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1. Diophantine approximants and

Functional analogues



Rational approximants of algebraic

numbers



Continued fractions for numbers
Notations for numbers:

Natural N; Integer Z; Rational Q; Algebraic A; Real R:

N ⊂ Z ⊂ Q ⊂ A ⊂ R

Eucledian Algorithm : α ∈ R+ → Continued Fraction

{al} in N (incomplete quotients):

α = a0 +
1

a1+

1
a2+

1
a3 + . . .

.

Convergents � Rational Approximants

a0 +
1

a1 + . . .

1
an

:=
pn

qn
∈ Q .



Degree of approximation,
bounds from above and bellow

N Convergents C.F. are best approximants.

N Bound from above:
Theorem (Hurwitz-Markov). α /∈ Q ⇒ ∃ i.m.s.
∣∣∣∣α−

p
q

∣∣∣∣ 6
1√
5

q −2, p/q ∈ {conver. c. f.} (α)

N Bound from bellow:
Theorem (Liouville). α ∈ Ak , k > 2 ⇒

∃C(α) :

∣∣∣∣α−
p
q

∣∣∣∣ > C(α) q −k , ∀p, q ∈ Q.



Thue�Siegel�Roth Theorem and S.A.I.

N Theorem (Thue-1909, Siegel-21, Dyson-47, Gelfond-48,
Roth-55). α ∈ A ⇒

∀ε ∃C(ε, α) :

∣∣∣∣α−
p
q

∣∣∣∣ >
C

q2 +ε
, ∀p, q ∈ Q.

N Slowly Approximated Irrationalities Ã:
α ∈ Ã ⇔ ε = 0 ⇔ ∃C(α) : an < C, ∀n ∈ A

α = a0 +
1

a1+

1
a2+

1
a3 + . . .

.

N We have (Euler�Lagrange) A2 ≡ Ã2,

α ∈ Ak , k > 2 ???



Example α :=
3
√

2

Numer. computation (A.Bruno 1964, S.Lang-72, A.A.-75)

α = 1 +
1

3+

1
1+

1
5+

1
1 + . . .

.

a10 = 14;
a36 = 543;

a572 = 7451;
a620 = 4941;



Rational approximants of algebraic

functions



Rational approximants � continued fraction

N Given a germ

f (z) =
∞∑

k=0

fk
zk+1 ∈ C((z−1)) ↔ α ∈ (0, 1) ⊂ R+.

N Eucledian Algorithm :
f → Continued Fraction {tl(z)}∞l=1,:

f (z) =
1

t1(z)+

1
t2(z)+

1
t3(z) + . . .

, tl ∈ P ↔ al ∈ N

N Convergents � Rational Approximants

1
t1(z) + . . .

1
tn(z)

:=
pn(z)

qn(z)
= πn(z) ∈ R ↔ Q .



Kolchin's conjecture (Functional TSR conjecture)

notations: Z (f ) := ord zero f at∞;

νn(f ) = supr∈Rn
Z (f − r);

‖f‖a := a−Z (f ) for �xed a > 1.

Kolchin's conjecture (1959):
f ∈ A(z) or solution of alg. D.E. ⇒ ∀ε > 0 ∃C(ε, f ):

( 2n 6 , ) νn(f ) < (2 + ε)n + C(f ), n ∈ N .

S. Uchiyama (1961), Osgood (1984), Chudnovskies (1983,
1984), H.Stahl (1985)

lim
n→∞

νn(f )

n
= 2 .



Chudnovskies:

"In the functional case, the solution of Kolchins problem, is
equivalent to the normality and the almost normality of
Pade approximations. ..."

The Wronskian Formalism for Linear Di�erential Equations
and Pade Approximants, ADVANCES IN MATHEMATICS
53, 28-54 (1984)



Gonchar � Chudnovskies conjecture ε = 0

N Gonchar (1978), Chudnovskies(1984) conjecture:
f ∈ A(z) ⇒ ∃C(f ):

νn(f ) 6 2 n + C(f ), n ∈ N .

N Chudnovskies: "We want to note that our conjecture
that ε = 0 in Kolchin's problem is the feature of the
rational approximation problem in the functional case only.
For numbers it seems highly implausible that one can have
ε = 0."

N for algebraic functions (branch points are in a generic
position) validity of the G-Ch cojecture follows from Ap-Ya
result.



Joint project with
Maxim Yattselev (IUPUI and MCFAM)

Paper:

A. I. Aptekarev and M. L. Yattselev,

"Pade approximants for functions with branch points �
strong asymptotics of Nuttall-Stahl polynomials",

Acta Math., 215:2 (2015), 217 -280, (ArXiv 1109.0332)

+ preprints and papers in progress



2. Asymptotics of RA for

functions with branch points



De�nition 1. RA � Pade Approximants

Diagonal Pade Approximants (PA)

πn(z) = pn/qn to f =
∞∑

k=0

fk
zk+1 ,

is de�ned as the best local approximants, i.e.

f (z)− π(z) −− > max order of zero at z =∞.

To determine qn we have the linear system

Rn(z) := qn(z)f (z)− pn(z) = O
(
1/zn+1) as z →∞



De�nition 2. RA and Orthogonal Polynomials

N Cauchy theorem ⇒
∫

∂D:D∈Df

qn(z) z j f (z) dz = 0 , j = 0, . . . ,n − 1,

N ∆ = ∂D∗ � a �nite union of analytic Jordan arcs ⇒

ρ(t) = (f + − f−)(t), t ∈ ∆,

N which turns qn � non-hermitian orthogonal polynomials:
∫

∆

qn(t) t j ρ(t) dt = 0. j = 0, . . . ,n − 1,



De�nition 3. RA and MR-H problem
N Riemann- Hilbert problem:

R+
n − R−n = qn ρ on ∆,

N Reminder function or second kind func.

Rn(z) =

∫

∆

qn(t)ρ(t)

t − z
dt
2πi

, Rn(z) = O
(

1
zn+1

)
as n→∞.

N Fokas, Its, Kitaev

Y =

(
qn Rn

mqn−1 mRn−1

)

N Matrix Riemann-Hilbert problem:

Y :=





Y 2×2 ∈ H(C \∆),

Y (z) = (I + O( 1
z )) diag(zn, z−n) , as z 7→ ∞,

Y+ = Y−

(
1 ρ

0 1

)
on ∆.



De�nition 4. RA � continued fraction

N Given a germ

f (z) =
∞∑

k=0

fk
zk+1 ,

N Eucledian Algorithm :

f → Continued Fraction {tl(z)}∞l=1:

f (z) =
1

t1(z)+

1
t2(z)+

1
t3(z) + . . .

.

N Convergents � Rational Approximants

1
t1(z) + . . .

1
tn(z)

:=
pn(z)

qn(z)
= πn(z) ,



Class of Functions � Functions with branch points

N f be an analytic (and multi-valued)

f ∈ A(C \ A) , ]A <∞,

A - branch points.

N Behavior of the poles of the diagonal PA ?

N Why it is interesting?
a1

a2

a3

a4

a1

a2

a3
b1



Weak asymptotics. Stahl's Theorem

H. Stahl 1985-1986. f ∈ A(C \ A) :

cap(A) = 0

N Why it is interesting? the existence of a domain D∗ ∈ Df ;

N weak (n-th root) asymptotics for the denominators qn

lim
n→∞

1
n

log |qn(z)| = −V λ(z), z ∈ D∗,

where V λ := −
∫

log |z − t |dλ(t)
equilibrium measure λ � minimizer I(µ) :=

∫
V µ(z) dµ(z):

I(λ) := min
µ(∆)=1

I(µ);

N convergence in capacity.



Uniform convergence

Strong Asymptotics



Uniform convergence. Our goal:

the strong (or Szeg�o type) asymptotics

lim
n→∞

qn(z) = ? z ∈ D∗,

of the Nuttall-Stahl polynomials qn, i.e., of the
polynomials that are the denominators of the diagonal
Pad�e approximants for

f ∈ A(C \ A) , A− branch points, ]A <∞.

Motivation: Uniform convergence; Spurious poles; .....



Class of functions:

f ∈ A(C \ A) , A := {aj}, 2 ≤ ]A <∞.

I Restrictions:
(I) Character of singularities at {aj}
(II) Disposition of the branch points {aj}

I (I) Algebro-logarithmic branching condition:

I (II) General position condition:
∆ = C \ D∗ = E ∪⋃∆k ,
E = {a1, . . .ap, b1, . . .bq, } a1

a2

a3a4

a5 a6

b1b2
∆1

∆2∆4

∆3∆5 ∆6
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Class of functions. Restrictions:

I Algebro-logarithmic branching

f (z) :=

∫

∆

ρ(t)

t − z
dt
2πi

, z ∈ D∗.

ρ(z) := wk (z)(z − ek ,1)αk,1(z − ek ,2))αk,2 ,

z ∈ ∆k , wk , 1/wk ∈ H(∆k ).

I GP �constellations�

−ā

−a

a

ā

b

−ā

−a

a

ā

−b b

−ā

−a

a

ā

b

−ā

−a

a

ā

−b b
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ā

b

−ā

−a

a

ā
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−ā
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a

ā

b

−ā

−a

a

ā
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Geometry. Green Function for D∗

I g∆ the Green function for D∗; G := g + i g̃

I h(z) := G′(z) = 1
z + · · · =

√
B(z)
A(z)

,

A(z) :=

p∏

k=1

(z − ak ), {a1, . . . ,ap} := A ∩ E ,

B(z) =

p−2m∏

j=1

(z − bj)

g∏

j=p−2m+1

(z − bj)
2.



Geometry. Green Function for D∗

I g∆ the Green function for D∗; G := g + i g̃

I h(z) := G′(z) = 1
z + · · · =

√
B(z)
A(z)

,

A(z) :=

p∏

k=1

(z − ak ), {a1, . . . ,ap} := A ∩ E ,

B(z) =

p−2m∏

j=1

(z − bj)

g∏

j=p−2m+1
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2.



Geometry. R the Riemann Surface for h

N R � two copies of C are cut along ∆k .

N {ak}g
k=1 and {bk}g

k=1 �> homology basis for R:

D(0)

a1

a2

a3a4

a5 a6

b1b2

b1

b2
b3

a1

a2

a3

N R̃ := R \⋃g
k=1(ak ∪ bk ) and R̂ := R \⋃g

k=1 ak

N
∮

aj
dΩk = δjk and

∮
bj

dΩk =: Bjk , j , k ∈ {1, . . . ,g},

N Ωk (z) :=
∫ z

a1
dΩk , z ∈ R̃.



Geometry. "Mapping" Function for D∗

N Φ(z) := exp
{∫ z

a1
h(t)dt

}
, z ∈ R̃.

N
Φ+

Φ−
=

{
exp{2πiωk} on ak

exp{2πiτk} on bk ,

ωk := − 1
2πi

∮

bk

h(t)dt and τk :=
1

2πi

∮

ak

h(t)dt ,

N

Φ(z) =
z

ξcap(∆)
+ O(1) as z →∞, |ξ| = 1.



Jacobi Inversion Problem { tn,j }g
j=1

g∑

j=1

∫ tn,j

b(1)
j

d~Ω ≡ ~cρ + n
(
~ω + BΩ~τ

)
,
(
mod periodsd~Ω

)
,

where {b(1)
j }

g
j=1 zeros of B(z),

~cρ :=
1

2πi

∮

L
log(ρ/h+) d~Ω ,

and

{
~ω :=

(
ω1, . . . , ωg

)T
,

~τ :=
(
τ1, . . . , τg

)T
,



Szeg�o Functions Sn(z)

BVP in R \ L , π(L) = ∆+

⋃
∆− :

(I)

(SnΦn) ∈M(R \ L) , ∃ S±n ∈ C(L ∪
g⋃

k=1

ak ) ;

(II)

(SnΦn)− = (ρ/h+)(SnΦn)+ on L \ E ;

(III)

S(t) = 0 , t ∈ {tn,j}g
j=1 \

(
{aj}p

j=1 ∪ {b
(1)
j }

g
j=1

)
;

(IV) Condition at {aj}
⋃{bj}



The result

I In D\ zeros Sn





qn =

(
1 + O

(
1
n

))
γn Sn Φn ,

Rn =

(
1 + O

(
1
n

))
γn

h S(1)
n

Φn ,

I In ∆




qn =

(
1 + O

(
1
n

))
γn
(
(SnΦn)+ + (SnΦn)−

)
,

R±n =

(
1 + O

(
1
n

))
γn

(
hS(1)

n

Φn

)±
,



The result

I In D\ zeros Sn





qn =

(
1 + O

(
1
n

))
γn Sn Φn ,

Rn =

(
1 + O

(
1
n

))
γn

h S(1)
n

Φn ,

I In ∆




qn =

(
1 + O

(
1
n

))
γn
(
(SnΦn)+ + (SnΦn)−

)
,

R±n =

(
1 + O

(
1
n

))
γn

(
hS(1)

n

Φn

)±
,



The result

f − πn =
Rn

qn
. ==>

f − πn =

[
1 + O

(
1
n

)]
S(1)

n

Sn

h
Φ2n



Gonchar � Chudnovskies � Stahl conjecture

Riemann surface R � double of the extremal domain of
holomorphicity D∗.

COROLLARY of the result for generic case:

f ∈ A(z) + GP condition⇒ ∃C(f ):

νn(f ) < 2 n + C(f ), n ∈ N , C(f ) 6 genR.

CONJECTURE for general case:

f ∈ A(z) ⇒ ∃C(f ) 6 genR + degDiscrim(f ):



Block struture of the Pade table

and

Block structure of the Jacobi Inv. Pr.



Block structure of the Pade table

πn :=
pn

qn
is P.A. of index n for f (z) =

∑∞
k=0

fk
zk+1

f − πn = O
(

1
z2n+1

)

n ∈ Nni is normal index
∃ (pn : deg pn = n − 1, qn : deg qn = n)
do not have common factors.

BLOCK THEOREM: n and n + k are consecutive n.i.

πm = πn , ∀m ∈ [n,n + k) .

Thus IF n ∈ N, AND

(f − πn)(z) =
A

zn+k + . . . , A 6= 0 ,

THEN k is size of the block.



Block struture of the Jacobi Inv. Pr.

qn ≈ γnSnΦn , Rn ≈ γn h S(1)
n Φ(−n)

g∑

j=1

tn,j∫

b(1)
j

dΩ ≡ −→c ϕ + n(−→ω + BΩ
−→τ ) , (mod periods d

−→
Ω ) .

(N0) n ∈ N0 : ∞(0) /∈ {tn,j}g
j=1 .

∞(0)∫

∞(1)

d
−→
Ω = −→ω + BΩ

−→τ .

∞(1) ∈ {tn−1,j}g
j=1 ⇒∞(0) ∈ {tn,j}g

j=1



Block structure of the Jacobi Inv. Pr.

n, n + k ∈ N0 , n + l /∈ N0 , l = 1, . . . , k − 1 ,

then

~tn = {tn,j}g−k+1
j=1 ∪ {(∞(1))k−1} , π(tn,j) <∞ ,

and

~tn+l = {tn,j}g−k+1
j=1 ∪{(∞(1))k−1−l}∪{(∞(0))l} , l = 1, . . . , k−1 ,

moreover
~tn+k /∈ ∞(0) ,



3. About proofs and new

directions



Geometry. Riemann surface R

N Stahl theorem (]A <∞) -> ∃xistence, properties of ∆

N Szego function and BVP on R

E.I. Zverovich. Boundary value problems in the theory of
analytic functions in H�older classes on Riemann surfaces.
Russian Math. Surveys, 26(1):117�192, 1971.

N Theta functions

D. Mumford, Tata Lectures on Theta I, volume 28 of
Progress in Mathematics. Birkh�auser, Boston, 1983.



MRHP. Statement
Let Y be a 2× 2 matrix function:

(a) Y is analytic in C \∆ and lim
z→∞
Y(z)z−nσ3 = I, where I

is the identity matrix;

(b) Y has continuous traces on each ∆k that satisfy

Y+ = Y−
(

1 ρ
0 1

)
;

(c) Y is bounded near each e ∈ E \ A and the behavior of
Y near each e ∈ A is described by




O
(

1 |z − e|αe

1 |z − e|αe

)
, if αe < 0,

O
(

1 log |z − e|
1 log |z − e|

)
, if αe = 0,

O
(

1 1
1 1

)
, if αe > 0,

as D∗ 3 z → e.
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MRHP. Transformations

I Normalization by Φn;

I Opening global lenses:

∆e,3

∆e,2

∆e,1

�∆e,3

�∆e,2

�∆e,1

+ −

+ −

+
−+−

+−
+−

∆1+ ∆1−

∆2+

∆3−

∆3+

∆2−∆4+
∆4−

∆5−∆5+ ∆6− ∆6+

∆a
1

∆a
2

∆a
3
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+ −

+
−+−

+−
+−

∆1+ ∆1−

∆2+

∆3−

∆3+

∆2−∆4+
∆4−

∆5−∆5+ ∆6− ∆6+

∆a
1

∆a
2

∆a
3



MRHP. Global BVP

I Statement
(a) N is analytic in Da and N (∞) = I;
(b) N has continuous traces on

⋃
∆k ∪

⋃
∆a

k that
satisfy:
(1) N+ = N−e−2πinωkσ3 on each ∆a

k ;

(2) N+ = N−

(
0 e2πinδkρ

−e−2πinδk /ρ 0

)
on each ∆k ;

I Solution

N = Const(∞)

(
Tn/SρSn

τ hSρSn
τT ∗n

∗ ∗

)
.
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MRHP. Final BVPs
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