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Principle
Simple mathematical objects behave (generally speaking) better than
more complex ones.

How to estimate the degree of the simplicity/complexity ?
Mathematical logic does this by means of different hierarchies , like
projective hierarchy: classes Σ1

n , Π1
n , ∆1

n

effective projective hierarchy: classes Σ1
n , Π1

n , ∆1
n

Lévy hierarchy of ∈-definability: classes Σn , Πn of formulas,
corresponding classes ΣH

n , ΠH
n , ∆H

n of definable sets,
where H is a “set of discourse” usually taken to satisfy
a suitable fragment of ZFC. For instance H = Lω1 in L;

type-theoretic definability: classes Σp
∞ , where p is the highest

type of quantified variables allowed, thus
Σ0

∞ = arithmetical definability , Σ1
∞ = analytical definability .
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Example: Shoenfield constructibility theorem back TOC

Theorem (Shoenfield, see Jech, Millenium, Cor 25.21)

Every Σ1
2 or Π1

2 set X ⊆ ω is Gödel-constructible, that is, X ∈ L.

Proof sketch
This is an example of a typical claim of the form

Any such-and-such definable set has such-and-such properties

Question
Is the Shoenfield theorem sharp? Yes it is!

Theorem (Jensen, see Jech, Millenium, Thm 28.1)
There is a generic extension L[a] of L by a real a ∈ 2ω , in which it
is true that a is ∆1

3 , but a ̸∈ L.
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Application 1: a nonconstructible ∆1
3 real TOC

Theorem (Jensen, see Jech, Millenium, Thm 28.1)
There is a generic extension L[a] of L by a real a ∈ 2ω , in which it
is true that a is ∆1

3 , but a ̸∈ L.

Jensen’s forcing belongs to arboreal forcing notions.

An arboreal forcing is any set P of perfect trees T ⊆ 2<ω ,
such that if s ∈ T ∈ P then the cone subtree
T �s = {t ∈ T : s ⊆ t ∨ t ⊆ s} belongs to P as well.

If T ⊆ 2<ω is a perfect tree then

[T ] = {x ∈ 2ω : ∀ n (x � n ∈ T )} (all branches of T );

this is a perfect subset of 2ω, the Cantor space.
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Jensen’s forcing construction back TOC

The construction of Jensen’s forcing P for the ∆1
3 real theorem goes

on in L in the form P = ⋃
ξ<ω1 Pξ , where each Pξ is a countable

arboreal forcing defined by transfinite induction on ξ so that:

1 in L : the sequence ⟨Pξ⟩ξ<ω1 is ∆
Lω1
1 (= ∆1

2 in-the-codes).

2 in the universe : a real a ∈ 2ω is P-generic over L iff:
for each ξ < ωL

1 there is a tree T ∈ Pξ such that a ∈ [T ] —
hence being a P-generic real is Π1

2 by 1 .

3 in the universe : a pair of reals a ̸= b in 2ω is
(P × P)-generic over L iff for each ξ < ωL

1 there are trees
S, T ∈ Pξ such that a ∈ [S] and b ∈ [T ].

4 All trees T ∈ P force the same parameter-free Σ1
n sentences.
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Key tool: �-sequence back TOC

The construction of P = ⋃
ξ<ω1 Pξ in L satisfying 1 , 2 , 3 is rather

tricky, see Jech, Millenium, pages 557–651.

The main tool of the construction is a �-sequence in L , that is, a
∆

Lω1
1 -definable sequence ⟨Sα⟩α<ω1 of sets Sα ⊆ α, such that for each

X ⊆ ω1 , the set {α < ω1 : X ∩ α = Sα} is a stationary subset of ω1 .

The existence of such a �-sequence is a corollary of V = L (see Jech,
Millenium, Theorem 13.21), but not a theorem of ZFC.
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Application 1: How it works TOC

Corollary (Jech Millenium Lemma 28.8 and Cor 28.9)
Assume that a forcing notion P ∈ L satisfies
1 , 2 , 3 , and a real a ∈ 2ω is P-generic over L. Then
A a is the only P-generic real in L[a] ;
B a is ∆1

3 in L[a].

Proof (sketch)
A If b ∈ L[a], b ̸= a , is another P-generic real in L[a], then 2
holds for both a and b . Then 3 holds for the pair ⟨a, b⟩, so ⟨a, b⟩
is (P × P)-generic. But then b ̸∈ L[a] by general forcing theorems.
B Show that {a} is a Π1

2 singleton in L[a]. We have by A :

{a} = {x ∈ 2ω : x is P-generic},

hence {a} ∈ Π1
2 by 2 , and finally a ∈ ∆1

3 .
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Generalization of Jensen’s theorem TOC

Thus by Jensen’s theorem (1970),
There is a generic extension L[a] of L by a real a ∈ 2ω, in
which it is true that a ∈ ∆1

3 , a ̸∈ L .

Whereas all Σ1
2 reals belong to L by Shoenfield’s theorem.

Theorem (generalization of the above theorem)
Let n ≥ 2. There is a generic extension L[a] of L by a real a ∈ 2ω,
in which it is true that

A a ∈ ∆1
n+1 , a ̸∈ L , but

B all Σ1
n reals belong to L — automatic in case n = 2 by

Shoenfield.
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Digression: when all definable reals are constructible? TOC

An example: Sacks-forcing SF = all perfect trees T ⊆ 2<ω .

Lemma
Sacks-forcing is cone-homogeneous , in the sense that, for any two
perfect trees S, T ⊆ 2<ω , the cones SFS = {S ′ ∈ SF : S ′ ⊆ S} and
SFT are ⊆-isomorphic. (Via any homeomorphism h : [S] onto−→ [T ].)

Corollary
All trees T ∈ SF force the same parameter-free sentences.
Hence if ϕ(k) is a parameter-free formula then it holds in any
Sacks-generic extension of L that {k < ω : ϕ(k)} belongs to L.

In particular all Σ1
∞ reals in such an extension belong to L.
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Application 2: the idea back TOC

Jensen forcing P: If a ∈ 2ω is P-generic over L then it it is true in
L[a] that a is ∆1

3 , a ̸∈ L (and all Σ1
2 reals belong to L).

Sacks forcing SF: If a ∈ 2ω is SF-generic over L then it is true in
L[a] that all Σ1

n reals belong to L , for any n .

Our goal: Given n ≥ 3, find a generic real a ∈ 2ω s. t. it is true in
L[a] that a ∈ ∆1

n+1 , a ̸∈ L, but all Σ1
n reals belong to L .

The idea: Let n ≥ 3. Find a forcing P(n) such that

1) P(n) is equivalent to SF w. r. t. the forcing relation
for Σ1

n formulas, so that all trees in P(n) force the same
parameter-free Σ1

n formulas, but

2) P(n) adjoins a single generic , similarly to Jensen’s
P, and P(n) is ∆1

n definable instead of ∆1
2 definable.
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Recall Jensen’s forcing construction original TOC

The construction of Jensen’s forcing notion P for the ∆1
3 real

theorem goes on in L so that P = ⋃
ξ<ω1 Pξ , where each Pξ is a

countable arboreal forcing defined by transfinite induction on ξ , and:

1 in L : the sequence ⟨Pξ⟩ξ<ω1 is ∆
Lω1
1 (= ∆1

2 in-the-codes).

2 in the universe : a real a ∈ 2ω is P-generic over L iff:
for each ξ < ωL

1 there is a tree T ∈ Pξ such that a ∈ [T ] —
hence being P-generic is Π1

2 by 1 .

3 in the universe : a pair of reals a ̸= b in 2ω is (P × P)-generic
iff, ∀ ξ < ωL

1 , there are trees S, T ∈ Pξ with a ∈ [S], b ∈ [T ].

4 All trees T ∈ P force the same parameter-free Σ1
n sentences,

hence all trees T ∈ P force the same param.-free Σ1
n sentences.
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Jensen’s forcing modified for a given n ≥ 3. TOC

The construction of the modified forcing P = P(n) for the ∆1
n real

theorem goes on in L so that P = ⋃
ξ<ω1 Pξ , where each Pξ is a

countable arboreal forcing defined by transfinite induction on ξ , and:

1 in L : the sequence ⟨Pξ⟩ξ<ω1 is ∆
Lω1
n−1 (= ∆1

n in-the-codes)

2 in the universe : a real a ∈ 2ω is P-generic over L iff:
for each ξ < ωL

1 there is a tree T ∈ Pξ such that a ∈ [T ] —
hence being P-generic is Π1

n by 1 .

3 in the universe : a pair of reals a ̸= b in 2ω is (P × P)-generic
iff, ∀ ξ < ωL

1 , there are trees S, T ∈ Pξ with a ∈ [S], b ∈ [T ].

4 P is ee to SF w. r. t. the forcing of Σ1
n formulas, hence all trees

T ∈ P force the same parameter-free Σ1
n sentences.
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Application 2: Finalization back TOC

As a corollary we obtain:

Theorem (generalization of Jensen’s theorem)
Let n ≥ 2. There is a generic extension L[a] of L by a real a ∈ 2ω,
in which it is true that

A a ∈ ∆1
n+1 , a ̸∈ L , but

B all Σ1
n reals belong to L .

Proof
Let P(n) satisfy 1 , 2 , 3 , 4 as above.
Take an arbitrary P(n)-generic real a ∈ 2ω .
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Application 3: ctble definable set with no definable elements

1 Any non-empty Σ1
2 set of reals contains a Σ1

2 real.

2 There are many generic models in which the (uncountable) Π1
2

set 2ω r L of all non-constructible reals contains no OD reals.
3 Problem: Is it consistent that there is a countable non-empty

Π1
2 set of reals containing no OD (ordinal definable) reals ?

To get a positive solution, we consider the finite-support product
Pω = ∏

k<ω P of ω copies of Jensen’s forcing P.

Let a⃗ = ⟨aj⟩j<ω be a Pω -generic sequence of P-generic reals aj ∈ 2ω .

It is true in L[⃗a] that the set X = {an : n < ω} is a non-empty
countable Π1

2 set of reals, which contains no OD reals .

Key: X = all P-generic reals in L[⃗a], but being P-generic is Π1
2 .
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Application 4: DC does not follow from countable AC. TOC

DC (dependent choices) claims that if E is a binary relation on the
reals with ran E ⊆ dom E ̸= ∅ , then there exists a chain of reals xn
satisfying xn E xn+1 for all n .

ACω = countable AC.

Theorem (S.D. Friedman–Gitman–K || originally Simpson 1973)
There is a generic extension of L in which ZF + full ACω holds, but
DC fails for a Π1

2 relation E. Note: ZF + ACω proves Σ1
2 -DC.

Forcing involved: a non-linear iteration of Jensen’s forcing P, and a
suitable symmetrization of the extension to discard the full AC.

Further goal: given n ≥ 2, show by the SDF-G-K method that
Π1

n+1 -DC is not provable in ZF + full ACω + Π1
n -DC.
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Application 5: parameters in the Comprehension schema TOC

Let A2 be the 2nd order PA (no choice).

Let Anopar
2 be the 2nd order PA (no choice), but with the

Comprehension schema only for parameter-free formulas.

Conjecture (from a discussion with L. Beklemishev)
A A2 is equiconsistent with Anopar

2 , but

B A2 is stronger than Anopar
2 and

C A2 is not even finitely axiomatizable over Anopar
2 .
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A model for Anopar
2 where A2 fails? back TOC

Let ⟨Pj⟩j<ω ∈ L be a sequence of independent clones of the Jensen
forcing P as above. Let Q = ∏

j<ω Pj be the finite-support product.
Let ⟨aj⟩j<ω be a Q-generic sequence of reals aj ∈ 2ω .

Let mk(a0) be k th number m such that a0(m) = 1. Define
A = {mk(a0) + 2 : k < ω} % B = {mk(a0) + 2 : k < ω ∧ a1(k) = 1}.
Note that A depends on a0 , B depends on a0, a1 .

Let M consist of all reals constructible from a finite sequence of reals
in {a0} ∪ {aj : j ≥ 2 ∧ j ̸∈ A} ∪ {aj : j ∈ B}. (a1 not included!)

Then a1 ̸∈ M by the independency , but on the other hand
a1 is definable in M with a0 as a parameter ,

because a1(m) = 1 iff there is a real b , Pmk(a0)+2 -generic over L.

Thus Comprehension fails for M with parameter a0 !

kanovei@googlemail.com Definable counterexamples April 2022 19 / 25



A model for Anopar
2 where A2 fails? back TOC

Let ⟨Pj⟩j<ω ∈ L be a sequence of independent clones of the Jensen
forcing P as above. Let Q = ∏

j<ω Pj be the finite-support product.
Let ⟨aj⟩j<ω be a Q-generic sequence of reals aj ∈ 2ω .

Let mk(a0) be k th number m such that a0(m) = 1. Define
A = {mk(a0) + 2 : k < ω} % B = {mk(a0) + 2 : k < ω ∧ a1(k) = 1}.
Note that A depends on a0 , B depends on a0, a1 .

Let M consist of all reals constructible from a finite sequence of reals
in {a0} ∪ {aj : j ≥ 2 ∧ j ̸∈ A} ∪ {aj : j ∈ B}. (a1 not included!)

Then a1 ̸∈ M by the independency , but on the other hand
a1 is definable in M with a0 as a parameter ,

because a1(m) = 1 iff there is a real b , Pmk(a0)+2 -generic over L.

Thus Comprehension fails for M with parameter a0 !

kanovei@googlemail.com Definable counterexamples April 2022 19 / 25



A model for Anopar
2 where A2 fails? back TOC

Let ⟨Pj⟩j<ω ∈ L be a sequence of independent clones of the Jensen
forcing P as above. Let Q = ∏

j<ω Pj be the finite-support product.
Let ⟨aj⟩j<ω be a Q-generic sequence of reals aj ∈ 2ω .

Let mk(a0) be k th number m such that a0(m) = 1. Define
A = {mk(a0) + 2 : k < ω} % B = {mk(a0) + 2 : k < ω ∧ a1(k) = 1}.
Note that A depends on a0 , B depends on a0, a1 .

Let M consist of all reals constructible from a finite sequence of reals
in {a0} ∪ {aj : j ≥ 2 ∧ j ̸∈ A} ∪ {aj : j ∈ B}. (a1 not included!)

Then a1 ̸∈ M by the independency , but on the other hand
a1 is definable in M with a0 as a parameter ,

because a1(m) = 1 iff there is a real b , Pmk(a0)+2 -generic over L.

Thus Comprehension fails for M with parameter a0 !

kanovei@googlemail.com Definable counterexamples April 2022 19 / 25



A model for Anopar
2 where A2 fails? back TOC

Let ⟨Pj⟩j<ω ∈ L be a sequence of independent clones of the Jensen
forcing P as above. Let Q = ∏

j<ω Pj be the finite-support product.
Let ⟨aj⟩j<ω be a Q-generic sequence of reals aj ∈ 2ω .

Let mk(a0) be k th number m such that a0(m) = 1. Define
A = {mk(a0) + 2 : k < ω} % B = {mk(a0) + 2 : k < ω ∧ a1(k) = 1}.
Note that A depends on a0 , B depends on a0, a1 .

Let M consist of all reals constructible from a finite sequence of reals
in {a0} ∪ {aj : j ≥ 2 ∧ j ̸∈ A} ∪ {aj : j ∈ B}. (a1 not included!)

Then a1 ̸∈ M by the independency , but on the other hand
a1 is definable in M with a0 as a parameter ,

because a1(m) = 1 iff there is a real b , Pmk(a0)+2 -generic over L.

Thus Comprehension fails for M with parameter a0 !

kanovei@googlemail.com Definable counterexamples April 2022 19 / 25



A model for Anopar
2 where A2 fails? back TOC

Let ⟨Pj⟩j<ω ∈ L be a sequence of independent clones of the Jensen
forcing P as above. Let Q = ∏

j<ω Pj be the finite-support product.
Let ⟨aj⟩j<ω be a Q-generic sequence of reals aj ∈ 2ω .

Let mk(a0) be k th number m such that a0(m) = 1. Define
A = {mk(a0) + 2 : k < ω} % B = {mk(a0) + 2 : k < ω ∧ a1(k) = 1}.
Note that A depends on a0 , B depends on a0, a1 .

Let M consist of all reals constructible from a finite sequence of reals
in {a0} ∪ {aj : j ≥ 2 ∧ j ̸∈ A} ∪ {aj : j ∈ B}. (a1 not included!)

Then a1 ̸∈ M by the independency , but on the other hand
a1 is definable in M with a0 as a parameter ,

because a1(m) = 1 iff there is a real b , Pmk(a0)+2 -generic over L.

Thus Comprehension fails for M with parameter a0 !

kanovei@googlemail.com Definable counterexamples April 2022 19 / 25



A model for Anopar
2 where A2 fails? back TOC

Let ⟨Pj⟩j<ω ∈ L be a sequence of independent clones of the Jensen
forcing P as above. Let Q = ∏

j<ω Pj be the finite-support product.
Let ⟨aj⟩j<ω be a Q-generic sequence of reals aj ∈ 2ω .

Let mk(a0) be k th number m such that a0(m) = 1. Define
A = {mk(a0) + 2 : k < ω} % B = {mk(a0) + 2 : k < ω ∧ a1(k) = 1}.
Note that A depends on a0 , B depends on a0, a1 .

Let M consist of all reals constructible from a finite sequence of reals
in {a0} ∪ {aj : j ≥ 2 ∧ j ̸∈ A} ∪ {aj : j ∈ B}. (a1 not included!)

Then a1 ̸∈ M by the independency , but on the other hand
a1 is definable in M with a0 as a parameter ,

because a1(m) = 1 iff there is a real b , Pmk(a0)+2 -generic over L.

Thus Comprehension fails for M with parameter a0 !
kanovei@googlemail.com Definable counterexamples April 2022 19 / 25



Appl 6: type-theoretic definability and Tarski problem TOC

Σp
∞ = all type-theoretic formulas with quantifier type p and below.

D1p = all Σp
∞ -definable reals (sets of integers).

D2p = all Σp
∞ -definable sets of reals .

Problem (Tarski 1948)
Does D1p ∈ D2p hold for different values of p?

Addison: D10 ̸∈ D20 , that is the set of all arithmetically
definable reals is not arithmetically definable.
Tarski: if p ≥ 1 then V = L implies D1p ̸∈ D2p .
Harrington: if p ≥ 1 then D1p ∈ D2p is consistent with ZFC
(1974, a statement in handwritten notes ).

Theorem (K and Lyubetsky)
Any recursive and formally non-contradictory conjunction of
sentences D1p ∈ D2p and D1p ̸∈ D2p , p ≥ 1, is consistent with ZFC.
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Shoenfield absoluteness proof sketch back TOC

Let X = {n ∈ ω : ϕ(n)}, ϕ being a Σ1
2 formula.

An assignment
n 7−→ <n is defined, of a linear ordering <n to any n ∈ ω , such that

1 the assignment is absolute for L

2 ϕ(n) ⇐⇒ <n is a wellordering

Thus X = {n ∈ ω : <n is a wellordering} by 1 , and then X ∈ L by
2 because being a wellordering is absolute as well.

See Jech, Millenium, Thm 25.20 for details. back
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