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In this work, we study the [-catch and evasion problems in a differential game
with two inertial players, a pursuer and an evader. On the controls of both players,
exponential damping geometric constraints are imposed, which ensure the values of
the acceleration vectors are monotone decreasing in time. In the [-catch problem,
we construct an approach strategy for the pursuer, which provides an approach to
the evader at a distance [, [ > 0, and a sufficient condition of [-catch is defined. In
the evasion problem, a specific admissible strategy is proposed for the evader and a
sufficient evasion condition is found.

Assume that a player X (pursuer) chases another player Y (evader) in the space R™.
Represent a state of the pursuer in R™ by x and that of the evader by y. Let us consider
the [-catch and evasion problem when the motions of the players are described by the
differential equations with initial conditions

T =u, x(0) = zg, #(0) =4,

j=v,  y0)=wo, ¥(0)=yi,

respectively. Here z,y,u,v € R™, n > 2; x¢ and yo are the initial states of the players,
respectively, and it is presumed that |xo — yo| > I, I > 0; z1 and y; are the initial
velocity vectors of the players, respectively, and we suppose 1 = y1; the acceleration
vectors u and v act as control parameters of the players, and they depend on time ¢,
t>0.

The temporal variations of u and v must be Lebesgue measurable functions
u(): [0,00) = R™ and v(-): [0,00) — R™. We denote by U the set of all measurable
functions u(-) satisfying the geometric constraint (briefly, G-constraint)

lu(t)| < ce™ for almost every ¢ > 0,

where a > 0, k > 0.
Similarly, we denote by V the set of all measurable functions v(-) satisfying the
G-constraint

lo(t)| < Be*t for almost every ¢ > 0,
where 8 > 0, k > 0.

Definition 1. The measurable functions u(-) € U and v(-) € V are called controls
of the pursuer and evader, respectively.

If u(-) € U and v(:) € V, then the triplets (zo, z1,u(-)) and (yo,y1,v(:)) yield the
trajectories of motion

z(t) =x0 + 1t + /0 (t — s)u(s) ds, y(t) = yo +y1t + /0 (t —s)v(s)ds

of the players X and Y, respectively.



The main target of the player X is to approach the player Y at the distance [ > 0
(I-catch problem [1, 4, 7-11]), that is, to obtain the inequality

lz(n) —y(n)| <1

for some n > 0. But the basic target of the player Y is to avoid the above inequality,
i.e., to keep the relation (evasion problem)

|z(t) —y(8)] > 1

for all ¢, ¢ > 0, and if it is impossible, then the player Y struggles to postpone an
instant of [-catch.

Let us introduce the notation z(t) = z(t) — y(t), 2(0) = zo. Then we have zg =
2o — yo and 2(0) = 0, and therefore, we come to the unique Cauchy problem

Z=u—v, z(0) = z9, 2(0) =0.
Now we will define an approach strategy for the pursuer on the basis of the works [2,
3, 5, 6].
Definition 2. For a > 3, we term the function

ae Rtz + vl

ult0) = v = M) N o)

an approach strategy or II;-strategy of the pursuer in the [-catch problem, where

1
At,v) = W (v, 20) + ade™* 4 \/(<v, z0) + ale=kt)2 + h2(a2e=2kt — |u|?) |,

h? = |z0|? — 12, and (v, z0) is the scalar product of the vectors v and zg in R™.
Note that the function A(¢,v) is generally termed the resolving function.
Proposition 1. If a > j, then A(t,v) is bounded as

a_ﬂ e—kt < A(t,U) < CY+6 e—kt.
|Zo| —1 |Zo| =1

Proposition 2. If a > 3, then the equation
k(0] ~ 1)
a—pB3 7

has a positive root with respect to t, and we denote it by Tj.

e F = —kt +0, b=1+

Definition 3. In the [-catch problem, we say that the II;-strategy is winning on
some time interval [0,T;] if, for any v(:) € V,

(a) there exists a 7, 7 € [0, T3], that generates |z(7)| < ;

(b) the inclusion u(t,v(+)) € U is satisfied on [0, 7].
Here the number 7T is termed a guaranteed time of [-catch.

Theorem 1. Let a > B be valid in the l-catch problem. Then the 11;-strateqy is
winning on the interval [0,T)].
Definition 4. In the evasion problem, we call the control function

vi(t) = —Be F3

a strategy of the player Y, where 29 = 29/|20|-
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Definition 5. We say that the strategy v*(t) is winning if, for any control
) € U, the solution z(t) of

Z=u(t) —v*(t), 2(0) = z9, 2(0) =0,

satisfies the inequality |z(¢)| > [ for all ¢, ¢ > 0.
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Theorem 2. Let o < 8 be fulfilled. Then in the evasion game, the strategy v*(t)
winning on the time interval [0,400).
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