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�1. Ôèçè÷åñêèå îñíîâû

1. Ïîñòàíîâêà çàäà÷è Ω ⊂ R3, QT := Ω× (0, T )

• Äàíî: a : Ω→ R3, ν > 0

• Íàéòè: u : QT → R3, p : QT → R, òàêèå ÷òî
∂tu− ν∆u+ (u · ∇)u+∇p = 0 â QT

div u = 0 â QT
u|∂Ω×(0,T ) = 0, u|t=0 = a

(NS)

(u · ∇)u = u1
∂u
∂x1

+ u2
∂u
∂x2

+ u3
∂u
∂x3

, div u = 0 ⇒ div(u⊗ u) = (u · ∇)u

2. Îòêóäà âçÿëèñü òàêèå óðàâíåíèÿ?

0 =
d

dt

∫
ω(t)

ρ dx =
∫

ω(t)

(
∂ρ

∂t
+ div(uρ)

)
dx,

ρ = const

div u = 0

Fω(t) =
d

dt

∫
ω(t)

ρu dx =
∫

ω(t)

ρ

(
∂u

∂t
+ div(u⊗u)

)
dx,

ρ
(
∂tu+ div(u⊗ u)

)
= f + div T



3. Ðåîëîãè÷åñêèå ñîîòíîøåíèÿ

• T = −p(x, t) I � èäåàëüíàÿ æèäêîñòü, ν = 0,
• T = −p(x, t) I + σ, σ = 2νDu � íüþòîíîâñêàÿ æèäêîñòü
• T = −p(x, t) I + σ, σ = σ(Du, . . .) � íåíüþòîíîâñêàÿ æèäêîñòü

Du = 1
2(∇u+ (∇u)T ), div u = 0 =⇒ divDu = 1

2∆u

4. Êàêàÿ ðàçíèöà ìåæäó æèäêîñòüþ è ãàçîì?

• ãàç: ρ = ρ(x, t), p = cργ pV = const γ = 1

• æèäêîñòü: ρ = const, p(x, t) � íåèçâåñòíàÿ ôóíêöèÿ

5. Ïðîáëåìà ñ âûáîðîì êðàåâûõ óñëîâèé

• ν > 0 =⇒ u|∂Ω = 0

• ν = 0 =⇒ u · n|∂Ω = 0, n � íîðìàëü ê ∂Ω

6. Óðàâíåíèå ýíåðãåòè÷åñêîãî áàëàíñà f ≡ 0, NSE ·u

1
2

∫
Ω

|u(x, t)|2 dx + ν

t∫
0

∫
Ω

|∇u(x, τ)|2 dxdτ = 1
2

∫
Ω

|a(x)|2 dx

∫
Ω
u⊗ v : ∇u dx =

∫
Ω
v · ∇1

2|u|
2 dx = 0



7. Óðàâíåíèÿ Íàâüå-Ñòîêñà â ôîðìå ðîòîðà

ω = rotu, (u ·∇)u = ω×u+ 1
2∇|u|

2, ∇×((∇×u)×u) = ÁÀÖ−ÖÀÁ

∂tω + (u · ∇)ω − ν∆ω = (ω · ∇)u â QT

u = u(x1, x2, t), u3 = 0 =⇒ (ω · ∇)u = 0

8. ×åãî æäàòü îò óðàâíåíèÿ ñ êâàäðàòè÷íîé íåëèíåéíîñòüþ?

y′(t) = y2(t)

y(0) = a

 =⇒
y(t) =

1

Ta − t
Ta = 1/a

 =⇒
y(t) −→

t→Ta
∞

blow up!

Íî â ñëó÷àå NSE åñòü çàêîí ñîõðàíåíèÿ!

1
2 ‖u(t)‖2L2(Ω) + ν

t∫
0

‖∇u(τ)‖2L2(Ω) dτ = 1
2 ‖a‖

2
L2(Ω)

9. Ãëàâíûé âîïðîñ:

Àäåêâàòíû ëè óðàâíåíèÿ Íàâüå-Ñòîêñà
äëÿ îïèñàíèÿ òå÷åíèé âÿçêîé æèäêîñòè?



�2. Òåîðèÿ ñëàáûõ ðåøåíèé

1. Ðàçëîæåíèå Ãåëüìãîëüöà�Âåéëÿ

L2(Ω;R3) = H ⊕G, ∀ f ∈ L2(Ω;R3) f = u+∇ϕ

H := ClosureL2(Ω)

{
v ∈ C∞0 (Ω) | div v = 0

}
, u ∈ H, ϕ ∈W1

2 (Ω)

2. Îïåðàòîð Ñòîêñà

∆̃ : D∆̃ ⊂ H → H, ∆̃ = PH∆ � ñàìîñîïðÿæåííûé

PH � îðòîïðîåêòîð íà H â L2(Ω;R3)

3. Ïðèáëèæåííûå ðåøåíèÿ

a ∈ H, um ∈ C1(Q̄T ) � �ïðèáëèæåííûå� ðåøåíèÿ NSE

sup
t∈(0,T )

‖um(t)‖L2(Ω) + ‖∇um‖L2(QT ) ≤ c ‖a‖L2(Ω)

um ⇀ u â W
1,0
2 (QT )

um → u â L2(QT )

 =⇒
u � ðåøåíèå (NS)

u ∈ L2,∞(QT ) ∩W1,0
2 (QT )



4. Ãëîáàëüíîå ñóùåñòâîâàíèå ñëàáûõ ðåøåíèé

Òåîðåìà. a ∈ H − ∀, T > 0− ∀ =⇒ ∃ u : QT → R3:

• u ∈ L∞(0, T ;H) ∩W1,0
2 (QT ) � ýíåðãåòè÷åñêèé êëàññ

• èíòåãðàëüíîå òîæäåñòâî äëÿ ïðîáíûõ η ∈ C∞0 (QT ): div η = 0

•
∫
Ω
|u(x, t)|2 dx + 2ν

t∫
0

∫
Ω
|∇u(x, τ)|2 dxdτ ≤

∫
Ω
|a(x)|2 dx, ∀ t ∈ (0, T )

5. Îöåíêè äëÿ ðàçíîñòè äâóõ ðåøåíèé

u1 è u2 � äâà ðåøåíèÿ, ñîîòâåòñòâóþùèå a ∈ H, u = u2 − u1

1
2
d

dt
‖u(t)‖2L2(Ω) + ‖∇u(t)‖2L2(Ω) =

(
u2(t)⊗ u2(t)− u1(t)⊗ u1(t),∇u(t)

)
=

(
u(t)⊗ u2(t),∇u(t)

)
︸ ︷︷ ︸

= 0

+
(
u1(t)⊗ u(t),∇u(t)

)

6. Íåðàâåíñòâà Î.À. Ëàäûæåíñêîé

∀w ∈ C∞0 (Ω) ‖w‖4L4(Ω) ≤

 2 ‖w‖2L2(Ω)‖∇w‖
2
L2(Ω), n = 2

4 ‖w‖L2(Ω)‖∇w‖
3
L2(Ω), n = 3



7. Òåîðåìà åäèíñòâåííîñòè â 2D∣∣∣(u1(t)⊗u(t),∇u(t)
)∣∣∣ ≤ ‖u1(t)‖L4(Ω) ‖u(t)‖

1
2
L2(Ω)‖∇u(t)‖

3
2
L2(Ω), n = 2

y(t) := ‖u2(t)− u1(t)‖2L2(Ω) =⇒ y′(t) ≤ c y(t) ‖u1(t)‖4L4(Ω)

8. �Weak-strong� òåîðåìà åäèíñòâåííîñòè â 3D

n = 3, a ∈ H1 = { v ∈
◦
W1

2(Ω) : div v = 0 }

∇u1 ∈ L∞(0, T ;L2(Ω)) � ñèëüíîå ðåøåíèå â QT

u2 � ñëàáîå ðåøåíèå â QT =⇒ u2 ≡ u1 â QT

9. Ñóùåñòâîâàíèå ñèëüíûõ ðåøåíèé

Òåîðåìà. a ∈ H1

• ‖a‖H1 ≤ ε0 =⇒ ∀ T > 0 ∃ ñèëüíîå ðåø. â QT = Ω× (0, T )

• Ta= C(Ω) ‖∇a‖−4
L2(Ω) =⇒ ∃ ñèëüíîå ðåø. â QTa = Ω× (0, Ta)



10. Blow up time

Îïð. Ïóñòü a ∈ H1, îïðåäåëèì T∗ ∈ (0,+∞]

T∗ := sup
{
T > 0

∣∣∣ ∃ u � ñèëüíîå ðåøåíèå (NS) â QT = Ω× (0, T )
}

Òåîðåìà. T∗ < +∞ =⇒ ‖∇u(t)‖L2(Ω) ≥
C(Ω)1/4

(T∗ − t)1/4
, ∀ t ∈ (0, T )

11. Óñëîâèå Ëàäûæåíñêîé-Ïðîäè-Ñåððèíà

u ∈ Ls,l(QT ) ≡ Ll(0, T ;Ls(Ω)),
3

s
+

2

l
= 1 (LPS)

Òåîðåìà. a ∈ H1, u � ðåøåíèå Ëåðå-Õîïôà, óäîâë. (LPS)

y(t) := ‖∇u(t)‖2L2(Ω) =⇒ y(t) ≤ y(0) exp
(
c ‖u‖lLs,l(QT )

)

12. �Çàçîð� ìåæäó êëàññàìè ñóùåñòâîâàíèÿ è åäèíñòâ�òè

çíàåì: u ∈ L∞(0, T ;L2(Ω)) ∩W1,0
2 (QT ) =⇒ u ∈ L10

3
(QT )

õîòèì: u ∈ Ls,l(QT ), 3
s + 2

l = 1, s = l = 5 =⇒ u ∈ L5(QT )



13. NSE Millennium Problem

Â òåðìèíàõ blow up time T∗ = T∗(a):

• ëèáî äîêàçàòü, ÷òî äëÿ ëþáîãî a ∈ H1, T∗ = +∞
ò.å. ∀ T < +∞ ∃ u è p � ñèëüíîå ðåøåíèå (NS) â QT

• ëèáî ïîñòðîèòü òàêîå a ∈ H1, ÷òî T∗ < +∞,
ò.å. ‖∇u(t)‖L2(Ω) → +∞ ïðè t→ T∗ − 0

14. Ïðîáëåìà ãëàäêîé ðàçðåøèìîñòè èëè åäèíñòâåííîñòü?

Ch. Fe�erman: Äîêàçàòü, ÷òî äëÿ ïðîèçâîëüíîãî ãëàäêîãî íà÷àëü-

íîãî äàííîãî ãëàäêîå ðåøåíèå ñóùåñòâóåò ãëîáàëüíî ïî âðåìåíè;

ëèáî æå íàéòè òàêîå íà÷àëüíîå äàííîå, äëÿ êîòîðîãî èçíà÷àëüíî

ãëàäêîå ïîëå ñêîðîñòåé ñòàíîâèòñÿ íåîãðàíè÷åííûì çà êîíå÷íîå

âðåìÿ.

Î.À. Ëàäûæåíñêàÿ: Äëÿ ïðîèçâîëüíîãî äîñòàòî÷íî ãëàäêîãî íà-

÷àëüíîãî äàííîãî íàéòè òàêèå ôóíêöèîíàëüíûå êëàññû, â êîòîðûõ

óäàëîñü áû äîêàçàòü êàê ãëîáàëüíîå ñóùåñòâîâàíèå ðåøåíèé, òàê

è èõ åäèíñòâåííîñòü.



�3. Â ïîèñêàõ blow up

1. Ïðîáëåìà blow up ñ òî÷êè çðåíèÿ ãàðìîíè÷åñêîãî àíàëèçà

Ω = T3 = R3/2πZ3, u(x, t) =
∑
k∈Z3

~ck(t)eik·x, ~ck(t) · k = 0

d~ck
dt

(t) + |k|2~ck(t) +
∑
m∈Z3

(
im · ~ck−m(t)

)
~cm(t) + ikpk = 0 (NS)

‖u(t)‖2L2(Ω) =
∑
k

|~ck(t)|2 ≤ const, t ∈ (0, T∗)

‖∇u(t)‖2L2(Ω) =
∑
k

|k|2|~ck(t)|2 → +∞, t→ T∗ − 0

E≤N(t) :=
∑
|k|≤N

|~ck(t)|2, E≥N(t) :=
∑
|k|≥N

|~ck(t)|2

E(t) = E≤N(t) + E≥N(t) ≤ const, E≤N(t) − ↓ E≥N(t) − ↑



2. Òåîðèÿ ε-ðåãóëÿðíîñòè

sup
r<R

1

r

∫
Qr(z0)

|∇u|2 dz < ε∗ =⇒ ∃ r∗ > 0 : sup
Qr∗(z0)

|u| < +∞

îñîáåííîñòü
â òî÷êå z0 = (x0, t0)

←→ ëîêàëüíàÿ
êîíöåíòðàöèÿ ýíåðãèè

3. Òåîðåìà Êàôôàðåëëè�Êîíà�Íèðåíáåðãà

Σ :=
{
z0 ∈ QT : u 6∈ L∞(Qr(z0)), ∀ r > 0

}
=⇒ P1(Σ) = 0

îñîáåííîñòåé íå ìîæåò áûòü ìíîãî
(ìåíüøå ÷åì ïðîñòðàíñòâåííàÿ 1D êðèâàÿ)

4. Äðóãèå óñëîâèÿ ε-ðåãóëÿðíîñòè

z0 = 0 C(u, r) = 1
r2/3 ‖u‖L3(Qr), D(p, r) = 1

r4/3 ‖p‖L3/2(Qr)

A(u, r) = sup
t∈(−r2,0)

1
r1/2 ‖u(·, t)‖L2(Br), E(u, r) = 1

r1/2 ‖∇u‖L2(Qr)



5. Ìàñøòàáíàÿ èíâàðèàíòíîñòü NSE

uR(x, t) := Ru(Rx,R2t), pR(x, t) := R2 p(Rx,R2t)

u è p � ðåøåíèå (NS) â QR ⇐⇒ uR è pR � ðåøåíèå (NS) â Q

Âñå ôóíêöèîíàëû â óñëîâèÿõ ε�ðåãóëÿðíîñòè
ìàñøòàáíî èíâàðèàíòíû:

F (uR,1) = F (u,R), F (u,R) = ëþáîé èç A(u,R), E(u,R), . . .

6. Ñâîéñòâà ìàñøòàáíî�èíâàðèàíòíûõ ôóíöèîíàëîâ

åñëè õîòü îäèí èç F (u, r)
ðàâíîìåðíî îãðàíè÷åí

sup
r<R

F (u, r) < +∞
=⇒

âñå îñòàëüíûå òîæå
ðàâíîìåðíî îãðàíè÷åíû:

sup
r<R

A(u, r) < +∞ èòä

åñëè õîòü îäèí èç F (u, r)
ðàâíîìåðíî ìàë
sup
r<R

F (u, r) < ε
=⇒

âñå îñòàëüíûå òîæå
ðàâíîìåðíî ìàëû:
sup
r<R

A(u, r) < ε′ èòä



7. Ñóïåðêðèòè÷íîñòü óðàâíåíèé Íàâüå�Ñòîêñà

Ôèçè÷åñêàÿ

ìîäåëü

=⇒ Çàêîíû
ñîõðàíåíèÿ

=⇒ Àïðèîðíûå
îöåíêè

=⇒ Ãðóïïà
èíâàðèàíòíîñòè

=⇒ Ìàñøòàáíûå
ïðåîáðàçîâàíèÿ

×òî ïðîèñõîäèò ñ îöåíêàìè
ïðè ïåðåõîäå ê ìàëûì ìàñøòàáàì?

u 7→ uR, R→ 0

Ìîäåëè:

ñóïåðêðèòè÷åñêèå ⇔ îöåíêè �âçðûâàþòñÿ� ⇔ ‖uR‖X → +∞
êðèòè÷åñêèå ⇔ îöåíêè èíâàðèàíòíû ⇔ ‖uR‖X = ‖u‖X

cóáêðèòè÷åñêèå ⇔ äàþò óñëîâèå �ìàëîñòè� ⇔ ‖uR‖X → 0

Óðàâíåíèÿ Íàâüå-Ñòîêñà (àïðèîðíàÿ îöåíêà � ýíåðãåòè÷åñêàÿ):

n = 2 � êðèòè÷åñêàÿ ìîäåëü

n = 3 � ñóïåðêðèòè÷åñêàÿ ìîäåëü



8. Êëàññèôèêàöèÿ îñîáåííîñòåé

Îñîáåííîñòü
òèïà I

â òî÷êå z0 = 0
⇐⇒

âñå ìàñøòàáíî-èíâàðèàíòíûå
ôóíêöèîíàëû êîíå÷íû:

sup
r<R

(
A(u, r) + E(u, r) + . . .

)
< +∞

Îñîáåííîñòü
òèïà II

⇐⇒ âñå îòàëüíûå îñîáåííîñòè

9. Ïðèìåðû îñîáåííîñòåé òèïà I

|u(x, t)| ≤
M

|x|+
√
−t
, u(x, t) =

1
√
−t

U

(
x
√
−t

)
èòä

10. Áîðüáà êîíâåêöèè ñ äèôôóçèåé

u(x, t) ∼ M
|x|, ∆u ∼ M

|x|3, (u · ∇)u ∼ M2

|x|3

M � 1 =⇒ äèôôóçèÿ ïîáåæäàåò =⇒ NSE ≈ òåïëîïðîâîäíîñòü

M � 1 =⇒ êîíâåêöèÿ ïîáåæäàåò =⇒ NSE ≈ Ýéëåð



11. Blow up � ïðåäåëû ⇐⇒ àíòè÷íûå ðåøåíèÿ

z0 = 0 � îñîáåííîñòü
òèïà I

=⇒

ìîæíî äåëàòü
ìàñøòàáíûå ïðåîáðàçîâàíèÿ

uR(x, t) = Ru(Rx,R2t)
Q 7→ Q1/R

‖uR‖X ≤ const =⇒ ∃u∞ = lim
R→0

uR ≡ blow up lim
z0=0

u

u∞ � ðåøåíèå NSE â R3 × (−∞,0) ⇐⇒ �àíòè÷íîå� ðåøåíèå

12. Îñîáåííîñòè òèïà I ⇐⇒ íåòðèâ. àíòè÷íûå ðåøåíèÿ

u èìååò â z0 = 0
îñîáåííîñòü òèïà I

⇐⇒ u∞ = blow up lim
z0=0

u 6≡ 0

Seregin, Sverak, Koch, Nadirashvili, Barker

Ïàðàìåòð R→ 0 ìîæíî âûáèðàòü ïî-ðàçíîìó. Íàïðèìåð:

1

Rk
= Mk ≈ sup

t<tk
|u| → +∞ ⇐⇒ sup

x,t
|u∞(x, t)| ≤ 1



13. Òåîðåìà Ëèóâèëëÿ � âîçìîæíûé ïóòü ê ïîáåäå

u∞ � àíòè÷íîå ðåøåíèå

|u∞(x, t)| ≤ M

???
=⇒

u∞ = const

u∞ = 0, ò.ê. ‖u∞‖X <∞

êîíòðïðèìåð ê
òåîðåìå Ëèóâèëëÿ

???
=⇒ ∃u � ðåøåíèå â QR

ñ îñîáåííîñòüþ

14. Óìååì ëè ìû äîêàçûâàòü òåîðåìû Ëèóâèëëÿ äëÿ PDE?

Òîëüêî äëÿ ñêàëÿðíûõ óðàâíåíèé

∆u = 0, ∂tu−∆u = 0 � äà

n = 1 u(x) = arctgx b(x) = − 2x
1+x2 − u′′(x) + b(x)u′(x) = 0

n = 3 ∂tu−∆u+ b · ∇u = 0, div u = 0, b ∈ Ls,l(Π), 3
s + 2

l = 1 � äà

15. Îñåñèììåòðè÷íûå ðåøåíèÿ

u(x, t) = ur(r, z, t)er + uϕ(r, z, t)eϕ + uz(r, z, t)ez

Ñêðûòàÿ ñêàëÿðíàÿ ñïåöèôèêà äëÿ ψ = ruϕ

∂tψ −∆r,zψ +
(
u− 2 x′

|x′|2

)
· ∇ψ = 0, |x′| = r

Seregin, Sverak, Koch, Nadirashvili, 2009



16. Àâòîìîäåëüíûå ðåøåíèÿ

u(x, t) = 1√
−t U

(
x√
−t

)
, u(0, t)→∞ t→ 0− ???

 −∆U +
(
U − x

2

)
· ∇U − 1

2 U +∇P = 0

divU = 0
â R3

u ∈ ýíåðãåòè÷åñêèé êëàññ â Q = B × (−1,0) =⇒ U ≡ 0

Necas, Ruzicka, Sverak, 1995, Tsai, 1998

Ñêðûòàÿ ñêàëÿðíàÿ ñïåöèôèêà äëÿ Π = 1
2 |U |

2 + P + x
2 · U

17. Ïðîáëåìà íååäèíñòâåííîñòè â ýíåðãåòè÷åñêîì êëàññå

a(x) = λa(λx), a(x) ∼ M
|x|, a ∈ L2,loc(R3) =⇒ ∃u � àâòîìîäåëüíîå

ðåøåíèå �âïåðåä�

u(x, t) = 1√
t
U

(
x√
t

)
, ‖u(·, t)− a‖L2(K) → 0 t→ +0

Áóäåò ëè îíî åäèíñòâåííûì? � �ïîõîæå�, ÷òî íåò.

Jia, Sverak, 2015 Albritton, Brue, Colombo, 2022


