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Algebraic groups over R

Let G be a linear algebraic group defined over R.
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Algebraic groups over R

Let G be a linear algebraic group defined over R.

Naively:

G C GL, is defined by polynomial equations in gj; with coefficients € R.
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Algebraic groups over R

Let G be a linear algebraic group defined over R.
Naively:
G C GL, is defined by polynomial equations in gj; with coefficients € R.

G(C) = {solutions with gjj € C}, complex Lie group;
G(R) = {solutions with gj; € R}, real Lie group.
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Algebraic groups over R

Let G be a linear algebraic group defined over R.
Naively:
G C GL, is defined by polynomial equations in gj; with coefficients € R.

G(C) = {solutions with gjj € C}, complex Lie group;
G(R) = {solutions with gj; € R}, real Lie group.

Complex conjugation: G(C) > g = (gjj) — & = (&) € G(C);
g€GR) << g=35.
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Algebraic groups over R

Let G be a linear algebraic group defined over R.
Naively:
G C GL, is defined by polynomial equations in gj; with coefficients € R.

G(C) = {solutions with gjj € C}, complex Lie group;
G(R) = {solutions with gj € R}, real Lie group.

Complex conjugation: G(C) > g = (g;) — & = (&jj) € G(C);
g€ GR) << g=3.
More rigorously:

G =(G(C),0), where 6 : G(C) — G(C), g+ g, is a real structure
(= an antiregular involutive group automorphism).
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Algebraic groups over R

Let G be a linear algebraic group defined over R.
Naively:
G C GL, is defined by polynomial equations in g with coefficients € R.

G(C) = {solutions with gjj € C}, complex Lie group;
G(R) = {solutions with gj; € R}, real Lie group.

Complex conjugation: G(C) > g = (g;) — & = (&jj) € G(C);
g€ GR) << g=3g.
More rigorously:

G =(G(C),0), where o : G(C) — G(C), g+ g, is a real structure
(= an antiregular involutive group automorphism,
ie., 0*O¢ = Og).
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Preliminaries and setup Galois cohomology

Galois cohomology over R
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Preliminaries and setup Galois cohomology

Galois cohomology over R

l-cocycles: Z}(R,G) = {c € G(C) | cc =1}

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22-26, 2022 3/17



Preliminaries and setup Galois cohomology

Galois cohomology over R
l-cocycles: ZY(R,G) = {c € G(C) | cc =1}
Twisted conjugation action G(C) ~ Z(R, G): ¢ V& geg L

1-cohomology: HY(R, G) = Z}(R, G)/G(C) (pointed set, not group!)
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Galois cohomology over R

l-cocycles: ZY(R,G) = {c € G(C) | cc =1}

Twisted conjugation action G(C) ~ Z(R, G): ¢ W&y geg ™
1-cohomology: HY(R, G) = Z}(R, G)/G(C) (pointed set, not group!)

1

Principle

Let X be an object defined over R (quadratic form, tensor, algebra,
algebraic variety/group). Then:

{R-forms of X} +— HY(R,Aut X)
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Preliminaries and setup Galois cohomology

Galois cohomology over R

l-cocycles: ZY(R,G) = {c € G(C) | cc =1}
Twisted conjugation action G(C) ~ Z(R, G): ¢ V& geg L

1-cohomology: HY(R, G) = Z}(R, G)/G(C) (pointed set, not group!)

Principle

Let X be an object defined over R (quadratic form, tensor, algebra,
algebraic variety/group). Then:

{R-forms of X} +— HY(R,Aut X)

Exact cohomology sequence:
Let G ~ Q = Gqo be a homogeneous variety, go € Q(R), H = Gg,.
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Galois cohomology over R

l-cocycles: ZY(R,G) = {c € G(C) | cc =1}

Twisted conjugation action G(C) ~ Z(R, G): ¢ V& geg L
1-cohomology: HY(R, G) = Z}(R, G)/G(C) (pointed set, not group!)

Principle

Let X be an object defined over R (quadratic form, tensor, algebra,
algebraic variety/group). Then:

{R-forms of X} +— HY(R,Aut X)

Exact cohomology sequence:
Let G ~ Q = Gqo be a homogeneous variety, go € Q(R), H = Gg,.

1 — HR) - G(R) —» Q(R) — HY(R,H) — H'(R, G)
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Galois cohomology over R

l-cocycles: ZY(R,G) = {c € G(C) | cc =1}

Twisted conjugation action G(C) ~ Z(R, G): ¢ V& geg L
1-cohomology: HY(R, G) = Z}(R, G)/G(C) (pointed set, not group!)

Principle

Let X be an object defined over R (quadratic form, tensor, algebra,
algebraic variety/group). Then:

{R-forms of X} +— HY(R,Aut X)

Exact cohomology sequence:
Let G ~ Q = Gqo be a homogeneous variety, go € Q(R), H = Gg,.

1 — HR) = G(R) —» Q(R) — HY(R,H) — H'(R, G) — H'(R, Q)
if HaG
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Galois cohomology over R

l-cocycles: ZY(R,G) = {c € G(C) | cc =1}

Twisted conjugation action G(C) ~ Z(R, G): ¢ V& geg L
1-cohomology: HY(R, G) = Z}(R, G)/G(C) (pointed set, not group!)

Principle

Let X be an object defined over R (quadratic form, tensor, algebra,
algebraic variety/group). Then:

{R-forms of X} +— HY(R,Aut X)

Exact cohomology sequence:
Let G ~ Q = Gqo be a homogeneous variety, go € Q(R), H = Gg,.

1 — HR) = G(R) —» Q(R) — HY(R,H) — H'(R, G) — H'(R, Q)
—_————
q=gq — [g'2] if HaG
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Preliminaries and setup Galois cohomology

Galois cohomology: computation problem

Problem 1
Compute the Galois cohomology HY(R, G). J
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Preliminaries and setup Galois cohomology

Galois cohomology: computation problem

Problem 1

Compute the Galois cohomology HY(R, G). J
Fact

G unipotent = HY(R,G) =1 J
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Preliminaries and setup Galois cohomology

Galois cohomology: computation problem

Problem 1

Compute the Galois cohomology HY(R, G). J
Fact

G unipotent = HY(R,G) =1 J

1—Gni— G — G/Gyi —1

U I

~

Gred — G/Guni
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Preliminaries and setup Galois cohomology

Galois cohomology: computation problem

Problem 1
Compute the Galois cohomology HY(R, G). J

Fact
G unipotent = HY(R,G) =1 J

1—Gni— G — G/Gyi —1

U |
Gred ; G/Guni
s HY(R,Gui) — HYR,G) — HYR,G/Guni)
1 |

~

|
1 Hl(R, Gred) — Hl(R, G/Guni)
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Preliminaries and setup Galois cohomology

Galois cohomology: computation problem

Problem 1
Compute the Galois cohomology HY(R, G). J

Fact
G unipotent = HY(R,G) =1 J

1—Gni— G — G/Gyi —1

U |
Gred ; G/Guni

e — Hl(R, Guni) — HI(R, G) — Hl(R, G/ Gyni)
| 1 |
1 Hl(]R, Gred) AN Hl(R, G/ Gyni)
Conclusion: It suffices to solve Problem 1 for reductive G.
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Galois cohomology of tori

Real structures on tori:

Let (T,0) be an algebraic torus defined over R; T(C) =C* x --- x C*.
—_————

n
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Galois cohomology of tori

Real structures on tori:
Let (T,0) be an algebraic torus defined over R; T(C) =C* x --- x C*.

—_——
n
Basic R-structures:
@ split: o(ty,...,tn) = (t1,..., th); T(R) = (R*)"
@ anisotropic: o(ty, ... ta) = (F L., L) T(R) = (S1)"
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Galois cohomology of tori

Real structures on tori:
Let (T,0) be an algebraic torus defined over R; T(C) =C* x --- x C*.
—_————

Basic R-structures:

e split: o(ty,...,tn) = (t1,..., th); T(R) = (RX)"
@ anisotropic: o(ty, ... ta) = (F L., L) T(R) = (SY)"
Proposition

3 unique decomposition T = Ty - Ty such that |To N T1| < co (almost
direct product), Ty anisotropic, Ty split.
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Galois cohomology of tori

Real structures on tori:
Let (T,0) be an algebraic torus defined over R; T(C) =C* x --- x C*.
—_————

n
Basic R-structures:
e split: o(ty,...,tn) = (t1,..., th); T(R) = (RX)"
@ anisotropic: o(ty, ... ta) = (F L., L) T(R) = (S1)"

Proposition

3 unique decomposition T = Tq - Ty such that | To N T1| < oo (almost
direct product), Ty anisotropic, Ty split.

Notation: Téz) ={teTo|t>?=1}.
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Galois cohomology of tori

Real structures on tori:
Let (T,0) be an algebraic torus defined over R; T(C) =C* x --- x C*.

—_——
n
Basic R-structures:
e split: o(ty,...,tn) = (t1,..., th); T(R) = (RX)"
@ anisotropic: o(ty, ... ta) = (F L., L) T(R) = (S1)"

Proposition

3 unique decomposition T = Tq - Ty such that | To N T1| < oo (almost
direct product), Ty anisotropic, Ty split.

Notation: T ={teTo|t>?=1}.
Proposition

HY(R, T) ~ T )(Ton Ty)
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Galois cohomology: reduction to tori

Notation: G = G* - S connected reductive, G* semisimple, S = Z(G)°.
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Galois cohomology: reduction to tori

Notation: G = G* - S connected reductive, G* semisimple, S = Z(G)°.

Choose a maximal anisotropic torus To C G
— T =2Z5(To) = To- T1 is a maximal torus in G, Ty is a split torus.
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G
Galois cohomology: reduction to tori

Notation: G = G* - S connected reductive, G* semisimple, S = Z(G)°.

Choose a maximal anisotropic torus To C G
— T =2Z5(To) = To- T1 is a maximal torus in G, Ty is a split torus.

Twisted normalizer: No = {n € Ng(To) | ni—t € T(§2)}
Twisted conjugation Ng ~ To, t — nti~!, preserves To(R) and Téz)-
No N T acts as translations by Tg N T;.
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Galois cohomology: reduction to tori

Notation: G = G* - S connected reductive, G* semisimple, S = Z(G)°.

Choose a maximal anisotropic torus To C G
— T =2Z5(To) = To- T1 is a maximal torus in G, Ty is a split torus.

Twisted normalizer: No = {n € Ng(To) | ni— ! € T(§2)}
Twisted conjugation Ng ~ To, t — nti~!, preserves To(R) and Téz)-
No N T acts as translations by Tg N T;.

Theorem (M. Borovoi, 1988)
HY(R, G) ~ TS /Ny J
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G
Galois cohomology: reduction to tori

Notation: G = G* - S connected reductive, G* semisimple, S = Z(G)°.

Choose a maximal anisotropic torus To C G
— T =2Z5(To) = To- T1 is a maximal torus in G, Ty is a split torus.

Twisted normalizer: No = {n € Ng(To) | ni— ! € T(§2)}

Twisted conjugation Ng ~ To, t —— nti— !, preserves To(R) and Téz).
No N T acts as translations by Tg N T;.

Theorem (M. Borovoi, 1988)
HY(R, G) ~ TS /Ny J

How to compute?
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G
Galois cohomology: reduction to tori

Notation: G = G* - S connected reductive, G* semisimple, S = Z(G)°.

Choose a maximal anisotropic torus To C G
— T =2Z5(To) = To- T1 is a maximal torus in G, Ty is a split torus.

Twisted normalizer: No = {n € Ng(To) | ni— ! € T(§2)}

Twisted conjugation Ng ~ To, t —— nti— !, preserves To(R) and Téz).
No N T acts as translations by Tg N T;.

Theorem (M. Borovoi, 1988)
HY(R, G) ~ TS /Ny J

How to compute?

Effective action: Ny —» /Vl70 ~ Ty
1— Ton Ty — Wo — Wo = Ng(To)/T — 1
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Galois cohomology: computation

Real structure:

0 = ocoToinn(ty), product of commuting involutions.  Here:

oc is an anisotropic real structure on G, i.e., G(R,o0.) is compact;
T is a diagrammatic involution, 7(t) = t*! for t € To 1, respectively;
ty € To, t2 € Z(G™).
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Galois cohomology: computation

Real structure:
0 = ocoToinn(ty), product of commuting involutions.  Here:

oc is an anisotropic real structure on G, i.e., G(R,0.) is compact;
7 is a diagrammatic involution, 7(t) = t*! for t € To 1, respectively;
ty € To, t2 € Z(G™).

Shift and logarithm: -
ToNnTi € Wy ~ To(R)

A
IX(;/ Cc Wo to(R)

Xy = image of XV(T) under projection t = Lie T — to = Lie To;
Wo = iXy x Wp acts on to(R) by affine isometries;
E(x) = exp2m(x — x5 ), where exp2mx, = t,

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22-26, 2022 7/17



Galois cohomology: computation

Real structure:
0 = ocoToinn(ty), product of commuting involutions.  Here:

oc is an anisotropic real structure on G, i.e., G(R,0.) is compact;
7 is a diagrammatic involution, 7(t) = t*! for t € To 1, respectively;
ty € To, t2 € Z(G™).

Shift and logarithm: -
ToNnTi € Wy ~ To(R)

[ T

iXy < W ~ tR)

Xy = image of XV(T) under projection t = Lie T — to = Lie To;
Wo = iXy x Wp acts on to(R) by affine isometries;

E(x) = exp 2m(x — x5 ), where exp 2wx, = t,

Claim 1: To(R)/Wp ~ to(R)/ W
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Galois cohomology: computation

Xy D Qy @ Ny, sublattice of finite index;

Qy = image of QV(G, T) (coroot lattice) under projection t — to;
Ay = image of XV(S) under the same projection;
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G
Galois cohomology: computation
Xy D Qy @ Ny, sublattice of finite index;

Qy = image of QV(G, T) (coroot lattice) under projection t — to;

Ay = image of XV(S) under the same projection;

Wo > W, = iQy x W, reflection group
(affine Weyl group of (G, T)).

Fundamental domain for m A~ to(R) is Ay x -+ X Ap X 50(R).

Here: s9 = s Ntp and A; are simplices defined by (twisted) affine Dynkin
diagrams Dyn; corresponding to R-simple factors of G.
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Galois cohomology: computation

Xy D Qy @ Ny, sublattice of finite index;
Qy = image of QV(G, T) (coroot lattice) under projection t — to;

Ay = image of XV(S) under the same projection;

Wo > W, = iQy x W, reflection group
(affine Weyl group of (G, T)).

Fundamental domain for m A~ to(R) is Ay x -+ X Ap X 50(R).

Here: s9 = s Ntp and A; are simplices defined by (twisted) affine Dynkin
diagrams Dyn; corresponding to R-simple factors of G.

xj € A is determined by barycentric coordinates pj; >0 (j =0,...,/;)
such that 3 njpj; = 2 (njj € Z>o).
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Galois cohomology: computation

Xy D Qy @ Ny, sublattice of finite index;
Qy = image of QV(G, T) (coroot lattice) under projection t — to;
Ay = image of XV(S) under the same projection;

Wo > W, = iQy x W, reflection group
(affine Weyl group of (G, T)).

Fundamental domain for m A~ to(R) is Ay x -+ X Ap X 50(R).

Here: s9 = s Ntp and A; are simplices defined by (twisted) affine Dynkin
diagrams Dyn; corresponding to R-simple factors of G.

xj € A is determined by barycentric coordinates p;; >0 (j =0,...,/;)
such that 3 njpj; = 2 (njj € Z>o).

Fo =Xy /(Qy @ Ay), finite Abelian group.
Claim 2: to(R)/Wo ~ (A1 X -+ X Ap X 50(R)/AY)/Fo
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Galois cohomology: computation

Question

Determine x = (x1,...,Xm,X0) € A1 X +++ X Ap, X 50(R) such that
E(x) =exp2m(x — x,) € Téz).
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Galois cohomology: computation

Question

Determine x = (x1,...,Xm,X0) € A1 X +++ X Ap, X 50(R) such that
E(x) =exp2m(x — x,) € Téz).

Answer
E(x) € Té2) if and only if:
Q pjj € Z>o (Vi,)):
Q xo=iu/2, pue My :=X"(S/S N G*);
Q > i is0Aipi + (A ) =2 50 Aijqij (mod Z), VA € X(To),

where \jj € Q are coordinates of A in simple roots and q;; € Z>q are
barycentric coordinates of x,.

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22-26, 2022 9/17



Galois cohomology: main theorem

Definition
A Kac labeling is p = (pjj)ij with pjj € Z>0, _; nijpjj = 2.

A reductive Kac labeling is (p, [1]), where p is a Kac labeling and
[1] € My’ /21 -

K(G) = {reductive Kac labelings satisfying congruences (3)}.
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Galois cohomology: main theorem

Definition
A Kac labeling is p = (pjj)ij with pjj € Z>0, D _; nijpjj = 2.

A reductive Kac labeling is (p, [11]), where p is a Kac labeling and
[1] € My’ /21 -

K(G) = {reductive Kac labelings satisfying congruences (3)}.

Fo = Xy /(Qy @ Ay) acts on K(G) via automorphisms of Dyny, ..., Dyn,,
and translations on My /2Ay.

Theorem
HY(R, G) ~ K(G)/Fo. }

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22-26, 2022 10/17



Results Example

Example
G:502k72/, n=k+ /I, k, I > 2. Here: T =d, To=T
1 1
2 2 2 2 2 nj black
0o /0 0o 1 0 0\ o qj red
1 1
k /
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Results Example

Example

G =502, n=k+I, k,1>2 Here: 7=id, To=T

1 1
2 22 2 2 nj black
1 qj red
1 1
S— —
k /

1/2
X(T):<W]_,Oél,...,04n>, wl:Zj>0Ajajv )\J 1111§2

Congruence (3): pp—1 = p, (mod 2)
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Results Example

Example

G =502, n=k+I, k,1>2 Here: 7=id, To=T

1 1
VI Iﬂ 2 2 2 2 2 k\ nj black
[wi]: | 1 i g red
} y J
1 1
~—— ~—_—
k /
_ 1/2
X(T)z(wl,al,...,a,,>, W1:Zj>0Ajij, )‘j- 1111/2
Congruence (3): pp—1 = p, (mod 2)
V
Fo = ([w])2
L1 0 2 0 O 0 0 0 O 2 0 1
K(G): j0-05 §0-05 200y --+ (025 0-05 005
0 0 0 0
20-0g 0002
#HY(R,G) =n+1
D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22-26, 2022
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group

= G(C) is connected (in Hausdorff topology)
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group

= G(C) is connected (in Hausdorff topology)
But G(R) may be disconnected (in Hausdorff topology)
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group
= G(C) is connected (in Hausdorff topology)
But G(R) may be disconnected (in Hausdorff topology)
G(R)° := identity component of G(R)
Problem 2
Compute the component group moG(R) = G(R)/G(R)°. J
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group
= G(C) is connected (in Hausdorff topology)

But G(R) may be disconnected (in Hausdorff topology)

G(R)° := identity component of G(R)

Problem 2

Compute the component group moG(R) = G(R)/G(R)°.

Examples
@ G is a split torus
= G(C)=C*x---xC*, GR)=R* x--- xRX
—_————
n — WoG(R) — {:l:l}"
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group
= G(C) is connected (in Hausdorff topology)

But G(R) may be disconnected (in Hausdorff topology)

G(R)° := identity component of G(R)

Problem 2

Compute the component group moG(R) = G(R)/G(R)°.

Examples
@ G is a split torus
= G(C)=C"x---xC*, GR)=R*x---xR*
— — 1oG(R) = {£1}"
e G=GL, = mG(R) = {+£1}, components given by sgndet g
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Component group

Suppose G is a connected (in Zariski topology) linear algebraic group
= G(C) is connected (in Hausdorff topology)

But G(R) may be disconnected (in Hausdorff topology)

G(R)° := identity component of G(R)

Problem 2

Compute the component group moG(R) = G(R)/G(R)°.

Examples
@ G is a split torus
= G(C)=C"x---xC*, GR)=R*x---xR*
— — 1oG(R) = {£1}"
e G=GL, = mG(R) = {+£1}, components given by sgndet g
o G =S50 (k,] >0) = moG(R) = {£1},

components given by sgn det(gU)f‘le
Galois cohomology of R-groups Minsk, June 22-26, 2022 12/17
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Component group: reduction to reductive case

Facts
e G unipotent = G(R) connected
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Component group: reduction to reductive case

Facts
e G unipotent = G(R) connected
@ G = Gypj X Gyeq (Levi decomposition)
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Component group: reduction to reductive case

Facts
e G unipotent = G(R) connected
@ G = Gypj X Gyeq (Levi decomposition)
= G(R) = Guni(R) X Greg(R) = 7 G(R) = 19 Gred(R)
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Component group: reduction to reductive case

Facts
e G unipotent = G(R) connected
@ G = Gypj X Gyeq (Levi decomposition)
= G(R) = Guni(R) X Greg(R) = 7 G(R) = 19 Gred(R)

Conclusion: It suffices to solve Problem 2 for connected reductive G.
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Component group: reduction to reductive case

Facts
e G unipotent = G(R) connected
@ G = Gypj X Gyeq (Levi decomposition)
= G(R) = Guni(R) X Greg(R) = 7 G(R) = 19 Gred(R)

Conclusion: It suffices to solve Problem 2 for connected reductive G.

Known results

(E. Cartan) G semisimple simply connected = G(R) connected
(Matsumoto, 1964) moG(R) ~ {£1}"
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Component group: reduction to reductive case

Facts
e G unipotent = G(R) connected
@ G = Gypj X Gyeq (Levi decomposition)
= G(R) = Guni(R) X Greg(R) = 7 G(R) = 19 Gred(R)

Conclusion: It suffices to solve Problem 2 for connected reductive G.

Known results

(E. Cartan) G semisimple simply connected = G(R) connected
(Matsumoto, 1964) moG(R) ~ {£1}"

Reason: Ts C G is a maximal split torus = G(R) = T¢(R) - G(R)°
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Component group: computation

Recal: G =G*-S5, G* semisimple, S=2(G)°.
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Component group: computation

Recal: G =G*-S5, G* semisimple, S=2(G)°.

More notation:  GS¢ = universal cover of G, s = LieS.
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Component group: computation
Recal: G =G*-S5, G* semisimple, S=2(G)°.
More notation:  GS¢ = universal cover of G, s = LieS.
1 — mG -5 G=6*xs 5 6=6%-5 — 1

universal cover

Im(i) = Ker(j) =: Z C Z(G)
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Component group: computation

Recal: G =G*-S5, G* semisimple, S=2(G)°.
More notation:  GS¢ = universal cover of G, s = LieS.

1 — mG -5 G=G*<xs 43 G=G=-5 — 1

universal cover

Im(i) = Ker(j) =: Z C Z(G)

— G([R) — G(R) — HY(R,mG) — HYR,G) — ---

I I
G*(R) x 5(R) HY(R, G*)

connected
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Component group: computation

Recal: G =G*-S5, G* semisimple, S=2(G)°.
More notation:  GS¢ = universal cover of G, s = LieS.

1 — mG -5 G=G*<xs 43 G=G=-5 — 1

universal cover

Im(i) = Ker(j) =: Z C Z(G)

— G([R) — G(R) — HY(R,mG) — HYR,G) — ---

I I
G*(R) x 5(R) HY(R, G*)

connected

1 — 10G(R) — HY(R,m G) — HY(R, G*)
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Component group: formula

Choose a maximal torus T D T, defined over R.

T = Ts - T, with T, anisotropic.
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Component group: formula

Choose a maximal torus T D T, defined over R.
T = Ts- T, with T, anisotropic.

XY = XY(T), cocharacter lattice;

QY = QV(G, T), coroot lattice.
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Component group: formula

Choose a maximal torus T D T, defined over R.
T = Ts- T, with T, anisotropic.

XY = XY(T), cocharacter lattice;

QY = QV(G, T), coroot lattice.

XY = image of XV under projection t = Lie T — t; = Lie Ts;

X =X"Nts;  Q =QYNts.
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Component group: formula

Choose a maximal torus T D T, defined over R.

T = Ts - T, with T, anisotropic.

XY = XY(T), cocharacter lattice;

QY = QV(G, T), coroot lattice.

XY = image of XV under projection t = Lie T — t; = Lie Ts;
X =XVNts; QY =QVnNts.

Lemma
Z:iXV/iQv J
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Component group: formula

Choose a maximal torus T D T, defined over R.

T = Ts - T, with T, anisotropic.

XY = XY(T), cocharacter lattice;

QY = QV(G, T), coroot lattice.

XY = image of XV under projection t = Lie T — t; = Lie Ts;
X =XVNts; QY =QVnNts.

Lemma

7 ~iXV/iQV

Theorem

moG(R) ~ XY /(2XY + QY)
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Example (continued)

G:PSO;(,/, n=k+1=2m.
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Example (continued)

G:PSO;(’/, n=k+1=2m.
XV ={meY + - +nmeh | ni€3Z, nj—nj €Z, Vi,j=1,...,m}

QY ={me{ +--+nmel | ni€Z, ny+---+ny, even}
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Example (continued)

G:PSO;(’/, n=k+1=2m.
XV ={meY + - +nmeh | ni€3Z, nj—nj €Z, Vi,j=1,...,m}
QY ={me{ +-- -+ nme | ni €Z, ny+---+ n,, even}

Non-split case k < [:
X ={me{ + - +mel | n€Z,Vi=1,... k}
XY ={meY +-+mel | meln, nj—n €l Vij=1,...,k}
Q) ={me{ +---+nkel | ni €Z, ny +---+ ni even}
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Example (continued)

G:PSO;(’/, n=k+1=2m.
XV ={meY + - +nmeh | ni€3Z, nj—nj €Z, Vi,j=1,...,m}
QY ={me{ +-- -+ nme | ni €Z, ny+---+ n,, even}

Non-split case k < [:
X ={me{ + - +mel | n€Z,Vi=1,... k}
XY ={meY +-+mel | meln, nj—n €l Vij=1,...,k}
Q) ={me{ +---+nkel | ni €Z, ny +---+ ni even}

7./27.. k :
R b
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Example (continued)
G:PSO;(’/, n=k+/=2m.
XY ={me{ +---+nme’ | nj € %Z, nj—nj €%, vVi,j=1,...,m}
QY ={me{ +--+nmel | ni€Z, ny+---+ny, even}
Non-split case k < [:
X ={me{ + - +mel | n€Z,Vi=1,... k}
XY ={meY +-+mel | meln, nj—n €l Vij=1,...,k}
Q) ={me{ +---+nkel | ni €Z, ny +---+ ni even}
7.]27., k ;
76G(R) = /27, even
0, k odd.
Splitcase k =1=m: X/ = )~<sv =XV, Q=QV.
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Example (continued)

G:PSO;(’/, n=k+1=2m.
XV ={meY + - +nmeh | ni€3Z, nj—nj €Z, Vi,j=1,...,m}
QY ={me{ +-- -+ nme | ni €Z, ny+---+ n,, even}

Non-split case k < [:
X ={me{ + - +mel | n€Z,Vi=1,... k}
XY ={meY +-+mel | meln, nj—n €l Vij=1,...,k}
Q) ={me{ +---+nkel | ni €Z, ny +---+ ni even}

7./27.. k :
R b

Splitcase k=1=m: XY =XY=XY, QY=4@qV.

7./27., m even;
moG(R) = / o2
(Z/272)%4, m odd.
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