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Let X be a Banach space and (Ω,F , μ) a probability space with sample space Ω,
σ-algebra of events F and probability measure μ.

In this talk we discuss a generalized differentiation [1, 3] of the probabilistic func-
tionals

F (x) := μ{ω ∈ Ω: f(x, ω) ≤ 0} (1)

for smooth Banach spaces X and apply them to the study of dynamic optimization
problems with probabilistic functionals.

Optimization problems with objective and constraint functionals in the form (1)
were studied intensively during last decades for the case of finite-dimensional X in the
framework of stochastic programming [2, 4, 5].

Here we develop an approach for finding sub(super)-gradients of the functional F
given by (1) in a more general setting than [5, 6] by using an integral representation
of F ,

F (x) =

∫
Ω

θ(f(x, ω))μ(dω), (2)

where θ : R → R is a Heavyside-like function: θ(t) = 1 for t ≤ 0 and θ(t) = 0 for t > 0.
In view of (2), to evaluate the subgradients of the probabilistic functional F (1),

we prove the following result for a representation of subgradients of the parametric
integral

H(x) :=

∫
Ω

h(x, ω)μ(dω), (3)

which is more general than the existing ones [5, 6].

Theorem 1. Let X be a smooth Banach space, a function h : X×Ω → R be lower
continuous in x for μ-a.e. ω and Borel measurable in ω for all x, and there exist an
integrable function such that

|h(x, ω)| < �(ω).

Then for any subgradient ζ ∈ ∂FH(x) for any ε > 0 there exist x(ω) and ξ(ω) ∈
∂Fh(x(ω), ω) such that

‖x(ω)− x‖ < ε, ‖ζ −
∫
Ω

ξ(ω)μ(dω)‖ < ε.

The proof of this important result is based on the following new parametric smooth
variational principle.

Theorem 2. Let X be a separable smooth Banach space and a function h : X ×
Ω → R satisfy the assumptions of Theorem 1. Then there exists a constant a such
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that for any ε > 0 and any x0(ω) satisfying

h(x0(ω), ω) < inf
x∈X

h(x, ω) + aε2

there exists a function g : X×Ω → R which is smooth in x and Borel measurable in ω,
and a Borel measurable x(ω) such that the function x → h(x, ω) + g(x, ω) attains a
unique minimum at x(ω) and for all ω

‖g(·, ω)‖X ≤ ε, ‖g′(·, ω)‖X ≤ ε.

Finally, we consider the following dynamic optimization problem.
For a function L : Rn×R

n×Ω → R and a constant α ∈ (0, 1) consider the problem

minimize c

subject to the probabilistic constraint

μ

{
ω ∈ Ω:

∫ 1

0

L(x(t), ẋ(t), ω) dt ≤ c

}
≥ α (4)

over the set of all absolutely continuous functions x : [0.1] → R
n satisfying the initial

condition x(0) = x0 and all c satisfying the probabilistic constraint (4).
We derive optimality conditions for this dynamic optimization problem with prob-

abilistic constraint.
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