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Preliminaries and setup

Algebraic groups over R

Let G be a linear algebraic group defined over R.

Naively:

G ⊂ GLn is defined by polynomial equations in gij with coefficients ∈ R.

G (C) = {solutions with gij ∈ C}, complex Lie group;
G (R) = {solutions with gij ∈ R}, real Lie group.

Complex conjugation: G (C) 3 g = (gij) 7→ ḡ = (ḡij) ∈ G (C);

g ∈ G (R) ⇐⇒ g = ḡ .

More rigorously:

G = (G (C), σ), where σ : G (C)→ G (C), g 7→ ḡ , is a real structure
(= an antiregular involutive group automorphism
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More rigorously:

G = (G (C), σ), where σ : G (C)→ G (C), g 7→ ḡ , is a real structure
(= an antiregular involutive group automorphism,

i.e., σ∗OG = OG ).
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Preliminaries and setup Galois cohomology

Galois cohomology over R
1-cocycles: Z1(R,G ) = {c ∈ G (C) | cc̄ = 1}

Twisted conjugation action G (C) y Z1(R,G ): c
g7−→ gcḡ−1

1-cohomology: H1(R,G ) = Z1(R,G )/G (C) (pointed set, not group!)

Principle

Let X be an object defined over R (quadratic form, tensor, algebra,
algebraic variety/group). Then:

{R-forms of X} ←→ H1(R,AutX )

Exact cohomology sequence:

Let G y Q = Gq0 be a homogeneous variety, q0 ∈ Q(R), H = Gq0 .

1→ H(R)→ G (R)→ Q(R) −→ H1(R,H)→ H1(R,G )→ H1(R,Q)︸ ︷︷ ︸
if HCGq = gq0 7−→ [g−1ḡ ]
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Preliminaries and setup Galois cohomology

Galois cohomology: computation problem

Problem 1

Compute the Galois cohomology H1(R,G ).

Fact

G unipotent =⇒ H1(R,G ) = 1

1 −→ Guni −→ G −→ G/Guni −→ 1⋃
‖

Gred
∼−→ G/Guni

· · · −→ H1(R,Guni) −→ H1(R,G ) −→ H1(R,G/Guni)
‖ ↑ ‖
1 H1(R,Gred)

∼−→ H1(R,G/Guni)

Conclusion: It suffices to solve Problem 1 for reductive G .
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Results Computation of Galois cohomology

Galois cohomology of tori

Real structures on tori:

Let (T , σ) be an algebraic torus defined over R; T (C) = C× × · · · × C×︸ ︷︷ ︸
n

.

Basic R-structures:

split: σ(t1, . . . , tn) = (t̄1, . . . , t̄n); T (R) = (R×)n

anisotropic: σ(t1, . . . , tn) = (t̄−11 , . . . , t̄−1n ); T (R) = (S1)n

Proposition

∃ unique decomposition T = T0 · T1 such that |T0 ∩ T1| <∞ (almost
direct product), T0 anisotropic, T1 split.

Notation: T
(2)
0 = {t ∈ T0 | t2 = 1}.

Proposition

H1(R,T ) ' T
(2)
0 /(T0 ∩ T1)
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Results Computation of Galois cohomology

Galois cohomology: reduction to tori

Notation: G = G ss · S connected reductive, G ss semisimple, S = Z (G )◦.

Choose a maximal anisotropic torus T0 ⊂ G
=⇒ T = ZG (T0) = T0 · T1 is a maximal torus in G , T1 is a split torus.

Twisted normalizer: N0 = {n ∈ NG (T0) | nn̄−1 ∈ T
(2)
0 }

Twisted conjugation N0 y T0, t
n7−→ ntn̄−1, preserves T0(R) and T

(2)
0 .

N0 ∩ T acts as translations by T0 ∩ T1.

Theorem (M. Borovoi, 1988)

H1(R,G ) ' T
(2)
0 /N0

How to compute?

Effective action: N0 � Ŵ0 y T0

1 −→ T0 ∩ T1 −→ Ŵ0 −→W0 := NG (T0)/T −→ 1
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1 −→ T0 ∩ T1 −→ Ŵ0 −→W0 := NG (T0)/T −→ 1

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22–26, 2022 6 / 17



Results Computation of Galois cohomology

Galois cohomology: reduction to tori

Notation: G = G ss · S connected reductive, G ss semisimple, S = Z (G )◦.

Choose a maximal anisotropic torus T0 ⊂ G
=⇒ T = ZG (T0) = T0 · T1 is a maximal torus in G , T1 is a split torus.

Twisted normalizer: N0 = {n ∈ NG (T0) | nn̄−1 ∈ T
(2)
0 }

Twisted conjugation N0 y T0, t
n7−→ ntn̄−1, preserves T0(R) and T

(2)
0 .

N0 ∩ T acts as translations by T0 ∩ T1.

Theorem (M. Borovoi, 1988)

H1(R,G ) ' T
(2)
0 /N0

How to compute?

Effective action: N0 � Ŵ0 y T0
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Notation: G = G ss · S connected reductive, G ss semisimple, S = Z (G )◦.

Choose a maximal anisotropic torus T0 ⊂ G
=⇒ T = ZG (T0) = T0 · T1 is a maximal torus in G , T1 is a split torus.

Twisted normalizer: N0 = {n ∈ NG (T0) | nn̄−1 ∈ T
(2)
0 }

Twisted conjugation N0 y T0, t
n7−→ ntn̄−1, preserves T0(R) and T

(2)
0 .

N0 ∩ T acts as translations by T0 ∩ T1.

Theorem (M. Borovoi, 1988)
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Results Computation of Galois cohomology

Galois cohomology: computation

Real structure:

σ = σc ◦ τ ◦ inn(tσ), product of commuting involutions. Here:

σc is an anisotropic real structure on G , i.e., G (R, σc) is compact;
τ is a diagrammatic involution, τ(t) = t±1 for t ∈ T0,1, respectively;
tσ ∈ T0, t2σ ∈ Z (G ss).

Shift and logarithm:
T0 ∩ T1 ⊂ Ŵ0 y T0(R)

↑ ↑ ↑
| | | E

iX∨0 ⊂ W̃0 y t0(R)

X∨0 = image of X∨(T ) under projection t = LieT → t0 = LieT0;

W̃0 = iX∨0 oW0 acts on t0(R) by affine isometries;
E(x) = exp 2π(x − xσ), where exp 2πxσ = tσ

Claim 1: T0(R)/Ŵ0 ' t0(R)/W̃0
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Results Computation of Galois cohomology

Galois cohomology: computation

X∨0 ⊃ Q∨0 ⊕ Λ∨0 , sublattice of finite index;

Q∨0 = image of Q∨(G ,T ) (coroot lattice) under projection t→ t0;

Λ∨0 = image of X∨(S) under the same projection;

W̃0 ⊃ W̃r = iQ∨0 oW0, reflection group
(affine Weyl group of (G , τ)).

Fundamental domain for W̃r y t0(R) is ∆1 × · · · ×∆m × s0(R).

Here: s0 = s ∩ t0 and ∆i are simplices defined by (twisted) affine Dynkin
diagrams Dyni corresponding to R-simple factors of G .

xi ∈ ∆i is determined by barycentric coordinates pij ≥ 0 (j = 0, . . . , li )
such that

∑
j nijpij = 2 (nij ∈ Z≥0).

F0 = X∨0 /(Q∨0 ⊕ Λ∨0 ), finite Abelian group.

Claim 2: t0(R)/W̃0 ' (∆1 × · · · ×∆m × s0(R)/Λ∨0 )/F0
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Results Computation of Galois cohomology

Galois cohomology: computation

Question

Determine x = (x1, . . . , xm, x0) ∈ ∆1 × · · · ×∆m × s0(R) such that

E(x) = exp 2π(x − xσ) ∈ T
(2)
0 .

Answer

E(x) ∈ T
(2)
0 if and only if:

1 pij ∈ Z≥0 (∀i , j);

2 x0 = iµ/2, µ ∈ M∨0 := X∨(S0/S0 ∩ G ss);

3
∑

i ,j>0 λijpij + 〈λ, µ〉 ≡
∑

i ,j>0 λijqij (mod Z), ∀λ ∈ X (T0),

where λij ∈ Q are coordinates of λ in simple roots and qij ∈ Z≥0 are
barycentric coordinates of xσ.
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Results Computation of Galois cohomology

Galois cohomology: main theorem

Definition

A Kac labeling is p = (pij)i ,j with pij ∈ Z≥0,
∑

j nijpij = 2.

A reductive Kac labeling is (p, [µ]), where p is a Kac labeling and
[µ] ∈ M∨0 /2Λ∨0 .

K(G ) = {reductive Kac labelings satisfying congruences (3)}.

F0 = X∨0 /(Q∨0 ⊕ Λ∨0 ) acts on K(G ) via automorphisms of Dyn1, . . . ,Dynm

and translations on M∨0 /2Λ∨0 .

Theorem

H1(R,G ) ' K(G )/F0.
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Results Example

Example

G = SO2k,2l , n = k + l , k, l ≥ 2. Here: τ = id, T0 = T

1

1

0 0 1 0 0

1

1

0

0

2 2 2 2 2

0

0

nj black
qj red︸ ︷︷ ︸

k
︸ ︷︷ ︸

l

X (T ) = 〈ω1, α1, . . . , αn〉, ω1 =
∑

j>0 λjαj , λj :
1

1 · · · 11/2

1/2
Congruence (3): pn−1 ≡ pn (mod 2)

F0 = 〈[ω∨1 ]〉2

K(G ) : 1
10···0

0
0

2
00···0

0
0

0
02···0

0
0 · · · 0

00···2
0
0

0
00···0

2
0

0
00···0

1
1

0
20···0

0
0

0
00···0

0
2

#H1(R,G ) = n + 1
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Results Component group

Component group

Suppose G is a connected (in Zariski topology) linear algebraic group

=⇒ G (C) is connected (in Hausdorff topology)

But G (R) may be disconnected (in Hausdorff topology)

G (R)◦ := identity component of G (R)

Problem 2

Compute the component group π0G (R) = G (R)/G (R)◦.

Examples

G is a split torus
=⇒ G (C) = C× × · · · × C×︸ ︷︷ ︸

n

, G (R) = R× × · · · × R×
=⇒ π0G (R) = {±1}n

G = GLn =⇒ π0G (R) = {±1}, components given by sgn det g

G = SOk,l (k, l > 0) =⇒ π0G (R) = {±1},
components given by sgn det(gij)

k
i ,j=1
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Results Component group

Component group: reduction to reductive case

Facts

G unipotent =⇒ G (R) connected

G = Guni o Gred (Levi decomposition)

=⇒ G (R) = Guni(R) o Gred(R) =⇒ π0G (R) = π0Gred(R)

Conclusion: It suffices to solve Problem 2 for connected reductive G .

Known results

(É. Cartan) G semisimple simply connected =⇒ G (R) connected

(Matsumoto, 1964) π0G (R) ' {±1}n

Reason: Ts ⊂ G is a maximal split torus =⇒ G (R) = Ts(R) · G (R)◦
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G = Guni o Gred (Levi decomposition)

=⇒ G (R) = Guni(R) o Gred(R) =⇒ π0G (R) = π0Gred(R)

Conclusion: It suffices to solve Problem 2 for connected reductive G .

Known results

(É. Cartan) G semisimple simply connected =⇒ G (R) connected

(Matsumoto, 1964) π0G (R) ' {±1}n
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Results Computation of component group

Component group: computation

Recall: G = G ss · S , G ss semisimple, S = Z (G )◦.

More notation: G sc = universal cover of G ss, s = LieS .

1 −→ π1G
i−→ G̃ = G sc × s

universal cover

j−→ G = G ss · S −→ 1

Im(i) = Ker(j) =: Z̃ ⊆ Z (G̃ )

· · · −→ G̃ (R) −→ G (R) −→ H1(R, π1G ) −→ H1(R, G̃ ) −→ · · ·
‖ ‖

G sc(R)× s(R)
connected

H1(R,G sc)

1 −→ π0G (R) −→ H1(R, π1G ) −→ H1(R,G sc)

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22–26, 2022 14 / 17



Results Computation of component group

Component group: computation

Recall: G = G ss · S , G ss semisimple, S = Z (G )◦.

More notation: G sc = universal cover of G ss, s = LieS .

1 −→ π1G
i−→ G̃ = G sc × s

universal cover

j−→ G = G ss · S −→ 1

Im(i) = Ker(j) =: Z̃ ⊆ Z (G̃ )

· · · −→ G̃ (R) −→ G (R) −→ H1(R, π1G ) −→ H1(R, G̃ ) −→ · · ·
‖ ‖

G sc(R)× s(R)
connected

H1(R,G sc)

1 −→ π0G (R) −→ H1(R, π1G ) −→ H1(R,G sc)

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22–26, 2022 14 / 17



Results Computation of component group

Component group: computation

Recall: G = G ss · S , G ss semisimple, S = Z (G )◦.

More notation: G sc = universal cover of G ss, s = LieS .

1 −→ π1G
i−→ G̃ = G sc × s

universal cover

j−→ G = G ss · S −→ 1

Im(i) = Ker(j) =: Z̃ ⊆ Z (G̃ )

· · · −→ G̃ (R) −→ G (R) −→ H1(R, π1G ) −→ H1(R, G̃ ) −→ · · ·
‖ ‖

G sc(R)× s(R)
connected

H1(R,G sc)

1 −→ π0G (R) −→ H1(R, π1G ) −→ H1(R,G sc)

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22–26, 2022 14 / 17



Results Computation of component group

Component group: computation

Recall: G = G ss · S , G ss semisimple, S = Z (G )◦.

More notation: G sc = universal cover of G ss, s = LieS .

1 −→ π1G
i−→ G̃ = G sc × s

universal cover

j−→ G = G ss · S −→ 1

Im(i) = Ker(j) =: Z̃ ⊆ Z (G̃ )

· · · −→ G̃ (R) −→ G (R) −→ H1(R, π1G ) −→ H1(R, G̃ ) −→ · · ·
‖ ‖

G sc(R)× s(R)
connected

H1(R,G sc)

1 −→ π0G (R) −→ H1(R, π1G ) −→ H1(R,G sc)

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22–26, 2022 14 / 17



Results Computation of component group

Component group: computation

Recall: G = G ss · S , G ss semisimple, S = Z (G )◦.

More notation: G sc = universal cover of G ss, s = LieS .

1 −→ π1G
i−→ G̃ = G sc × s

universal cover

j−→ G = G ss · S −→ 1

Im(i) = Ker(j) =: Z̃ ⊆ Z (G̃ )

· · · −→ G̃ (R) −→ G (R) −→ H1(R, π1G ) −→ H1(R, G̃ ) −→ · · ·
‖ ‖

G sc(R)× s(R)
connected

H1(R,G sc)

1 −→ π0G (R) −→ H1(R, π1G ) −→ H1(R,G sc)

D. A. Timashev (Moscow) Galois cohomology of R-groups Minsk, June 22–26, 2022 14 / 17



Results Computation of component group

Component group: formula

Choose a maximal torus T ⊃ Ts defined over R.

T = Ts · Tc with Tc anisotropic.

X∨ = X∨(T ), cocharacter lattice;

Q∨ = Q∨(G ,T ), coroot lattice.

X̃∨s = image of X∨ under projection t = LieT → ts = LieTs ;

X∨s = X∨ ∩ ts ; Q∨s = Q∨ ∩ ts .

Lemma

Z̃ ' iX∨/iQ∨

Theorem

π0G (R) ' X∨s /(2X̃∨s + Q∨s )
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Results Computation of component group

Example (continued)

G = PSOk,l , n = k + l = 2m.

X∨ = {n1ε∨1 + · · ·+ nmε
∨
m | ni ∈ 1

2Z, ni − nj ∈ Z, ∀i , j = 1, . . . ,m}
Q∨ = {n1ε∨1 + · · ·+ nmε

∨
m | ni ∈ Z, n1 + · · ·+ nm even}

Non-split case k < l :

X∨s = {n1ε∨1 + · · ·+ nkε
∨
k | ni ∈ Z, ∀i = 1, . . . , k}

X̃∨s = {n1ε∨1 + · · ·+ nkε
∨
k | ni ∈ 1

2Z, ni − nj ∈ Z, ∀i , j = 1, . . . , k}
Q∨s = {n1ε∨1 + · · ·+ nkε

∨
k | ni ∈ Z, n1 + · · ·+ nk even}

π0G (R) =

{
Z/2Z, k even;

0, k odd.

Split case k = l = m: X∨s = X̃∨s = X∨, Q∨s = Q∨.

π0G (R) =

{
Z/2Z, m even;

(Z/2Z)⊕2, m odd.
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