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Remark (Albert?) If T is a projective manifold/abelian variety
then the algebra End®(T) must be semisimple. In addition, if

E := End%(T) is a (number) field then E is either totally real or a
CM field (and in both cases End(T) is an order in E).
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and a surjective holomorphic homomorphism 7 : T — T, with
connected kernel such that:
m M(T)=M(T,), i.e., V meromorphic function f € M(T)
3l f, € M(T,) such that f = 7*(f;).
m Div(T) = Div(T,), i.e., V divisor D on T
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T, is a point < a(T) =0 <
m M(T) = C - no non-constant meromorphic functions;<=-
m Div(T) = {0} - no analytic susbspaces of codim 1. <=
m If £ is a nontrivial holomorphic line bundle on T then
HO(T,L) = {0} (Indeed, a nonzero section of L vanishes
precisely at a codim 1 subspace of T).
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1. A very general torus T has a(7T) =0 when g > 1.

Meaning: there is no good moduli space of tori of dimension
g > 1. But there is a “versal family”, i.e., there is a flat morphism
T : Xg — Bg of irreeducible complex spaces X, B, such that

m every fiber of 7 is a torus of dimension g,

m every torus of dimension g is isomorphic to a fiber of 7.

Tori with a(T) > 0 correspond to a countable union of certain
proper closed subsets of B,.

2. Properties of P! —bundles over T.

We studied the groups Bim(X) and Aut(X) (bimeromorphic and
biregular self-maps) of P1— bundles X over a torus T.

The cases a(T) > 0 and a(T) = 0 are drastically different.

(Will be discussed later)
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Let T=C8/I and ¢ € End(T). Let K = T /(+£1) be the
generalized Kummer manifold of 7. By blowing up the diagonal
and (the image) of the graph of ¢ in K x K, one gets the
compact complex manifold X.

Voisin proved that X cannot be deformed to a projective manifold
if ¢ enjoys the following

Conditions Let ¢r be the endomorphism of I' induced by ¢.

Then its characteristic polynomial 7(x) € Z[x] C Q[x] of degree
2g is irreducible (over Q) without real roots ; its Galois group is
the full symmetric group Sag. (Such a pair (T, ¢) is called a
scenic torus.)

If (T, @) is scenic then Voisin proved that the Picard number
p(T) of T is 0, hence T is non-algebraic. Actually,
p(T)=0= a(T)=0.
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For a very general torus T with g = dim(T) > 2 we have

a(T) =0, End%(T) =Q, Aut(T) = {+1}.

Thus, a very general torus is not special.

p(T) = 0 implies that a(T) = 0 but not vice versa

(Examples are in the book of Birkenhake-Lange)

Fact (Shimura-Taniyama, 1961) If End®(T) contains a CM field of
degree 2g then T is an abelian variety, i.e., a(T) = g.

Proposition (BZ, 2021) If End(T) ® Q contains a degree 2g
number field E such that

E does not contain a CM subfield, then a(T) = 0. Moreover there

exist a simple complex torus S witha(S) = 0 and a positive integer
r such that T is isogenous to S”".
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The Proposition provides a way to check that a(T) = 0 for a given
torus T (may be non-special).

Further in this talk we
m Explicitly construct special tori;
m Explicity construct an infinite family of non-isogeneous special

tori;

Construction is based on the following Theorem that mimicks the
construction of abelian varieties of CM type (Shimura-Taniyama).
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Theorem, (BZ, 2021)

Let g > 2 be an integer and E a degree 2g number field that
enjoys the following properties.

(i) E is purely imaginary;
(ii) E has no proper subfields except Q.

Choose any isomorphism of R-algebras
V:E:=E®qR— &% ,C=C8

and a Z-lattice A of rank 2g in E C Eg.

The isomorphism W provides Er with the structure of a
g-dimensional complex vector space.

Then the complex torus T = Tgy A = Egr/A is special and its
endomorphism algebra End®( T) is isomorphic to E.
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Dense set of special tori

Let
mg>2,

m E - a degree 2g number field that meets the Theorem
conditions;

m [ - an integer lattice of rank 2g in E;
m To = Tg v the corresponding complex torus of dimension g.
Take as A any subgroup of finite index in [ =
A is also an integer lattice of rank 2g in E C Eg —>
T = Tg,w is special and End®(T) = E.
{Tew} is precisely the isogeny class of Tg (up to an

isomorphism).
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Let X; — By be a versal family of complex tori of dimension g.
Its base By is a homogeneous GLog (IR)-space.

Each isogeny class is a GLog(Q)-orbit in Bg,
which is a dense subset of B, ,
because GLg(Q) is a dense subgroup of GLyg(R).

Thus each isogeny class is dense in the space Bg/GLog(Z) of
complex tori of dimension g. —

{Tewn} is dense =

The subset of all g-dimensional special tori is dense in the
“moduli space.”



Explicit Construction of E

Wanted:




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that
m f(x) has no real roots;




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;

m Gal(f) is a primitive permutation group.




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;

m Gal(f) is a primitive permutation group.
Remark If Gal(f) is doubly transitive then it is primitive.




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that
m f(x) has no real roots;
m Gal(f) is a primitive permutation group.
Remark If Gal(f) is doubly transitive then it is primitive.
If found:




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that
m f(x) has no real roots;
m Gal(f) is a primitive permutation group.
Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;
m Gal(f) is a primitive permutation group.
Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)
m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;




Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that
m f(x) has no real roots;
m Gal(f) is a primitive permutation group.
Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)
m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;
m E does not contain proper subfields except Q.



Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that
m f(x) has no real roots;
m Gal(f) is a primitive permutation group.
Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)
m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;
m E does not contain proper subfields except Q.
m If X be image of x € Q[x] in E,



Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;
m Gal(f) is a primitive permutation group.

Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)

m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;

m E does not contain proper subfields except Q.

m If X be image of x € Q[x] in E, {a1,a1,...,a,,08g} CC are
all the roots of f(x),



Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;
m Gal(f) is a primitive permutation group.

Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)

m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;

m E does not contain proper subfields except Q.

m If X be image of x € Q[x] in E, {a1,a1,...,a,,08g} CC are
all the roots of f(x), then

7j+ E = Q[x]/f(x)Q[x] = C, u(X) — u(cy)



Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;
m Gal(f) is a primitive permutation group.

Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)

m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;

m E does not contain proper subfields except Q.

m If X be image of x € Q[x] in E, {a1,a1,...,a,,08g} CC are
all the roots of f(x), then

7j+ E = Q[x]/f(x)Q[x] = C, u(X) — u(cy)

are the Q-algebra homomorphisms;



Explicit Construction of E

Wanted: an irreducible polynomial f(x) € Q[x], of degree 2g
such that

m f(x) has no real roots;
m Gal(f) is a primitive permutation group.

Remark If Gal(f) is doubly transitive then it is primitive.
If found: then (we prove this)

m the quotient E = Q[x]/f(x)Q[x] is a degree 2g purely
imaginary field;

m E does not contain proper subfields except Q.

m If X be image of x € Q[x] in E, {a1,a1,...,a,,08g} CC are
all the roots of f(x), then

7j+ E = Q[x]/f(x)Q[x] = C, u(X) — u(cy)

are the Q-algebra homomorphisms;



md:E—C8 3~ (11(B),...74(B)) is an injective Q-algebra
homomorphism;




md:E—C8 3~ (11(B),...74(B)) is an injective Q-algebra
homomorphism;

m ® extends to the isomorphism & : Er = C& of R-algebras.




md:E—C8 3~ (11(B),...74(B)) is an injective Q-algebra
homomorphism;

m & extends to the isomorphism & : Egr = C# of R-algebras.
mTake A\=Z-14+7Z-%+---+7-%286"1cE




md:E—C8 3~ (11(B),...74(B)) is an injective Q-algebra
homomorphism;

m ® extends to the isomorphism & : Er = C& of R-algebras.
mTake N\=Z-14+Z -%+ - +Z-%*61CE
Then ®(A) C C# is a lattice .




®:E— C8 3~ (11(B),...74(B)) is an injective Q-algebra
homomorphism;

® extends to the isomorphism & : Er = C& of R-algebras.
Take AN =Z -1+Z -%+---+Z-%€¢1CE

Then ®(A) C C# is a lattice .

By the Theorem,

T(f) = (Cg/q)(/\) = TE7¢.,/\

is a special torus.

Below we present such polynomials for every even degree 2g > 4.
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Truncated exponents

Let n > 1 be an integer. The truncated exponent is
expa(x) = Y7o % € Qlx] C RIx.

Properties

1. If n > 2 is an even integer then exp,(x) has no real roots.

2. Gal(exp,(x)) =S, or A,. (Schur, 1930).

3. Forn=2g>4: S, and A, are doubly transitive

Thus T(exp,,) is special g-dimensional complex torus with
endomorphism algebra (field) Ky = Q[x]/ expy, (x)Q[x].
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Selmer trinomials

selmog(x) = x% + x + 1 € Z[x] € Q[x] C R[x].

Properties

1. selmpg(x) does not have real roots.

2. Take g #1mod3 = 2g Z2mod 3 = selmyg(x) is
irreducible over Q (Selmer, 1956).

3. The coefficient at x and the constant term are relatively prime,
square free and coprime to both 2g and 2g — 1. —
Gal(selmog(x)) = Sog (Nart, Vila, 1979, Osada, 1987).

Thus for g 1 mod 3 the g-dimensional complex torus
T (selmyg) is special with endomorphism algebra

E = Mg := Q[x]/selmog (x)Q[x].
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Remark If g > 5 is not congruent to 1 mod 3 then g-dimensional
special complex tori T(exp,,) and T(selmyz) are not isogenous.

Indeed, suppose that they are isogenous.
Then their endomorphism algebras K, and M, are isomorphic.
But

1. All the ramification indices in the field extension Mz /Q do not
exceed 2 (Osada, 1987).

2. For K, there is a prime p that enjoys the following properties
(Z, 2003).
mg+1<p
m One of ramification indices over p in the field extension K;/Q
is divisible by p.
In particular, thisindex >p>g+1>5+41=6>2 —

Contradiction == The number fields Ky and M, are not
isomorphic. => The tori are not isogenous.
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Polynomials with doubly transitive Galois group.

The construction was inspired by so called Mori polynomials
(Mori, 1977; Z, 2016).
As above, g > 2 is an integer, hence 2g — 1 > 3. Let us fix
m a prime divisor / of 2g — 1,
m a prime p that is congruent to 1 modulo 2g — 1;
m an integer b that is not divisible by / and that is a primitive
root mod p;
m an integer ¢ that is not divisible by /.
We call such a (/, p, b, c) a g-admissible quadruple.
Remark Let g > 2 and / be any prime divisor of 2g — 1.
By Dirichlet’'s Theorem about primes in arithmetic progressions,
one can choose p.
By Chinese Remainder Theorem one can choose b —
there are infinitely many g-admissible quadruples (/, p, b, ¢).
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Mori polynomials

Consider a monic degree 2g polynomial
fé(X) = fg,l,p,b,c(x) = x%€ — bx — % € Z[l/l][x] C Q[X]
Lemma

(i) The polynomial fz(x) = fg,1p.b,c(X) is irreducible over the
field Qy of /-adic numbers and therefore over Q.

(ii) The Galois group Gal(fg) of fy(x) over Q is a doubly
transitive subgroup of permutation group of roots of f,(x)
(hence, is primitive)

(iii) The polynomial f;(x) has no real roots if and only if
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Now choose ¢ in such a way that inequality holds. Then a
g-dimensional complex torus

Tg,l,p,b,c = T(fg,l,p,b,c)

is special with endomorphism algebra

E = Lg = Lg,l,p,b,c = Q[X]/fg,l,p,b,c(X)Q[X]'

Using an additional information about the
ramification/discriminant of the field extension L, ;, p /Q, one
may build explicitly two sequences {b,} and {c,} such that

the number fields Lg ; p p,.c, are pairwise non-isomorphic.

That gives us a sequence of g-dimensional
special non-isogenous tori Tz, p, c,-
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P! —bundles over tori

Let T be a complex torus and X be a P!—bundle over T.
We consider the group Bim(X) of all bimeromorphic selfmaps of
X. There are two very different cases.

Case 1. a(T) =0 and X is not biholomorphic to T x P!. Then
(BZ, 2020)
m Bim(X) = Aut(X);
m the identity component Auty(X) of the complex Lie group
Aut(X) is commutative;
m there is a positive integer N such that #(B) < N for every
finite subgroup of Aut(X)/Auto(X).
(We say that Bim(X) is very Jordan).
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Take the algebraic model 7 : T — T, where

T, is the abelian variety with dim(7,) = a such that

M(T) = M(T),

m: T — T, is a holomorphic homomorphism.
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