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We consider the realization of the Cayley hyperbolic plane F}/Spin(9) on the unit ball in
R!6 and write out an explicit form of the isometries of this space. The results presented are used
to solve various problems in the theory of convolution equations on Fj/Spin(9) (see [1]-[3]).

Let A be an arbitrary finite-dimensional algebra over R in which a conjugation, i.e. some
involutory antiautomorphism a — @ is given. Consider a vector space A? which is a direct
sum of two copies of a vector space A, i.e. which consists of pairs of the form («, ), where
a, B € A. We introduce into A% multiplication as follows: (a, 8)(v,8) = (ay — 68, 87 +da). A
simple check shows that relative to that multiplication the vector space A? is an algebra. The
algebra A? is called a doubling of A. We shall identify elements o and («, 0) and thus assume
the algebra A to be a subalgebra of A%. If A is a unit algebra, then the element 1 = (1,0) will
obviously be an identity element in A2 too. In addition, every element (c, ) € A? is uniquely
written as « + fe, where e = (0, 1).

For the procedure of a doubling to be iterated it is necessary to define a conjugation in .A2.
We shall do this by the formula (o, 3) = (@, —3). Then C := R? Q := C? Ca := Q%

The basis of C consists of iy = 1 and the imaginary unit i; = (0,1). The basis of Q consists
of iy = 1 and three elements i; = (i1,0), i = (0, 1), i3 = i1is. Analogously, the basis of Ca
consists of iy = 1 and seven elements

iy = (i1,0), iy = (i2,0), i3 = (i3,0), iy = (0,1), i5 = i1is, i = iais, ir = i3l

As the construction of a doubling is iterated the algebraic properties of the multiplication
gradually deteriorate. In particular, the octave algebra Ca is noncommutative and nonassocia-
tive.

For the Cayley algebra, we consider the vector space

Ca® = {a = (ay1,a9): ay € Ca, k= 1,2}.
If b= (by,by) € Ca?, put
Deq(a,b) = |ar 1] + |az|*[ba]? + 2Re((aras) (b12)).
We identify Ca? with R'® by the map a = (a1, a3) = = = (21,...,16), where
ay = o1 + Toiy + Tsip + x13i3 + T3is + 21115 + T7ig + 21517,

ay = Tg + T10l; + Telp + T14d3 + Taly + 21215 + 2816 + T1617.

Settlng Y= (yh o 7y16)7 Yk S R?
bi = y1 + yolr + ysiz + Yi3is + ysis + yu1is + yrie + yisiz,

by = Yo + yroi1 + Yela + Yials + yals + yr2ds + ysis + Yisir,
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we have
Oea(a,b) = Dealr,y) = 2> pe()pr(y) + po()po(y) + pro(z)pro(y)
with

-
=

X1 — 3Ty — 5L — T7dg — L9X10 — L11L12 — L13T14 — TL15T16,

T1Ty — T9X12 — T5Xg — T13T16 + T3To + T11L10 + T7Te + T15T14,
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T1Xg — T9T14 + T5To + T13%10 + 3T + T11T16 — T7T4 — T15T12,
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T1Xg + T9x1 + T5Tg — T13T12 — T3Te + L1114 + T7T2 — T15%10,

Ds(T) = X1T10 + T9X2 + T5T14 — T13T6 + T3T12 — T11T4 — T7T16 + T15T8,
Pe\T) = T1T12 + T9Ty — T5T16 + T13T8 — T3X10 + L11X2 — L7X14 + T15T,
P7(T) = T1T14 + T9Te — T5T10 + T13T2 + T3T16 — T11T8 + T7T12 — T15T4,

T1T16 — T9Xg + T5T12 + L13T4 — L3X14 — T11X6 + T7T10 + L1522,

8 8
po(x) = ngk—la po(z) = ngk
k=1 k=1

For x = (xq,...,716) € R y = (y1,...,y16) € R'® 4,5 € {1,...,16}, we set
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aij(w) = 0;;(1 = [a]*) + %8@;?8% (Beale1), gs(e) = %

The matrix ||g;;;5-, induces the structure of a Riemannian manifold on the unit ball B'® =

{x € R'®: |z| < 1}. Denote this manifold by HZ,.

Theorem 1. The Cayley hyperbolic plane F}/Spin(9) of maximal sectional curvature —1 is
isometric to the space HZ,.

Let u = (t,a), where t € R, a € Ca, and t* + |a|? = 1. Define the mapping

R,(a) = (—tay + @y, taz + @@), a= (a1,a2) € Ca’.

Take r € S¥ = {x € R'®: |z] = 1} arbitrarily. We write z in the form = = (a,3), where
a, B € Ca. Put
Ty = Ry, o Ry,

where u, = (0,—|8|67"), v. = (18], |86 ) if 8 # 0, and u, = (0,@), v, = (0,1) if 3 =0.
Next, let a € Ca®, |a| < 1. Define

>, if a=0,

. :{Ta/|a0%a07'a_/|1a if a#0

where s, is the mapping acting by the formula

(21, 22) = ((z1 — |a])(Jalzn — 1)1 /1 = [a?(Ja[z1 — 1) '), (21, 22) € Ca®.

We also put
Ueo(z,w) = Peg(z,w) — 2(z,w)p + 1,  z,w € Ca?,

where (z,w)g is the Euclidean inner product of the vectors z,w € R'6.
Theorem 2. (i) 0,(0) = a and o,(a) = 0.
(ii) The identity
(1 — |a]?)*Wea(z,w) = Va2, a)Wea(w, a)Weq(0q(2), o0(w))
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holds for all z,w € B'®. In particular, 1 — |o,(2)|* = (1= laP)(1 — |2 ), z € B,
Uey(z,a)

(iii) o, is an involution.

(iv) o, is an isometry of the space HZ,.

(v) The relation o,((1 + /1 — [a]?)"'a) = (1 + /1 — |a]?)"'a holds. Moreover, o, fixes
exactly one point of B! and no point of S'.

Corollary 1. Let

gi(z1,22) = ((z1 — tht)(1 — (tht)z1) 7", (cht — (sht)z1)'22), (21, 22) € Ca®.

Then {g; }ier is a one-parameter subgroup of the isometry group of the space HZ .
In conclusion, we note that Theorem 2 also allows us to write down an explicit form of the
infinitesimal operators corresponding to involutive isometries of the space HZ,.
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