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1. Diophantine approximants and
Functional analogues



Rational approximants of algebraic
numbers



Continued fractions for numbers
Notations for numbers:

Natural N; Integer Z; Rational Q; Algebraic A; Real R:
NcZcQc AcCcR
Eucledian Algorithm : « € Ry — Continued Fraction

{a/} in N (incomplete quotients):

1 1 1

o= 8+ .
ai+ a+ as+...

Convergents — Rational Approximants

L l::&6@.

a +
a1+an qn




Degree of approximation,
bounds from above and bellow

A Convergents C.F. are best approximants.

A Bound from above:
Theorem (Hurwitz-Markov). « ¢ Q = Jim.s.

-2

‘a——‘ < %q . p/q € {conver. c. f.} (a)

A Bound from bellow:
Theorem (Liouville). « € Ay, k=22 =

3C(a) :

a——‘ > C(e)q ™", Vp,qeqQ.



Thue-Siegel-Roth Theorem and S.A.IL

A Theorem (Thue-1909, Siegel-21, Dyson-47, Gelfond-48,
Roth-55). ae€e A =

Ve 3C(g,a) :

A Slowly Approximated Irrationalities A:
aeAd & =0 & 3C(a): an<C,Vne A

1 1 1
ai+ a+ az+...
A We have (Euler Lagrange) A, = Ay,

o= qp +

a€ A, k>2 777



Example o := /2

Numer. computation (A.Bruno 1964, S.Lang-72, A.A.-75)

1 1

g 1
S WIS I

ayp = 14;
asg = 543;
as;» = 7451;
deop = 4941;



Rational approximants of algebraic
functions



Rational approximants — continued fraction

A Given a germ

f(z) = i % c C((z™h) “ a€(0,1) CR,.

A Eucledian Algorithm :
f — Continued Fraction {§(2)}72,.:

1 1 1
f(z) = , LeP aeN
(2) 2+ b2+ B2 +... «a

A Convergents — Rational Approximants

1 1 pa(2)
t(2)+... t(2) " qn(2)

=m(2)eR < Q.



Kolchin’s conjecture (Functional TSR conjecture)

notations: Z(f) := ord zero f at oc;
vn(f) = sup,er, Z(f —r);
|flla := @ 4® for fixed a > 1.

Kolchin’s conjecture (1959):
f € A(z) or solution of alg. D.E. = Ve >0 3C(e,f):

(2n <,) wvp(f) < (24 ¢)n + C(f), neN.

S. Uchiyama (1961), Osgood (1984), Chudnovskies (1983,
1984), H.Stahl (1985)

n—o00 n



Chudnovskies:

"In the functional case, the solution of Kolchins problem, is
equivalent to the normality and the almost normality of
Pade approximations. ..."

The Wronskian Formalism for Linear Differential Equations
and Pade Approximants, ADVANCES IN MATHEMATICS
53, 28-54 (1984)



Gonchar — Chudnovskies conjecture e = 0

A Gonchar (1978), Chudnovskies(1984) conjecture:
fe A(z) = 3C(f):

vn(f) < 2n + C(f), neN.

A Chudnovskies: "We want to note that our conjecture
that ¢ = 0 in Kolchin’s problem is the feature of the
rational approximation problem in the functional case only.
For numbers it seems highly implausible that one can have
e=0."

A for algebraic functions (branch points are in a generic
position) validity of the G-Ch cojecture follows from Ap-Ya
result.



Joint project with
Maxim Yattselev (IUPUI and MCFAM)

Paper:
A. I. Aptekarev and M. L. Yattselev,

"Pade approximants for functions with branch points —
strong asymptotics of Nuttall-Stahl polynomials",

Acta Math., 215:2 (2015), 217 -280, (ArXiv 1109.0332)

+ preprints and papers in progress



2. Asymptotics of RA for
functions with branch points



Definition 1. RA — Pade Approximants

Diagonal Pade Approximants (PA)

=
m™(Z) = pn/qn  to  f= E Zk—ljr“
k=0

is defined as the best local approximants, i.e.
f(z) —m(z) —— > max order of zero at Zz = oc.

To determine g, we have the linear system

Rn(2) == qn(2)f(2) — pa(2) = O (1/2™") as z— o0



Definition 2. RA and Orthogonal Polynomials

A Cauchy theorem =

an(2)Z f(z)dz =0, j=0,...,n—1,

0D:DeDy

A A = 0D* — a finite union of analytic Jordan arcs =
p(t) = (FT = 1)(1), teA,

A which turns g, — non-hermitian orthogonal polynomials:

/qn(t)tfp(t)dt -0 j=0,....,n—1,
A



Definition 3. RA and MR-H problem
A Riemann- Hilbert problem:

R:_R;:(%p on A7

A Reminder function or second kind func.

R,(z) = A w %, Rn(z) = O<

A Fokas, Its, Kitaev

_ Qn R,
Y= ( mgn—1 mMR,_; >

A Matrix Riemann-Hilbert problem:

Y22 ¢ H(C\ A),
Y(z) = (I+ O(1)) diag(z",z7") , as z o0,

Zn+1> as N — oo.

Y =

Yoy [ 1 7) o A
0 1



Definition 4. RA — continued fraction

A Given a germ
00 fk
f(2) =2 se
k=0
A Eucledian Algorithm :

f — Continued Fraction {f(2)}72,:

1 1 1

2) =+ (2)+ L(2)+ BZ)+...

A Convergents — Rational Approximants

1 1 pa(2)
hZ)+... th(2)  au(z) mn(2) ,



Class of Functions — Functions with branch points

A f be an analytic (and multi-valued)
fe A(C\A), 1A<o,
A - branch points.

A Behavior of the poles of the diagonal PA ?

A Why it is interesting?
ap
as
5T

as

a
2 ay as



Weak asymptotics. Stahl’s Theorem
H. Stahl 1985-1986. f € A(C \ A) :
cap(A) = 0
A Why it is interesting? the existence of a domain D* € Dy ;

A weak (n-th root) asymptotics for the denominators gy

lim Lioglau(2) = V(). ze D
where V* := — [log |z — t| d\(t)
equilibrium measure A — minimizer /(n) := [ V¥*(z2) du(z):
I(\) = mln /
()= min 1)

A convergence in capacity.



Uniform convergence
Strong Asymptotics



Uniform convergence. Our goal:

the strong (or Szegd type) asymptotics

lim gn(z) =7 ze D",

n—oo

of the Nuttall-Stahl polynomials gp, i.e., of the
polynomials that are the denominators of the diagonal
Padé approximants for

fe A(C\ A), A — branch points, fA < co.

Motivation: Uniform convergence; Spurious poles; .....



Class of functions:

fe A(CC\A), A:=/{ag}, 2<tA<c.

» Restrictions:
(1) Character of singularities at {a;}
(/1) Disposition of the branch points {a;}
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Class of functions:

fe A(CC\A), A:=/{ag}, 2<tA<c.

» Restrictions:
(1) Character of singularities at {a;}
(/1) Disposition of the branch points {a;}

» (/) Algebro-logarithmic branching condition:
» (/l) General position condition:

E:{a«]’ap, b17bQ7}

a3



Class of functions. Restrictions:

» Algebro-logarithmic branching

(@)= [ 2L zeD

At—227ri’

p(Z) = Wi(Z)(Z — €k,1)™(Z — €k2)) 2,

Z € Dy, W, 1/Wk S H(Ak)

>



Class of functions. Restrictions:

» Algebro-logarithmic branching

(@)= [ 2L zeD

Alt—z27i0
p(2) = wk(2)(Z — €)™ (Z — ex2))*?,
z e Ak, Wi, 1/wy € H(Ak).
» GP “constellations”

—a a



Geometry. Green Function for D*

» ga the Green function for D*; G=9+ig



Geometry. Green Function for D*

» ga the Green function for D*; G=9+ig
> h(z) = G(2) = 14 = 2D
p
Az)=][(z-a), {a....,a}=ANE,
k=1

j=1 j=p—2m+1



Geometry. R the Riemann Surface for h

A %R — two copies of C are cut along Ag.

A {a,}Y_, and {bx}Y_, —> homology basis for %

AR =R\U%_ (axUby) and 9%R:=%R\U7_, ax
A fa,' dQy = dkx and fbi dQy =: Bjk, Lke{l,...,g},

AQk f ko, ZE%.



Geometry. "Mapping" Function for D*

A O(2) == exp {f; h(t)dt} . zeR

A
&t [ exp{2miwk} on a
&= | exp{2mitx} on by,
1 1
Wk = 5 h( fdt and 7k =5 h(t)dt,
A
V4

+0(1) as z—o0, [¢=1.



Jacobi Inversion Problem { t,; }j-g:1

g t . R
Z " dQ =¢,+ n(c? + BQF), (mod periods dQ) ,
b

=Y

where {bjm}f’:1 zeros of B(Zz),

2o 1 +\ A0
Cp -—2—7”790%(0/*7 )d<2,

and

—N—
A&
| Il
—~
U
N
L&
- =~ . \|



Szeg6 Functions Sp(2)
BVPin R\ L, =(L)=ALUJA_:

(D)
(Spd™) e M(R\ L), 38 e C(Lu CJ ax);
k=1
(IT)
(Sp®")” = (p/h")(S,o") " on L\E;
(IT)

S(t) =0, te {tu}li\ ({1 1L,):

(IV) Condition at {a;} [J{b;}



The result
» In D\ zeros S,

Qn

Ry

/N N

1 n
1io(1)) ser

1 h S
1+o(5)) 3o 200

Y



The result

» In D\ zeros S,

Qn

> In A




The result



Gonchar — Chudnovskies — Stahl conjecture
Riemann surface R — double of the extremal domain of
holomorphicity D*.

COROLLARY of the result for generic case:
f € A(z) + GP condition = 3C(f):

vo(f) < 2n + C(f), neN, C(f) < genk.

CONJECTURE for general case:

fe A(z) = 3C(f) < genR + degDiscrim(f):



Block struture of the Pade table
and

Block structure of the Jacobi Inv. Pr.



Block structure of the Pade table

f;
Ty = Prispal of index n for f(z) = Zio:ozk_ljﬂ

n
1
f—m=0 Z2n+1

n € N, is normal index

3(p, : degpp,=n—1, q, : degqg, = n)

do not have common factors.

BLOCK THEOREM: n and n+ k are consecutive n.i.

ﬂ-m:ﬂ-n, vme[rhn‘l’k).
Thus IF ne N, AND

A
(f=m)(2) = s+ AFO,

THEN K is size of the block.




Block struture of the Jacobi Inv. Pr.

n = YnSp®n, Ry~=nh Sr(11)¢(_n)
g _
Z / dQ = ?@ +n(W + By 7), (mod periods d ().
j=1

™)
b;

(No) ne No : OO(O) ¢ {tn,j}j']:1 .
0(0)

/dﬁ:ﬁ+5ﬁ.

oo

oo € {tr1,}4 = 00 € {tnj},



Block structure of the Jacobi Inv. Pr.

nn+keNg, n+/¢Ny, I=1,...

then

tn _ {tn/}g k+1 {(00(1))k71} 7

and

e = {177 {00 T U{(O)} 1 =1,

moreover
e 0
bk & 00(©)

7k_17

(b)) < o0,



3. About proofs and new
directions



Geometry. Riemann surface R

A Stahl theorem (fA < 00) -> Ixistence, properties of A

A Szego function and BVP on R
E.I. Zverovich. Boundary value problems in the theory of

analytic functions in Holder classes on Riemann surfaces.
Russian Math. Surveys, 26(1):117-192, 1971.

A Theta functions

D. Mumford, Tata Lectures on Theta I, volume 28 of
Progress in Mathematics. Birkhduser, Boston, 1983.



MRHP. Statement

Let ) be a 2 x 2 matrix function:
(a) Y is analytic in C\ A and lim Y(2)z™""% = Z, where Z

Z—00
is the identity matrix;
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MRHP. Statement

Let ) be a 2 x 2 matrix function:
(a) Y is analytic in C\ A and lim Y(2)z™""% = Z, where Z
Z—00
is the identity matrix;

(b) Y has continuous traces on each Ax that satisfy

1
y+=y_(0 f);

(¢) Y is bounded near each e € E \ A and the behavior of
Y near each e € A is described by

( 1 |z — el .
0(1 |Z—e|ae)’ if e <O,

1 log|z — €| . _ *
O(1 Iog|Z—e|>’ if ae=0, as D'>3z—e

1 1 .
\0(1 1), if ae>0,




MRHP. Transformations

» Normalization by ®";



MRHP. Transformations

» Normalization by ®";

» Opening global lenses:




MRHP. Global BVP

> Statement
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MRHP. Global BVP

» Statement
(a) N is analytic in D, and N(c0) = Z;
(b) N has continuous traces on |JAx U AZ? that
satisty:
(1) Ny = N_e 2™« on each AZ;

0 e2ﬂ'l'n(§k
(2) Ny =AN_ ( _e—27rin5k/p 0 g ) on each Ag;



MRHP. Global BVP

> Statement
(a) N is analytic in D, and N(c0) = Z;
(b) N has continuous traces on |JAx U AZ? that

satisty:

(1) Ny = N_e 2™« on each AZ;

(2) Ny =N_ ( _e—22in5k/p ehgékp ) on each Ag;
» Solution

N = Const(c0) < Tnf f” St 1S, St )

*



MRHP. Local BVPs

» Univalent end

&

AV4
N

o F = = E DA



MRHP. Local BVPs

» Univalent end

» Trivalent ends A

F = = E DA



MRHP. Final BVPs
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