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Boltzmann QFT

Zero dimensional case
p=a+a"

where a and a* satisfy the following relation
aat =1. O.W .Greenberg'91

This algebra has a realization in the free (or Boltzmannian) Fock
space generated by the vacuum |0), a|0) = 0, and n-particle states

n) = (a")"|0).

A free n-point Green's function is defined as the vacuum expectation
of n-th power of master field

G\ = (0¢"|0) (%)

The Green's function (*) is given by a n-th moment of Wigner's
distribution D.Voiculescu et al’92 Free random variables
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Boltzmann QFT

2 I
G = / A A/ E C.L) I

2 2m nl(n+1)!

e Representation (**) can be also obtained as a solution of the
Schwinger-Dyson equations

0 0 0
G2(n) = Z G2(m)72 G2(n)72m (* * *)

m=1
o Interacting Green's functions are defined as |A,Zubarev'95
Gn = (018" (1 + Sine(¢))1|0) (% #x)

In contrast to the ordinary QFT where one deals with the exponent
of an interaction, here we deal with the rational function of an
interaction. Under natural assumptions the form (****) is unique
one which admits Schwinger-Dyson-like equations.
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Boltzmann QFT

Let us consider an algebra generated by operators A(p) and AT (p)
satisfying the relations

A(p)AT(q) = 6P (p - q)

One can realized this algebra in a space which is an analogue of the
usual Fock space. This space is generated by the vacuum vector
|0 >, A(p)|0 >= 0 and n-particle states of n non-identical particles,

|P1y P >= AT (p1)...AT (pn)|0 >

There is no symmetization or antisymmetrization as in the Bose or Fermi cases.
We shall call this Fock space the Boltzmannian Fock space (it is also called the
free Fock space).

One defines

d(x) =t (x) + ¢ (x) = (A+(p)eipX+A(p)e,,-pX)

1
(2m)Pr2 )/ 2+

and therefore

1 db .
< 00¢(x)8()|0 >= Dlx —¥) = -5 / P2 +'fng el

Irina Aref’eva Wormholes/Boltzmann Fields Duality ChSI-60, 2022

4 /27



Boltzmann QFT

To calculate the n-point correlation function one has to apply a
Boltzmannian Fock space analog of the ordinary Wick theorem. The
specific feature of the Wick theorem in this case is that for a given
diagram one has not additional symmetry factors related with that an
annihilation operator can be contracted with any creation operator on the
right. In the Boltzmannian Fock space an annihilation operator can been
contracted only with a nearest creation operator on the right.

O QO - o= milOO-“OOO-" O
Tom T Toj+1

Rainbow diagrams
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Boltzmann QFT and Matrix QFT

Let us compare correlation functions

1
m — ©)
< 0|¢p(om)-..d(x1)|0 >  and Jim S < tr(M0em)...M(x1)) >
Lo | e T TR

_I‘?mo ..... 0= Xk ©0© O;,:Z?HO © Lam Ty T2l+1
Wick theorem in the Bolzmannian Wick theorem for rainbow graphs in free
Fock space matrix theory

We get

Jim e <t (Msam)... M) >O=< 0g(xom)...60)[0 >
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Boltzmann Field as Master Field for Matrix QF T
1A, 1.Volovich

e To construct the master field for interacting QFT we have to work
in M19~1 and use the Yang-Feldman formalism.

e Let us consider a model of an Hermitian scalar matrix field
M(x) = (Mjj(x)), i,j =1, ..., N with the field equations

(O+mIME) = J(x)  J(x) = =M (x)

e The Yang-Feldman equation

M(x) = MM (x) + / D (x — y)J(y)dy

Det(x) = - LR
() = (2r)* ) m? — k? — iekO

is the retarded Green function and M(")(x) is a free matrix Bose
field.
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Master Field for Interacting Matrix Scalar Field

e The U(N)-invariant Wightman functions are defined as

W(x1, ..oy xk) =

I < 0ftr(M(x1)...M(x4))|0 > (%)
where |0 > is the Fock vacuum for the free field M(")(x).

Theorem. At every order of perturbation theory in the coupling constant
one has the following relation

lim W(x,...,xk) =< 0]¢(x1)...0(x)]0 >

N—oo

where
6(x) = ¢ (x) + / D (x — )iy J(x) = —g6*(x)

The master field ¢(x) has no matrix indexes.
The proof of the theorem see in (IA+1V'95)
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Few calculations in D = 0 for Boltzmann QFT

G = (016" (1 + Vine(¢))10) (5 k)

Advantages — closed for of nonlinear equations. Vj,: = g¢*

—8Go(8)Ga(g) + Go(g) — 8G2(g)” — Ga(g) =0

Comparison with the full matrix case

Solution: G
G V2 14l — o2
0 = e — o4g)
VI T 1+ 1 " o)

1.0
1 GP4[g]
G2 Zf(VZ/MMg+1+1—2) .
g

Gy = ll_L
g VVibg +1+1

Irina Aref’eva Wormholes/Boltzmann Fields Duality ChSI-60, 2022

9/ 27



GO, 4 g-17>0

Few calculations in D = 0 for Boltzmann QFT

Planar theory Vipe(M) = £Tr(M*) — uTr(M?)

G2,4 g-47>0

Correlations for Boltzmann Higgs model Vi, (¢) = £¢* — u
I

G4,4 g->0
2

9
Irina Aref’eva

9

2¢2

G4, -4 grP>0
N

2 . w
% U N 3 i = ; " o
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JT gravity and matrix models

It has been shown by Saad, Shenker and Stanford (SSS, '19) that
the genus expansion of a certain matrix integral generates the
partition functions of JT, Jackiw, 1984, Teitelboim,1983, quantum
gravity on Riemann surfaces of arbitrary genus with an arbitrary
fixed number of boundaries.

It is shown that an important part of JT quantum gravity is reduced
to computation of the Weil-Petersson volumes of the moduli space
of hyperbolic Riemann surfaces with various genus and number of
boundaries, for which Mirzakhani'13 established recursion relations.
Eynard and Orantin '07 proved that Mirzakhani's relations are a
special case of random matrix recursion relations with the spectral
curve y = sin(2nz) /4.

This is a natural extension of results on topological gravity, Witten,
1991.

Relation of random matrices and gravity, including black hole
description, has a long history.
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JT gravity and matrix models

e The results of Saad, Shenker and Stanford provide a nonperturbative
approach to JT quantum gravity on Riemann surfaces of various
genus and perturbative description of boundaries.

e We use an extension of this result for nonperturbative studying of
gas of baby universes in JT gravity.

e To investigate the boundaries nonperturbatively we explore the
generating functional of boundaries in the matrix model and in JT
gravity.
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JT quantum gravity/matrix models duality

Let Z&7V(B1, ..., Bn) be the JT gravity path integral for Riemann
surface of genus g > 2 with n boundaries with lengths (1, ..., B,.

Consider a generating function for these functions
oo
28 (Br, - Briv) = Y VET2ES (B, oo, Bn) (1)
g=0

where 7 is a constant.

The following remarkable relation between correlation functions in
MM and JT gravity holds (Saad, Shenker and Stanford, '19):

2o (B, e, B v) 2 ZE (B ey Bni ) (2)

Here Zmatrix.ds-(3, . B,:v) is the double scaling (d.s.) limit of the
correlation function in a matrix model with the spectral curve
mentioned above.

This form of the curve was obtained in SSS by computing the JT
path integral for the disc.
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Generating functional
.A., .Volovich, '19

e Generating functional for the gravitational correlation functions
Zﬁrav(ﬁh ceey 6n; ’Y)

0 1 oo e}
28 () =S = | dBi... | dB.ZE™(Br,.... B L J(B,
G =Dy [ e [ 992 s B30 5)

where J(3) is a source function.

e An appropriate generating functional in matrix theory has the form

3matrix(J) = < eNfZ(ﬁ)J(B)dB >
= Z’V, YL L S AR VEN B

Here Z(3) = Tre=”M where M is a random N x N Hermitian matrix.
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Shift of the potential

e This amounts to shifting the potential in the matrix model

V(x) = V(x) = J(x)

where J(x) is the Laplace transform of J(§).

o We define the generating functional for connected correlation
functions )
i
W Iogsma fIX(J) (3)
e Take the double scaling limit introducing the parameter v and
obtain the relation between JT gravity and the matrix model in
terms of the generating functionals:

®matrix(J) — _

d.s. lim &™X(J) =~ 38V(J; ) (4)

The "~" symbol indicates the equality in the sense of formal series.
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Generating functional in matrix models

We consider ensemble of N x N Hermitian matrices with potential
V(M). Let

N
Z(B) = Tre "M = Zexp(—ﬁ/\;), 8> 0.
i=1

where )\; are eigenvalues of the matrix M. The n-point correlation
function of Z(8) in the matrix model is given by

ZPX(By, ..y Bn) =< Z(B1)-.Z(Bn) >
= /Z(ﬁl)...Z(ﬁn)exp(—NTrV(l\/I))dM//exp(—NTrV(l\/I))dl\/l

Its generating functional can be presented as
3matrix(J) NfZ BB < — Z /Zmatnx ﬁ ﬁn HJ 5] dp:
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Generating functional in matrix models

3matrlx( /exp{NZJ }d,UN A1, )\N)

where

N

1 .
dN’N()‘la"')\N) = 7NH(AJ —)\k)zl_[efNV()‘J)’
>k j=1

.
—~

>
N2

|

/ dpJ(B)ePdp

This amounts to shift the potential V/(x) — V/(x) — J(x).
One expands &(J) = log 3™ (J) to get the connected correlation
functions

o0

() =3 % / RS | EEALE

n=0
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Generating functional in JT gravity.

e The Euclidean action in JT gravity

=5 o ]2 f mn e [ o]

Here g, is a metric on a two dimensional manifold M,
¢ is a scalar field (dilaton), Sp is a constant

e The path integral for Riemann surface of genus g > 2 with n
boundaries with lengths (1, ..., 3, reads

~ D Do -
gfaV — a—S0x Ky Iirlgun 4
Zgin (Br s Bn) = e / Vol(diff) € *

x is the Euler characteristic x = 2 — 2g — n and I;7 is the JT action
with the first Sg term left out.

o Relation between the matrix model and JT gravity (SSS):

Zign’itrind.s‘(ﬁl’ “'7ﬁn) Zgrav(ﬁl’. wﬁn)
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Partition functions in JT and the WP volume of the
moduli space

o0

Z,%rav(ﬁly " /Bn) ~ Z(e_50)2g+n—2z,§fi"(ﬁlv ey ﬁn) (5)

g=0
According Saad, Shenker and Stanford, '19

ZEn" (B s Bn) = / Ven(br - ba) | [ Z56T (B, bi) bicb
b; >0

where (g > 2), Vg n(b1, ..., by) is the Weil-Petersson (WP) volume of the
moduli space of a genus g Riemann surface with n geodesic boundaries
of lengths by, ..., b, and

1 »?

Ze ™™ (B, b) = 27172172 e .
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Partition functions in JT and the WP volume of the

moduli space

rav _ - 1 75 2g+n—2 rav
287 (J) = ;n 0)2etn— ,>oZ§’ﬁ (Bus -, Ba) [ [ 4(87)dBi
- 1 75 2g+n—2
= Zm 0)2%8 (b1, ..., by HJ )bidb;,
n=0
where

~ 1 b2
J6) = [ by FA0)

and the generating functional

gra v § zgra v

Finally, .
d.s.limlog 3M"%(J) ~ 38™Y(J)
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Partition functions in MMT and the WP volume of the
moduli space

Similarly, the correlation functions W™t are related with volumes of
g:n
the moduli spaces as

Wgﬁtrix(zl,...,zn):/ Vien(b1, ..o, b). [ [ €% bidb;
b;>0

The generating functional is

Z’Rg Z p / Wmatnx "’Z")H f(z,-)dz,-
Z%/ Vg" by, ..., n)HF(bl)b,db,

n=0 i
where

f(b) = / dze b f(z). (6)
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Baby universes.

In cosmology, one usually deals with baby universes that branch off from,
or join onto, the parent(s) Universe(s). In matrix theories one parent is a
connected Riemann surface with arbitrary number of handles and at least
one boundary.
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Baby universes.

In cosmology, one usually deals with baby universes that branch off from,
or join onto, the parent(s) Universe(s). In matrix theories one parent is a
connected Riemann surface with arbitrary number of handles and at least
one boundary.

\ N\
P T \omEP
T B vy 7 N \ 7

f Vialby ) 7 [ Vistty by |
) o = | s |

7 / ’ \ /

Gas of baby universes. Here |81| >> |§;| for i > 2 and b; < b, for i > 2

P A
U7/ e 7y Vaalby, by)

v

Two parents connected by the wormhole
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Deformation of MM by an exponential potential

m?x?

2

U(x) = Wo(x) + Vi(x) = + Je“x

J<0, w>0
\Y
\/-\\ R

Perturbations of the gaussian ensemble by the exp. potential V; = Je“*

To shift A — A+ 6 add linear term V/(x) = mz(%x2 + O+ JewX)
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Deformation of MM by an exponential potential

o€, w=1,A=51015

150

— o.As5
— 0/200,A=10
100 e

—— /2000, A=15

50

Non—normalized density plot for the exponential potential with negative

w=—1.
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Deformation of Wigner density by an exponential potential

pnn(>‘) = pw()‘v A) + Jpe‘“()‘v A, w)

[%
04p  ammmmmemmmeee
R N S~
0.2 N — J=-0.07
\
R \ J=-0.05
00 ; B 3A J=-0.03
—— J=-0.02
-0.2
-------- Jor =-0.013
o —— J=-001
——— J=-0.005
o8f NS =0

The plot of non—normalized density for the quadratic potential deformed
by the exp. potential for different values of the regularization parameter
JAN=5 w=1
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Conclusion

e Relations between matrix model and Boltzmann QFT are considered
e Boltzmann QFT is a part of the corresponding Matrix theory

e Relation between double scaling limit of MM and JT gravity is
incorparated

Conjecture:

MM as full quantum theory Boltzmann QFT as mesoscopic

Gravity with baby universities as theory
dual to MM Gravity with (part of) wormholes

as dual to Boltzmann QFT
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