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Ëåãêî ïîíÿòü, ÷òî êàðäèíàëû ìàæîðèðóþò îðäèíàëû:

Ïðåäëîæåíèå (â ZFC)

Äëÿ ëþáîãî îðäèíàëà α ñóùåñòâóåò êàðäèíàë κ òàêîé, ÷òî α < κ.

Äîêàçàòåëüñòâî.

Ðàññìîòðèì
κ := card (P (α)).

Åñëè α 6< κ, òî κ 6 α, à ïîòîìó κ ⊆ α, îòêóäà κ 4 α, ò.å. P (α) 4 α �
ïðîòèâîðå÷èå. Ñòàëî áûòü, α ∈ κ.
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Îäíî ïîëåçíîå íàáëþäåíèå [â ZFC!]

Îòìåòèì, ÷òî êëàññ âñåõ êàðäèíàëîâ

Card := {κ | κ � êàðäèíàë}

íå ÿâëÿåòñÿ ìíîæåñòâîì. Äåéñòâèòåëüíî, â ïðîòèâíîì ñëó÷àå
⋃
Card

òàêæå áûëî áû ìíîæåñòâîì, íî îíî, êàê íåòðóäíî âèäåòü, ñîâïàäàåò
ñ êëàññîì âñåõ îðäèíàëîâ (â êà÷åñòâå ïðîñòîãî óïðàæíåíèÿ).
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Ïðî êîíòèíóóì-ãèïîòåçó [â ZFC]

Çàïèñü 2A ìîæåò èìåòü ðàçíûé ñìûñë â çàâèñèìîñòè îò òîãî, èä�åò
ëè ðå÷ü î ìíîæåñòâàõ â öåëîì, îá îðäèíàëàõ èëè î êàðäèíàëàõ. Â
ñëó÷àå êàðäèíàëîâ ñ÷èòàåòñÿ, ÷òî

2κ := card (P (κ)),

à íå ìíîæåñòâó âñåõ ôóíêöèé èç κ â 2 (êîòîðîå, âïðî÷åì, èìååò òó
æå ìîùíîñòü). Î÷åâèäíî, 2κ > κ äëÿ âñåõ êàðäèíàëîâ κ.

Äëÿ êàæäîãî êàðäèíàëà κ îáîçíà÷èì

κ+ := íàèìåíüøèé èç êàðäèíàëîâ, á�îëüøèõ κ.

Âìåñòî ℵ+0 ïèøóò ℵ1, âìåñòî ℵ+1 � ℵ2 è òàê äàëåå. Íà ñàìîì äåëå,
ìîæíî áûëî áû îïðåäåëèòü ℵα äëÿ ïðîèçâîëüíîãî îðäèíàëà α.
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Êîíòèíóóì-ãèïîòåçîé íàçûâàþò ñëåäóþùåå óòâåðæäåíèå:

2ℵ0 = ℵ1. (CH)

Åãî ìîæíî åù¼ ïåðåôîðìóëèðîâàòü òàê:

∀X (N 4 X 4 R→ (X ∼ N ∨ X ∼ R));

òóò ìû ñ÷èòàåì èçâåñòíûì, ÷òî R ðàâíîìîùíî P (N). Ìíîãèå, â òîì
÷èñëå Êàíòîð, ïûòàëèñü äîêàçàòü CH.

Òåîðåìà (Ã¼äåëü, 1940)

Ìîæíî äîêàçàòü, ÷òî ¬CH íåëüçÿ äîêàçàòü â ZFC. %èíòåðåñíî

Òåîðåìà (Êîýí, 1963)

Ìîæíî äîêàçàòü, ÷òî CH íåëüçÿ äîêàçàòü â ZFC. %åù�å èíòåðåñíåå
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Ëåììà Öîðíà [â ZFC]

Ïóñòü äàíî ÷.ó.ì. A = 〈A,6A〉. Ïîä öåïüþ â A ïîíèìàåòñÿ íåïóñòîå
S ⊆ A òàêîå, ÷òî äëÿ ëþáûõ a1, a2 ∈ S ,

a1 6A a2 èëè a2 <A a1.

Èíûìè ñëîâàìè, öåïè ñóòü íåïóñòûå ïîäìíîæåñòâà íîñèòåëÿ, èíäó-
öèðóþùèå ëèíåéíûå ïîðÿäêè.

Òåîðåìà (Ëåììà Öîðíà; â ZFC)

Ïóñòü A = 〈A,6A〉 � ÷.ó.ì. ñ íåïóñòûì íîñèòåëåì, â êîòîðîì ó ëþáîé
öåïè èìååòñÿ âåðõíÿÿ ãðàíü. Òîãäà â A åñòü ìàêñèìàëüíûé ýëåìåíò.
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Äîêàçàòåëüñòâî.

Çàôèêñèðóåì êàêîé-íèáóäü êàðäèíàë κ, êîòîðûé ñòðîãî áîëüøå, ÷åì
|A|. Ïóñòü η � ôóíêöèÿ âûáîðà äëÿ P (A) \ {∅}. Èñïîëüçóÿ òðàíñôè-
íèòíóþ ðåêóðñèþ, îïðåäåëèì f : ⊆ κ→ A ïî ïðàâèëó

f (β) = η ({a′ ∈ A | a′ >A a äëÿ âñåõ a ∈ range (f �β)}).

Ëåãêî âèäåòü, ÷òî äëÿ ëþáûõ β1, β2 ∈ dom (f ),

β1 < β2 =⇒ f (β1) <A f (β2).

. . .
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Äîêàçàòåëüñòâî (îêîí÷àíèå).

Èç ýòîãî ìû âûâîäèì äâà ñëåäñòâèÿ.

1. f èíúåêòèâíà. Ñòàëî áûòü, dom (f ) 6= κ, à ïîòîìó dom (f ) = α
äëÿ íåêîòîðîãî α < κ, ïðè÷¼ì

{a′ ∈ A | a′ >A a äëÿ âñåõ a ∈ range (f )} = ∅.

2. range (f ) ÿâëÿåòñÿ öåïüþ â A. Çíà÷èò, ó range (f ) åñòü õîòÿ áû
îäíà âåðõíÿÿ ãðàíü â A, êîòîðóþ ìû îáîçíà÷èì çà a◦.

Ðàçóìååòñÿ, a◦ îêàæåòñÿ ìàêñèìàëüíûì ýëåìåíòîì â A (â ïðîòèâíîì
ñëó÷àå ìû áû ïîëó÷èëè ïðîòèâîðå÷èå ñ (1)).
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Ñëåäñòâèå (â ZFC)

Ïóñòü A = 〈A,6A〉 � ÷.ó.ì., â êîòîðîì ó ëþáîé öåïè èìååòñÿ âåðõíÿÿ
ãðàíü. Òîãäà äëÿ êàæäîãî a ∈ A â A åñòü ìàêñ. ýëåìåíò a′ >A a.

Äîêàçàòåëüñòâî.

Ñëó÷àé, êîãäà A = ∅, òðèâèàëåí. Ïîýòîìó áóäåì ñ÷èòàòü, ÷òî A 6= ∅.
Çàôèêñèðóåì ïðîèçâîëüíîå a ∈ A. Âîçüì�åì

B := {b ∈ A | a 6A b} è 6B := 6A ∩B × B.

Î÷åâèäíî, B = 〈B,6B〉 áóäåò ÷.ó.ì., êîòîðîå óäîâëåòâîðÿåò óñëîâèþ
ëåììû Öîðíà. Ñòàëî áûòü, â B åñòü ìàêñèìàëüíûé ýëåìåíò a′. Ïðè
ýòîì a 6A a′ è, êðîìå òîãî, a′ îêàæåòñÿ ìàêñèìàëüíûì â A.
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Íåìíîãî òðàíñôèíèòíîé êîìáèíàòîðèêè

Òåîðåìà (â ZFC)

Ïóñòü X áåñêîíå÷íî. Òîãäà |X × X | = |X |.

Äîêàçàòåëüñòâî.

Ðàññìîòðèì

M :=
{
f | f : U

1-1−−→
íà

U × U, ãäå U ⊆ X è U áåñêîíå÷íî
}
.

Ïîñêîëüêó X áåñêîíå÷íî, ó íåãî åñòü ñ÷�åòíîå ïîäìíîæåñòâî, êîòîðîå,
ðàçóìååòñÿ, ðàâíîìîùíî ñîáñòâåííîìó äåêàðòîâó êâàäðàòó. Ïîýòîìó
M 6= ∅. Îïðåäåëèì

6 := {(f1, f2) ∈ M ×M | f1 ⊆ f2}.

Î÷åâèäíî, M = 〈M,6〉 ÿâëÿåòñÿ ÷.ó.ì.
. . .
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Äîêàçàòåëüñòâî (ïðîäîëæåíèå).

Äàâàéòå ïðîâåðèì, ÷òî â M ó êàæäîé öåïè èìååòñÿ âåðõíÿÿ ãðàíü, à
çíà÷èò, ê M ïðèìåíèìà ëåììà Öîðíà.

Ïóñòü S � ïðîèçâîëüíàÿ öåïü â M. Âîçüì¼ì

fS :=
⋃
f∈S

f .

Ëåãêî âèäåòü, ÷òî fS áóäåò áèåêöèåé èç dom (fS) íà range (fS), ïðè÷�åì

dom (fS) =
⋃
f∈S

dom (f ) è range (fS) =
⋃
f∈S

range (f ).

. . .
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Äîêàçàòåëüñòâî (åù¼ ïðîäîëæåíèå).

Ïîêàæåì, ÷òî range (fS) = dom (fS)× dom (fS). Ïîñêîëüêó S ÿâëÿåòñÿ
öåïüþ â M, èìååò ìåñòî⋃

f1,f2∈S

dom (f1)× dom (f2) =
⋃
f∈S

dom (f )2.

(çäåñü è äàëåå ìû ÷àñòî ïèøåì U2 âìåñòî U × U; ïðîñüáà íå ïóòàòü
ñ ìíîæåñòâîì âñåõ ôóíêöèé èç 2 â U). Ñëåäîâàòåëüíî,

range (fS) =
⋃
f∈S

range (f ) =
⋃
f∈S

dom (f )2 =

⋃
f1,f2∈S

dom (f1)× dom (f2) =
(⋃

f∈S
dom (f )

)2
= dom (fS)

2
.

Ñòàëî áûòü, fS ∈ M. Áîëåå òîãî, fS > f äëÿ ëþáîãî f ∈ S . Â èòîãå fS
îêàçûâàåòñÿ âåðõíåé ãðàíüþ (è äàæå ñóïðåìóìîì) äëÿ S â M.

. . .
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Äîêàçàòåëüñòâî (è åù¼ ïðîäîëæåíèå).

Ïî ëåììå Öîðíà â M åñòü ìàêñèìàëüíûé ýëåìåíò f?. Äëÿ êðàòêîñòè
îáîçíà÷èì dom (f?) ÷åðåç Y . Ãèïîòåòè÷åñêè âîçìîæíû äâà ñëó÷àÿ.

¾Õîðîøèé ñëó÷àé¿: Äîïóñòèì, ÷òî |X \ Y | 6 |Y |. Òîãäà

|Y | 6 |X | = |X \ Y t Y | 6 |{0, 1} × Y | 6 |Y × Y | = |Y |

îòêóäà |X | = |Y | ïî òåîðåìå Ê.�Ø.�Á., à ïîòîìó |X × X | = |X |.

¾Ïëîõîé ñëó÷àé¿: Òåïåðü äîïóñòèì, ÷òî |Y | < |X \ Y |. Â ÷àñòíîñòè,
Y ðàâíîìîùíî íåêîòîðîìó Z ⊆ X \ Y . Î÷åâèäíî,

(Y t Z )2 = Y 2 t (Y × Z ) t (Z × Y ) t Z 2,

ïðè÷�åì
∣∣Z 2
∣∣ = |Z × Y | = |Y × Z | =

∣∣Y 2
∣∣ = |Y | = |Z |.

. . .
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Äîêàçàòåëüñòâî (îêîí÷àíèå).

Äàëåå, âîçüì¼ì

V := (Y × Z ) t (Z × Y ) t Z 2.

Òàêèì îáðàçîì, (Y t Z )2 = Y 2 t V . Çàìåòèì, ÷òî

|Z | 6 |V | = |{0, 1, 2} × Z | 6 |Z × Z | = |Z |,

îòêóäà |V | = |Z | ïî òåîðåìå Ê.�Ø.�Á. Ïóñòü g � êàêàÿ-íèáóäü áèåê-

öèÿ èç Z íà V . Îïðåäåëèì h : (Y ∪ Z )→ (Y ∪ Z )2 ïî ïðàâèëó

h (x) :=

{
f? (x) åñëè x ∈ Y ;

g (x) åñëè x ∈ Z .

Ðàçóìååòñÿ, h áóäåò áèåêöèåé, ò.å. h ∈ M. Íî h > f? � ïðîòèâîðå÷èå.
Âûõîäèò, ÷òî ¾ïëîõîé ñëó÷àé¿ íåâîçìîæåí.
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Ñëåäñòâèå (â ZFC)

Åñëè 0 < |X | 6 |Y | è Y áåñêîíå÷íî, òî |X × Y | = |Y |.

Äîêàçàòåëüñòâî.

ßñíî, ÷òî
|Y | 6 |X × Y | 6 |Y × Y | = |Y |,

îòêóäà |X × Y | = |Y | ïî òåîðåìå Ê.�Ø.�Á.

Èíûìè ñëîâàìè, åñëè X è Y íåïóñòû, è õîòÿ áû îäíî èç íèõ áåñêî-
íå÷íî, òî

|X × Y | = max {|X |, |Y |},

ãäå max {. . . } îáîçíà÷àåò ¾ìàêñèìàëüíûé/íàèáîëüøèé ýë-ò {. . . }¿.
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Ñëåäñòâèå (â ZFC)

Ïóñòü |X | 6 |Y | è Y áåñêîíå÷íî. Òîãäà |X ∪ Y | = |Y |.

Äîêàçàòåëüñòâî.

Ëåãêî âèäåòü, ÷òî

|Y | 6 |X ∪ Y | = |X \ Y t Y | 6 |{0, 1} × Y | = |Y |,

îòêóäà |X ∪ Y | = |Y | ïî òåîðåìå Ê.�Ø.�Á.

Èíûìè ñëîâàìè, åñëè õîòÿ áû îäíî èç X è Y áåñêîíå÷íî, òî

|X ∪ Y | = max {|X |, |Y |}.
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Ñëåäñòâèå (â ZFC)

Ïóñòü |X | < |Y | è Y áåñêîíå÷íî. Òîãäà |Y \ X | = |Y |.

Äîêàçàòåëüñòâî.

Â ñèëó ïðåäûäóùåãî ñëåäñòâèÿ,

|Y | = max {|X |, |Y |} = |X ∪ Y | =

|X t Y \ X | = max {|X |, |Y \ X |}.

Ïîñêîëüêó |Y | 6= |X |, ìû ïîëó÷àåì |Y | = |Y \ X |.
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Ñëåäñòâèå (â ZFC)

Ïóñòü X áåñêîíå÷íî. Òîãäà |X ∗| = |X |.

Äîêàçàòåëüñòâî.

Âñïîìíèì, ÷òî X ∗ =
⋃

n∈N X n, ãäå X n � ìíîæåñòâî âñåõ ôóíêöèé èç
n â X . Ïî èíäóêöèè ëåãêî ïîêàçàòü, ÷òî∣∣X n+1

∣∣ = |X | äëÿ âñåõ n ∈ N.

Ïðè ýòîì X 0 = {∅}, îòêóäà
∣∣X 0
∣∣ = 1. Ñòàëî áûòü,

|X ∗| =
∣∣X ∗ \ X 0

∣∣ =
∣∣∣⋃

n∈N
X n+1

∣∣∣ = |N× X | = |X |

(ïðîâåðêà òðåòüåãî ðàâåíñòâà � ïðîñòîå óïðàæíåíèå).
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Êîíåö êóðñà.
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