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Abstract: Let X(l)(n) =
(
X

(l)
j (n)

)
j∈Z , n ∈ N0 := N ∪ 0, be the

Galton-Watson branching process starting from one particle of type

l ∈ Z, where Z
(l)
j (n) is the number of particles of type j at time

n. Let’s put X(n) := X(0)(n) =:
(
Xj(n)

)
j∈Z . Define the generating

function f(s) for the random vector ξ := (ξi)i∈Z ∈ NZ0 , where ξi is
the type i offspring number for a particle of type 0, with its own
distribution pj := P

(
ξ = j

)
f(s) := Esξ =

∑
j∈NZ0

pjs
j, j =

(
ji
)
i∈N ∈ N

Z
0 ,

where s =
(
si
)
i∈Z ∈ [0, 1]Z , and sj :=

∏
i∈Z s

ji
i . An analogous

generating function for a particle of type m ∈ Z has the form
fm(s) = f

(
s(m)

)
, where s(m) :=

(
si+m

)
i∈Z ∈ [0, 1]Z , s = s(0).

Process X(n) :=
∣∣X(n)

∣∣ =
∑∞

j=−∞Xj(n) with generating func-

tion p(s) := Es|ξ| = f(1s) =:
∑∞

i=0 pis
i will be called the accompa-

nying one. In terms of X(n), we study only the critical case with a
finite variance for the number of offspring.

We fix n and from the processes X(k) and X(k), k = 0, 1, · · · , n,
we exclude all particles that have no offspring at time n. The re-
sulting processes are called reduced and are denoted by X(k, n) and
X(k, n) =

(
Xj(k, n)

)
j∈Z , k = 0, 1, · · · , n. Set η :=

∑∞
j=−∞ jXj(1)

and V (k, n) :=
∑∞

j=−∞ jXj(k, n). It is obvious that X(n, n) =

{X(n)|X(n) > 0} and X(n, n) = {X(n)|X(n) > 0}.
It is well known (see [1], Ch. I, §10) that in the critical case for

Dξ = σ2 and finite third moment p′′′(1) < ∞ for Qn := P(X(n) >
0)

Q−1
n = 0.5σ2n+O

(
lnn
)
,

50



while Yaglom’s theorem asserts the convergence limn→∞P
{
QnX(n) >

x
∣∣X(n) > 0

}
→ e−x.

In [2] a generalization of Yaglom’s theorem for processes with a
countable number of particle types is proved. The history of the
problem is also described in some detail there. The essence of this
generalization was that if in the limit, particles with small numbers
of types are mainly preserved.

Suppose that Eξ = 1, Dξ = σ2, Eη = a1 6= 0 and among the pj,
only a finite number are nonzero. Than

EX(k, n) =
Qn−k

Qn

; DX(k, n) =
kQ2

n−k

nQ2
n

(
1 + on

(
1
))

; EV (k, n) = ka1
Qn−k

Qn

;

DV (k, n) =
(
a1k + a2

1(k − 1)
)(

1 + on
(
1
))
, k = O(1);

DV (k, n) = (a1 + a2
1)k(1− 0.5kn−1)

Q2
n−k

Q2
n

(
1 + on

(
1
))
, k →∞.

lim
M→+∞

lim
n→∞

P

(∣∣Q−1
n−kV (k, n)− 0.5a1σ

−2n2
∣∣

n
√
n

> M

)
= 0, for n− k = o(n).
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