On sizes of trees in a Galton-Watson forest with
power-law distribution

Elena KHVOROSTYANSKAYA Institute of Applied
Mathematical Research, Karelian Research Centre of RAS, Russia,
E-mail: cher@krc.karelia.ru

KEY WORDS: Galton—Watson forest, limit distribution, maximum
tree size, number of trees of a given size

MATHEMATICAL SUBJECT CLASSIFICATION: 05C80

Abstract: Let Gy be a critical Galton—-Watson branching pro-
cess with IV initial particles and let the number of offspring of each
particle be a random variable ¢ following the distribution
Pk} L k=012 (@)
Pk = — —(]f—Fl)T (k+2>7_7 T Uy Ly sy
The process Gy induces a conditional probability distribution on
the subset Fy,, of its trajectories with NV +n vertices provided that
the number of vertices is equal to N +n. We denote by Fy, the thus
constructed Galton—Watson forest with N trees and n non-rooted
vertices. It is easy to show that E{ = ((7,2), where ((s,v) =

> (k + v)~* is the generalized zeta-function. Since the branching
k=0

process G is critical, the equality ((7,2) = 1 holds and therefore
T ~ 1.728. For such a parameter value only the first moment of the
distribution (4) is finite.

Let n(F) be a random variable equal to the maximum tree size
and p.(F) be a random variable equal to the number of trees of
size r in the forest Fy . Limit distributions of n(F) and p,(F) are
obtained as N,n — oo, n/N™ > C > 0.

We denote by g(x) a stable distribution density with a parameter
7 and a characteristic function

F(8) = exp{=T (L= )21},

and let p(z) be a stable distribution density with a parameter 1/7
and a characteristic function

h(t) = exp { = (~T(1 = )7/ |f]/memiarin )
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In particular the following statements hold.

Theorem 1. Let N,n — oo in such a way that n/N™ — ~, where
v s a positive constant. Then for any positive z

P{@ <z} Ly (_l)kfk(vz,’v),

no 2mp (7) =0 k!
where
p(v—x1—...—x)dry...dT
Io(u,v) = p(v), Ir(u,v) = / <(27r0(17))k (@ kl )(i+1>/7 ",
1...2k

g (u,v)
rp(uv) ={ax; >u, i=1,... k, ;y+ ...+ <v}, k=12,...
C(r)=1/7T(1 — 1/7) (=D(1 = 7).

)

Theorem 2. Let N,n — oo in such a way that n/N™ — oo. Then
for any fixed positive z

P {"‘N—”(f) < z_T} T /Zg(y)dy.
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