k be a field and
k[X,Y,Z, T]
(XmY — F(X,Z,T))

Let x, y, z, t denote images of X, Y, Z, T in A. Set
G:=X"Y - F(X,Z,T)and f(Z,T)=F(0,Z, T). Further
assume that f is a line in k[Z, T], i.e., k[Z, T]/(f) = k1.
Then TFAE

A= where m > 1.

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



A modified version of Theorem A

Theorem A2 : Let k be a field and
kIX,Y,Z, T]
(XmY — F(X,Z,T))

Let x, y, z, t denote images of X, Y, Z, T in A. Set
G:=X"Y —-F(X,Z,T)and f(Z, T)=F(0,Z,T). Further
assume that f is a line in k[Z, T], i.e., k[Z, T]/(f) = k1.
Then TFAE

(i) k[X,Y,Z, T] = k[X, G].

(ii) k[X,Y,Z, T] = k[G]®.
) A= KIx2.
(iv) A= kBl
(v) Ais an A%fibration over k[x] and DK(A) = A.

1)

) D

A= where m > 1.

(iii

(vi) k[Z, T] = k[f]0.
K(A) = A.

(vii
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Proof of Theorem A2

The following implications are obvious :
(1) = (i) = (iv) and (i) = (iii) = (v).

(iv) = (vi) : As A= kB, DK(A) = A. Now apply
Proposition VII.
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Proof of Theorem A2

The following implications are obvious :
(1) = (i) = (iv) and (i) = (iii) = (v).

(iv) = (vi) : As A= kB, DK(A) = A. Now apply
Proposition VII.

(vi) = (i) : WLOG, assume f(Z, T) = Z. Set
D :=k[X,Y,Z,T] and R = k[X, G, T]. Then
D[X~! = R[X7!][Z] and D/XD = (R/XR). By Theorem
RS2, D= RN ie, k[X,Y,Z, T] = k[X, G]2.
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Proof of Theorem A2

The following implications are obvious :

(1) = (i) = (iv) and (i) = (iii) = (v).
(iv) = (vi) : As A= kB, DK(A) = A. Now apply
Proposition VII.

(vi) = (i) : WLOG, assume f(Z, T) = Z. Set
D :=k[X,Y,Z,T] and R = k[X, G, T]. Then
D[X~! = R[X7!][Z] and D/XD = (R/XR). By Theorem
RS2, D= RN ie, k[X,Y,Z, T] = k[X, G]2.

(v) < (vii) : Since f is a line, apply Lemma II.
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Proof of Theorem A2

The following implications are obvious :

(1) = (i) = (iv) and (i) = (iii) = (v).
(iv) = (vi) : As A= kB, DK(A) = A. Now apply
Proposition VII.

(vi) = (i) : WLOG, assume f(Z, T) = Z. Set

D :=k[X,Y,Z,T] and R = k[X, G, T]. Then

D[X~! = R[X7!][Z] and D/XD = (R/XR). By Theorem
RS2, D= RN ie, k[X,Y,Z, T] = k[X, G]2.

(v) < (vii) : Since f is a line, apply Lemma II.

(vii) = (vi) : Since DK(A) = A, apply Proposition VII.

Nikhilesh Dasupta NRU HSE, Moscow On the family of affine threefolds x™y = F(x, z, t).



Theorem C : Let k be any field and

k[X,Y,Z, T]

A= (XY — F(X,Z,T))

where m > 1.

Let £(Z, T) = F(0,Z, T) be such that k[Z, T]/(f) = k1l
Then
Alll =¥ k[x][3] o, k4
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Theorem C : Let k be any field and

k[X,Y,Z, T]

A= (XY — F(X,Z,T))

where m > 1.

Let £(Z, T) = F(0,Z, T) be such that k[Z, T]/(f) = k1l
Then
Alll =¥ k[x][3] o, k4

A lemma we shall need :

Lemma C2 : Let k be a field and D an affine k-domain. Let
F(X) € D[X] and f := F(0). Suppose D/(f) = k1. Then
D[X]/(X™, F) = (k[X]/(X™)) for every m > 1.
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Theorem C : Let k be any field and

k[X,Y,Z, T]

A= (XY — F(X,Z,T))

where m > 1.

Let £(Z, T) = F(0,Z, T) be such that k[Z, T]/(f) = k1l
Then
Alll =¥ k[x][3] o, k4

A lemma we shall need :

Lemma C2 : Let k be a field and D an affine k-domain. Let
F(X) € D[X] and f := F(0). Suppose D/(f) = k1. Then
D[X]/(X™, F) = (k[X]/(X™)) for every m > 1.

We shall apply Lemma C2 with D = k[Z, T] and
F=F(X,Z,T).
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Proof of Theorem C

y :=imageof Y, A=k[X,Z, T,y] and
U := indeterminate over k[X]. We have the following diagram

K[X, U]
gl
O k[X,Z, T] — k[X, U]/(X™), where

WV is the canonical surjection, ® is the surjection obtained by
Lemma C2 with Ker ® = (X", F) and ®(X) = V(X).
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Proof of Theorem C

y :=imageof Y, A=k[X,Z, T,y] and
U := indeterminate over k[X]. We have the following diagram

K[X, U]
v]

O k[X,Z, T] — k[X, U]/(X™), where
WV is the canonical surjection, ® is the surjection obtained by
Lemma C2 with Ker ® = (X", F) and ®(X) = V(X).
Let h € k[X,Z,T] and P, Q € k[X, U] such that
®(h) =V (U), P(Z2)=V(P(X,U)) and &(T) = V(Q(X,U)).
Let W be an indeterminate over A.
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Proof of Theorem C

Set Wy := X™W + h(X,Z, T),

It will be shown that A[W] = k[X, Z, T1, Wi](:= B).
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Proof of Theorem C

Set Wy := X™W + h(X,Z, T),

It will be shown that A[W] = k[X, Z, T1, Wi](:= B).

F(X Z ,T) _ F(X,P(X, W1)+Xm21 Q(X,W1)+XMT1)

= F(X PIX. V;I,g QX W) + OZ(X Zl, Tl, Wl)

oy =
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Proof of Theorem C

Set Wy := X™W + h(X,Z, T),

It will be shown that A[W] = k[X, Z, T1, Wi](:= B).

F(X Z ,T) _ F(X,P(X, W1)+Xm21 Q(X,W1)+XMT1)

[ ] _y =
_ AP WQX W) a(X Zy, Ty, Wh).
o W = h)((X Z,T) _ Wi—h(X,P(X, W1)+X’”21 Q(X,W1)+X™Ty)
= WX, ”<XXZV1’ IR 5(X, Zy, Ty, Wy).
Here o, 8 € B.
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Proof of Theorem C

e Since V(F(X,P(X,U),Q(X,U))) =d(F(X,Z,T)) =0,
we have F(X, P(X, W;), Q(X, Wy)) € X"k[X, W;] C X™B.
Thus y € B.
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Proof of Theorem C

e Since V(F(X,P(X,U),Q(X,U))) =d(F(X,Z,T)) =0,
we have F(X, P(X, W;), Q(X, Wy)) € X"k[X, W;] C X™B.
Thus y € B.

e Since

W(h(X,P(X,U), Q(X,U))) = d(h(X,Z,T)) = W),
h(X, P(X, Wi), Q(X, Wi)) — Wi € XTk[X, W] € X™B.
Thus W € B.

»O
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Proof of Theorem C

e Since V(F(X,P(X,U),Q(X,U))) =d(F(X,Z,T)) =0,
we have F(X, P(X, W;), Q(X, Wy)) € X"k[X, W;] C X™B.
Thus y € B.

e Since

W(h(X,P(X,U), Q(X,U))) = d(h(X,Z,T)) = W),
h(X, P(X, Wi), Q(X, Wi)) — Wi € XTk[X, W] € X™B.
Thus W € B.

o Z/=X"Zy+PeBand T=X"T,+ Q € B.
Hence A[W] C B.

»O
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Proof of Theorem C

ETS : B C A[W].
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Proof of Theorem C

ETS : BC A[W].
7 = Z—P(X,W1) _ Z—P(X,X"W+h(X,Z,T))
L4 1 — Xxm - xXm

= ZZPCGLT) 4 (X, Z, T, W), where y € A[W].
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Proof of Theorem C

ETS : B C A[W].
o7 = sz)(<);,W1) _ ZfP(X,X"’)\?{jh(X,Z,T))

= ZZPCGLT) 4 (X, Z, T, W), where y € A[W].
o« T, = T—Q)g)nf,Wl) _ T—Q(X,X’")\(/\r/n—s—h(X,Z,T))

= TQUHXZT)) 4 §(X,Z, T, W), where § € A[W].
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Proof of Theorem C

ETS : B C A[W].
o7 = sz)(<);,W1) _ ZfP(X,X"’)\?{jh(X,Z,T))

= ZZPCGLT) 4 (X, Z, T, W), where y € A[W].
o« T, = T—Q)g)nf,Wl) _ T—Q(X,X’")\(/\r/n—s—h(X,Z,T))

= TQUHXZT)) 4 §(X,Z, T, W), where § € A[W].

e Since ®(Z — P(X,h)) =0= (T — Q(X, h)), we have
Z — P(X,h) = aX™ + bF and T — Q(X,h) = X" + dF,
where a, b, c,d € k[X,Z, T].
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Proof of Theorem C

ETS : B C A[W].
o7 = sz)(<);,W1) _ ZfP(X,X"’)\?{jh(X,Z,T))

= ZZPCGLT) 4 (X, Z, T, W), where y € A[W].
o« T, = T—Q)g)nf,Wl) _ T—Q(X,X’")\(/\r/n—s—h(X,Z,T))

= TQUHXZT)) 4 §(X,Z, T, W), where § € A[W].
e Since ®(Z — P(X,h)) =0= (T — Q(X, h)), we have

Z — P(X,h) = aX™ + bF and T — Q(X,h) = X" + dF,
where a, b, c,d € k[X,Z, T].

F(X.,Z, T
%, we have Wi, Z;, T, € A[W].

Thus B C A[W]. Since B = k[X], we are done!.

e Since y =
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Lemma VIII : DK(A) and ML(A) revisited

Recall that in Lemma VI it was shown that when m > 1,
ML(A) C k[x] and k[x, z, t] C DK(A). In fact, we have
Lemma VIII : Let f be a non-trivial line and m > 2. Then

DK(A) = k[x, z,t] and ML(A) = k[x].
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Lemma VIII : DK(A) and ML(A) revisited

Recall that in Lemma VI it was shown that when m > 1,
ML(A) C k[x] and k[x, z, t] C DK(A). In fact, we have
Lemma VIII : Let f be a non-trivial line and m > 2. Then

DK(A) = k[x, z,t] and ML(A) = k[x].

Proof : By Proposition VII, DK(A) # A. Since
k[x,z, t] C DK(A), we must have equality.
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Lemma VIII : DK(A) and ML(A) revisited

Recall that in Lemma VI it was shown that when m > 1,
ML(A) C k[x] and k[x, z, t] C DK(A). In fact, we have
Lemma VIII : Let f be a non-trivial line and m > 2. Then

DK(A) = k[x, z,t] and ML(A) = k[x].

Proof : By Proposition VII, DK(A) # A. Since

k[x,z, t] C DK(A), we must have equality.

e Let ¢ € Exp(A) be non-trivial. Since tr.deg, A? = 2, there
exist two alg. ind. elts «, § € DK(A) = k[x, z, t]. Let

a = xai(x,z,t) + ap(z,t) and S = xBi(x,z,t)+ Lo(z,t)

for suitable ag, a1, o, 51 € k[x, z, t].
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Proof of Lemma VIII

e Suppose, if possible, ag(z,t) and [Bo(z, t) are alg. ind. over
k. Consider the proper admissible Z-filtration on A, as in
Lemma Il and the induced graded ring B = gr(A).

e By Theorem DHM, ¢ induces a non-trivial )
homogeneous exp. map ¢ on B such that k[dy, 5] C B?.
e Since Z and t are alg. ind. over k in B, dp and o are also
alg. ind. over k in B.

e As B? is alg. closed in B, k[z, 7] C B?. Since

XMy = f(Z,T) € B?, we have X,y € B? as it is fact. closed.
But ¢ is non-trivial—a contradiction!
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Proof of Lemma VIII

e Suppose, if possible, ag(z,t) and [Bo(z, t) are alg. ind. over
k. Consider the proper admissible Z-filtration on A, as in
Lemma Il and the induced graded ring B = gr(A).

e By Theorem DHM, ¢ induces a non-trivial )
homogeneous exp. map ¢ on B such that k[dy, 5] C B?.
e Since Z and t are alg. ind. over k in B, dp and o are also
alg. ind. over k in B.

e As B? is alg. closed in B, k[z, 7] C B?. Since

XMy = f(Z,T) € B?, we have X,y € B? as it is fact. closed.
But ¢ is non-trivial—a contradiction!

e. So o and Sy are alg. dependent. So there exists H € k!
such that H(ao, ) = 0. Then H(«, ) € xA and hence, by
factorial closedness of A?, x € A?. Hence ML(A) = k[x].
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(ka)?i Z’()Z(: ;’] ) with m > 1and F(0,Z,T) a
line in k[Z, T], then it follows from Theorem A2 and
Lemma VIII that either DK(A) = A (resp. ML(A) = k) or
DK(A) = k[x, z, t] (resp. ML(A) = k[x]), according as

A = k[x] or A # k[x]?L.

o If A=
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(ka)?i Z’()Z(: ;’] ) with m > 1and F(0,Z,T) a
line in k[Z, T], then it follows from Theorem A2 and
Lemma VIII that either DK(A) = A (resp. ML(A) = k) or
DK(A) = k[x, z, t] (resp. ML(A) = k[x]), according as

A = k[x] or A # k[x]?L.

e However, if m = 1, the DK and ML invariants of
A=k[X,Y,Z, T]/(XY — F(X,Z,T)) are always trivial. To
observe this, one should apply Lemma VI and interchange
the roles of x and y.

o If A=
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o lf A= (ka)?i Z’()Z(: ;’] ) with m > 1and F(0,Z,T) a
line in k[Z, T], then it follows from Theorem A2 and
Lemma VIII that either DK(A) = A (resp. ML(A) = k) or
DK(A) = k[x, z, t] (resp. ML(A) = k[x]), according as

A = k[x] or A # k[x]?L.

e However, if m = 1, the DK and ML invariants of
A=k[X,Y,Z, T]/(XY — F(X,Z,T)) are always trivial. To
observe this, one should apply Lemma VI and interchange
the roles of x and y.

e So the question whether A =2 kI3 remains OPEN for m =1,
when F(0,Z,T) is a line in k[Z, T].
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