Khovanskii-Pukhlikov rings and
divided difference operators

Valentina Kiritchenko,
HSE University and IITP

Minsk, 24.06.2022



Khovanskii-Pukhlikov rings

d
RP = g::o RP - a\robo‘e—vi Comm{o\“(')vg
Kig



Khovanskii-Pukhlikov rings

[DC ﬂQI — ConhveX Fo‘e'(o]{:ore_

T
RP = g;% RP - aY%O‘e—V—C% Comm{o\“(')vg

h"o{}va‘c'\oni P‘$‘m|ale QaHic.e, = RP;‘(’JA*(X‘»




Khovanskii-Pukhlikov rings

RP — : 9 Ri - aY"bA@% wmw{a‘ki}Q

rno{}vo\‘c'\oni P‘$‘m|ale Catlice = RPZW*(,ﬁ)




Khovanskii-Pukhlikov rings

- i 4 Scmijzou—\; §IP Of (fa'f{iﬁe—) F‘%’bfms
o\.\no\‘ojous %0 P




Khovanskii-Pukhlikov rings
with VCS%QC& to MihLowSL't Suim

o .
> Ay 3¢m;310w\> §IP of (fa-(;f\ce.) Fe’%'{o,:qs
mhaloaous 1o P

§meplei rOSX‘EG-
&‘k 405\}
\ LX+\3$°\+€
P
—— »
X




Khovanskii-Pukhlikov rings
with res\azc& to MihLowSL't Suim

o .
> Ay 3¢m;(j.7_ou,\> §IP of (fa&;f\ce.) Fe’%'{o,:qs
ow\o\loaous 1o P

§mep/6: (0€ X < & US(X’_{?)S&
?r\ {02 Y 0 < (g ye)
LX'\'% < 0\4'@ (X’Xo)"\'( - o)éa“’é
) Iﬁ d°d o2
(0,6)

{
‘o-: XL



Khovanskii-Pukhlikov rings
with res\azc& to MihLowSL't Suim

o .
> Ay 3¢m;310w\> §IP of (fa-{{\ce.) Fe’%'{o,:qs
ow\o\loaous 1o P

§mep/6: (0€ X < & US(X’_{?)S&
?r\ {02 Y 0 < (g ye)
x+y < a+B (X~%o) +(y~Yo)< a+6
e e
09 P pegpen b S

{
‘o—: XL



Khovanskii-Pukhlikov rings

Z_, - Gzro'fluhc(iecl< row
S.(P NAAAD P a’f v'.rfua’ (/ea(?;’{’c/:)

P«fz]%o/ws aha/ojous s P



Khovanskii-Pukhlikov rings

A~ Z_; — GZVO'H«U\CI)'QCl( Row
gP i od virtual («Ca(l—{fce)

o alogeu 1o P
EXa.mlgle (continued ): PJ%{— /”QS " /(7 ’ ,
.oi(x'jtoo))éa P (Xo/ao,q/ e)t‘Z
(Sﬂ;}(}(%'no) < a4 @ » 7}/ d’%
viy O or.
P%joh XYOM S'P Pom/bAPJ



Khovanskii-Pukhlikov rings

£
PM gP MLPSK ec{'dr sfacz Kz
v«rfuwt‘ P {°[’Qs
mha/ogous ‘(’a P

Delinition: R = Z[9, @j/
2 P IR 4
(vo—e

()(1) ey xe)- OOOYA‘W\GJQ-S




Khovanskii-Pukhlikov rings

P v gP ~» LP = [ |/'ecédr Sf“cz Ke
(Xi) v xe)- OOoYcl‘W\a‘lQ-S

Dekinition: R, = ZL[?,..,9,]

S Ann (V"’eP)
’a.‘ = — /
¢ axi Vo'eu-m ia«r%n.omo'&l Oh Af’




[TyX1MKOB 1 XOBAHCKUM

o

I 3




Khovanskii-Pukhlikov rings

Exa.m_p/e (contirmed )  (x,, 50

?()?2)%_ 4 (h\‘ﬂ 1@
[.)egihi%ioh: RP = Z[/()i o )9 J/
Ann (V"'ep>

O
,ai -z 5;1 Vo'fum.c- Fcr%h.om%h Z’P



Khovanskii-Pukhlikov rings

Exa.mp/e (wh‘(‘lhue.cl) (x,,no a,8) D
v& = &g £ ’2-— ("W\:)" Ie
'\ c‘oes hot clbtw-\f\C‘ on X% z‘aa

— P 7 )
%\h (VO_QP>

O
,ai -z 5;1 Vo'fum.c- Fcrgjnom%h Z’P

2)‘3_(’




Khovanskii-Pukhlikov rings

Exa.mp/e (continued )  (x,, 50

m 0
g+’_ 21292)3,3_9 (Xor 1

'\ c‘oes hot clbtw-\f\C‘ on X% z‘aa /

Delinition: = X[ 2a 9@ i
A p )

4\*« (V°’€|:>>
Ramar 144; R CH (@&u} “/7 d'{ [P ot one \oom‘l)




Khovanskii-Pukhlikov rings

G'°°A hews ; relations |n RP C.ah e Lound

qsi»\a azoma‘trg !

Dedinition: R = X[ Qe 9@.]
_ P /

4\*\ ("°’€|:>>
Rﬂ.kﬂal"&#,‘ R CH (@&u} U"lﬂ d'£ [P ot one \oom‘l)




Khovanskii-Pukhlikov rings

G'°°A hews ; relations |n RP C.ah e Lound

qsi»\a azoma‘trg !

Onear com éiha'(l'“s r'z
/B:L )"-1?6 = = —ﬁaa/és O’f f

>  in tersection

Froéuc.'{ <
A ) |
Ramor l«é; RP ~ CH (geou)'u/? d'£ [P ot one \oom‘l )




Khovanskii-Pukhlikov rings

G'°°A hews ; relations |n RP C.ah e Lound

W si\g a‘wm&{ra l

Uinear com {inations r-z
2, , -, %% < 7 Lacks A P

in ’l’&f‘SQ('{‘o“"

Y
Qg;

x (,on»{lfw CI 5 ‘
Example ( ¢ )(,(,,,jo)j__ne EDEL E Py D,

Froéuc.'{ <




Khovanskii-Pukhlikov rings

90, (9“’9@> :0
CYREZ

Onear com (,’nar/fohs r-(
2y, ,% < 7 Lacks A P

Froéuc,{ < —> .‘“+<rse<+(°h' )
£, %= 28\

condinued 5 N
Example (cortinue )(xo,jo)éj—_—-l/le EsDEL E ~r t\,

=)




Applications

* Chow rings of smooth projective toric varieties (Khovanskii-Pukhlikov,
1992)



Applications

* Chow rings of smooth projective toric varieties (Khovanskii-Pukhlikov,
1992)

* Cohomology rings of generalized quasitoric manifolds (Khovanskii-
Limonchenko-Monin, 2022)



Applications

* Chow rings of smooth projective toric varieties (Khovanskii-Pukhlikov,
1992)

* Cohomology rings of generalized quasitoric manifolds (Khovanskii-
Limonchenko-Monin, 2022)

* Chow rings of spherical varieties (Kaveh, 2011)



Applications

* Chow rings of smooth projective toric varieties (Khovanskii-Pukhlikov,
1992)

* Cohomology rings of generalized quasitoric manifolds (Khovanskii-
Limonchenko-Monin, 2022)

* Chow rings of spherical varieties (Kaveh, 2011)
e Positivity in Schubert calculus in type A (K.-Smirnov-Timorin, 2012)



Applications

* Chow rings of smooth projective toric varieties (Khovanskii-Pukhlikov,
1992)

* Cohomology rings of generalized quasitoric manifolds (Khovanskii-
Limonchenko-Monin, 2022)

* Chow rings of spherical varieties (Kaveh, 2011)
e Positivity in Schubert calculus in type A (K.-Smirnov-Timorin, 2012)
* Positivity in Schubert calculus in type C (Fujita, 2022)



Applications

* Chow rings of smooth projective toric varieties (Khovanskii-Pukhlikov,
1992)

* Cohomology rings of generalized quasitoric manifolds (Khovanskii-
Limonchenko-Monin, 2022)

* Chow rings of spherical varieties (Kaveh, 2011)

* Positivity in Schubert calculus in type A (K.-Smirnov-Timorin, 2012)
* Positivity in Schubert calculus in type C (Fujita, 2022)

ga S&c/ ON V‘€76r‘ esen ’é&'é;c"'
(éleforg_



Schubert calculus (brief reminder)

Type A dlag VieVie .=y c™
Mme\C‘l'e —ela} VD\""Q-{J, ‘:{4/2/"'/ V\')




Schubert calculus (brief reminder)

Type A dlag VieVie.. ey e
/\M"PoomF\C'l'e —ﬂo\} VﬁV‘Q"J, ‘:{4/2/"'/ h—)

Goal.’ MY“—tQ ‘HQJS I J(OM€+V;C ‘orog/ems.

ﬁ



Schubert calculus (brief reminder)

Type A ilag VieVre. =Y "t
Mwm\olcvl-e ,ﬂo\} va\V'ue.“J, 1:[4/2/.,./ V\—)

Goal.’ MT“—tQ ‘HQJS I J(OMQ+V;C ‘orog/ems.

Exam (es (kg L Scl» aoe e,orne"b' ) .
kHou')/) ‘Ma»yg f/ﬂ(fs <j/'n, S’JSPMJ- are NOT In
gcmra/ lbosh‘ioh. with 3 afveh ‘f/ﬂjs .?




Schubert calculus (brief reminder)

/s / 7
3
l)‘QC\ «elo.JS X

e Fos‘{»o\f\_




Schubert calculus (brief reminder)

CH*(:( h)) ZL9,. ., 8,
1 = Ahh,( ’( X ))
1<t<&<h+i

(Boral clasc.\ri\9~hon i Kestant £Or"”)



Schubert calculus (brief reminder)

CH*(:( h)) ZL72,. .., 3]
@ooL ’e‘ k B
1 = Ann ( K “X )) w’omllm-,pinko
1¢i¢f ey ing ok some YRS

(Boral A(SCY.‘\D’[.\DV\ i Kestant £or"”)



Schubert calculus (brief reminder)

-]

CH* (F(%2,,n)) = 711_’?1,,..,97

“ éoolLs /ef ke i
‘E G conve X | L(}tova\hglm"ﬂ(u‘i koV
KA Oor 3 V\\V}S 0& some F%{o&é
Fﬁealcora A < R ) t«)Lo.ve d = v\(l;-_()



Schubert calculus (brief reminder)

-]

CH* (F(%2,,n)) = 711_”61,,..,97

“ éoolLs Like i
‘E O comve X | L{}tova\hskif’{)‘(uli koV
K A ovr a V.\v;S LfK_ 50”‘2 F {Ot-e
F‘e(]l“’f’a A <R : whive 4% v\(\;_ﬂ

' : Ao 'Zo rese 1[ _Scj.u.ée/f C/dS'SQS { _fo)i'ff"(
QM?—V‘{‘OV‘ &MZ" Co:e'lfinea*l-?ons of ?4@5 A_AJ ?




Divided difference operators

X - Smoo'H'\ \/0&\&43/
— > X — VQC,‘&OV u.hcll.e gi V‘ahL 2-

3 &‘hes W £
Y = F(E) Avw?c—(a, A

f: YT — X
pet CHY(T) — e#"(X)

m



Divided difference operators RA

b o CHH(Y) —CH*(T)

O‘ocroc(ior\. oh —‘?o\c,e_s O’Q A that
aieus \7*‘,*'. RA — RA



Divided difference operators RA

swl"e' Ib/b* . CH (Y)’—’C’H*(Y)
b
Ope.\roJuor\_ oh -‘()o\c,e_s O’Q A -&Aa.{-
J\Q\AS \ ‘7* R —> RA




Divided difference operators

E xomples: @ X=P*

s

D
@f‘ (Ozr
vk




Divided difference operators

L/@QDU"/\F
EX&M!QICS:@ )("'ﬂjt'? Y: E)(@a:i@w
R i
xo\r 5? F F,,(.
_— >

&e [Faa_«k ODWo— t)o.\n'k




Divided difference operators 2\“{5 vouriaty

A
EX&M,QICS;@ X:ﬁ>2 < = [P(—-r—Pz)
| 9 .

E=

»




Divided difference operators

Examplcsi@ X = :(1’2,,.,/L-—1/E+1/...)n)
\(: :(1/ 21“'/ h’)
/Qa_mark: TLQ-YQ. are_ n cllllzcle.cj o[}ﬁ/ere_nc.e

0[0.9.\(&\'°*5 On CH%( F({z 2/"'/“'))



Divided difference operators

EXamPlcsi@ X = :(112/"'/ L'i/ £+1/"') n)
\(: :(1/ 21"'/ h’)
/Qa_markt TL_Q,YQ_ are. " cliv{c/e.ej GII.!!QV‘QJ\C.Q

o[o.zV&)Cm(s On CH*( F(f’ 2/"'/)1))
Camrol case: Y= Ggf , X; = &,

l




Divided difference operators

EXaM!glcsi@ X = :(1)2/"'/ L'i/ £+1/"') n)
\(: :(1/ 21"'/ h’)
Remarlk - Thare are R divided oli*pfere.h&

0[0.2\(&)('0"'5 On_ CH *( F(41 2/ /e h’))

Conhcc’l[ea/ rdqﬁu{) BG)L'\ m‘,f)ma—/

chirop  paragelic subsosp




Divided difference operators

EXambICS'O X = (1’2, /'L 1, Zi ,n)
Tj\ve,l\ (

M= 1,2, h,) / =
G = Gb,,, (C X,
/QQ_MQKI<Z TLEYz VBQ_ ( ?/Vzcle.cj o[*pfere_hc)

O[O-QV&)WVS on. CH (/:(41 2,.., h))

Canarol case:! Y @/& X, = G/P°
connected QAKW“P Bsrc\ 2. @

m mma,/

3“'@3"'0‘*\’ paraBolic Sngzou?b




Divided difference operators

EXown)gICS'O X = F
TR A Y= F

G = G[’m-:t (C) B = (*%2
/Qa_mark: TL_Q,VQ_ Qre_ /Vwc/e_J

(112/ /L 1, L+ 1, )“,
(

12,/m)
.

mm &

O[O-QV&)WVS on. CH (/:(41 2,.., h))

Canarol case:! Y @/& X, = G/P°
connected QAKW“P Bsrc\ 2. @

m mma,/

3“'@3"'0‘*\’ paraBolic Sngzou?b




Simple geometric mitosis




Simple geometric mitosis
/\ < [Rc’h'1 ~ convex Fwea%ore such that
A — P*& < CO"("L&J S
d
iﬁor Lonve X k«%%okas P, Q<R QCK "{4}




Simple geometric mitosis
/\ < [Rc’h'1 ~ convex Fwea%ore such that
A — P*& & COWLCJ S

d
iﬁor Lonve X k«%%okas P, Q<R QCK "{4}




Simple geometric mitosis




Simple geometric mitosis

o vzr—éex J E P

D e,g‘mi)cion‘: Ml{'o 5156( — )




Simple geometric mitosis

D CEihi‘HOh : Im{’o SISO(

E & M/éoSlSr(F)
“

“)
(2)
(3)

=)

~a vevrdex qJ'“éP




Simple geometric mitosis

D CEihi‘HOh : Im{’o SISO(

E & MIéOSISr(F)
H

"y E; & P Q
(2)
(3)

=)

~a vevrdex qJ'“éP




Simple geometric mitosis

o vsz.\f-éex J E P

D elinition : mijroswo( =)
Ec & I'niéosisr(/:)
3 exy(\f)ﬂ?




Simple geometric mitosis Simple

‘a\/vzr{ex J E P

DQB}M‘HOY"' .Ml"l'OSISO( =) 654’ %
E; € mibosis™(F) > exp(F)

\} ex\f(i—’)ﬂ?’ 3
Ny E; & P Q

@) £; n Q c:/)Q

(3)




Simple geometric mitosis Simple
‘a\/vzr{ex J E P

D eRinikion: rvu)roswo( =)

Ec & miéos:sv"(/:) 94’<P(F>
@ o (FYOT
ny E; & P Q e<r(F)




Simple geometric mitosis Simple

\V4
chihi‘HOhj Mi)fosis@( r_:) e X P

E; € mitosis” (F) 3 exp(F)
@ w(FYNT
o e apra T




Simple geometric mitosis Simple
\a\/\/%\f{ex J E P

LA C} =
chnm)cn)h Ml“l’OSIS ( ) F;EL > 7
E; € mitosis” (F) 3 exp(F)
\ ex\f({—’)ﬂ?’?

(3)@95[ ond PP F = N ZY oA
,?awk T ( Hic A such that: ‘ ] A“?
wel (Q“} o dim (HnQnT)< dim (HNQ) =— 1 2 o bprings




Applications

* Knutson-Miller mitosis on Gelfand-Zetlin polytopes in type A
* (Simplified) Fujita mitosis on Gelfand-Zetlin polytopes in type C
* Mitosis in type D?



Applications

* Knutson-Miller mitosis on Gelfand-Zetlin polytopes in type A
* (Simplified) Fujita mitosis on Gelfand-Zetlin polytopes in type C
* Mitosis in type D?

References:

* Push—pull operators on convex polytopes, IMRN, 2021
https://doi.org/10.1093/imrn/rnab331

e Simple geometric mitosis, coming soon
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