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Introduction
Jainism was one of the flourishing religions in India in the
$.G.Dani ancient and medieval times, following its rejuvination by
mroducion  Vardhamana Mahavira (6th c. BCE), alongside the Vedic
Early works religion and Buddhism.

e Mathematics had an important role in the philosophical

Lt pursuits of the Jaina monks. Their involvement stemmed
from interest in calculations involving

from ancient
and medieval
India

e Their conception of the terrestrial world, with the earth
as a flat disc surrounded alternately by rings of water
and land, extending indefinitely.

e Geographical model of the earth, divided by parallel
mountain ranges.

e Their model for population of human souls and their
individual spiritual developments (in terms of "karma”).

BsedeHue

B OpesHue u cpedHeseKosble epemeHa [xaliHu3m, nocse e2o 803POHOeHUSA
BapoxamaHroii Maxaeupoli (VI ek 00 H.3.), 6bin 00HOU U3 camoix npoysemaroujux
penuzuii 8 UHOuu, Hapady c eeduyeckoli peauzueli u 6yddusmom.

Mamemamuka u2pana 8axcHyo ponb 8 hunocogcKoli
3aHAMUA OXaliHCKUX MOHaxoe. x uHmepec npoucmekan u3 ux UHmepecad K
pacyemam, eKsa0YaOWUM Npexcoe 8ce2o
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- Ux npedcmaeneHue o 3eMHOM Mupe ¢ 3emeli 8 sude Na0CKo20 OUCKQ,
OKPY}(EeHHO20 nonepemMeHHO KoAbyamu 800bl U 3emMsu, Mpocmuparouwumucs 00

6eckoHeyHOCMU.
- Feozpacgpuyeckyio modeno 3emnu, pazdeneHHOU NapannenbHbIMu 20PHbIMU
xpebmamu.
- Ux modenb nonynayuu YenosevecKux Oyw u ux ...
Kk %k
Jaina
g Early works with mathematical content
lndmlwﬂ

S..Ount Works with explicit mathematical content, involving
mroducion - NUMerical calculations, geometry, as also certain other
Early works mathematical topics, perhaps go back to about 500 BCE,
Highlights not long after Mahavira, who himself is believed to have

from the later

period been a mathematician.

e Chandraprajnapti, Suryaprajnapti, Jambudvipa
prajnapti (ca. 500 BCE)

e Sthananga sutra (ca.300 BCE)

e Bhagavati sutra of Sudharma Svami (ca. 300 BCE)

e Shatkhandagama of Pushpadanta and Bhutabali
(between 87 and 156 CE)

e Tatvarthadhigama sutrabhashya of Umasvati (2nd c.
CE, or older?)

PaHHue pa6OMbl c mamemamu4yecKkum codepmaHueM

Pabomebl ¢ A8HbIM Mamemamu4yecKum co0epiaHuem, 8KaoYarowjue Yyucnoesie

pacyemol, 2eoMempuio, d MaKxe Hekomopble Opy2ue mMmamemamu4yecKue membol,

803MOXM(HO, 80cX00am K 500 2. o H.3., 8cKope nocae Maxasupbl, Komopbiil, KaK

nonazarom, cam 661 MamemamuKom.

- YaudpanpaodxHanmu, CypbanpadxcHanmu, Axambydsuna npadxcHanmu (oK. 500
2. 00 H.3.)

- CmxaHaHaa-cympa (okoso 300 2. 00 H.3.)

- bxazasamu-cympa Cydxapmbl Ceamu (oK. 300 2. 00 H. 3.)

- WamxaHoazama u3 Mywnadaumesl u bxymabanu (mexcdy 87 u 156 22. H. 3.)

- Tameapmxadxuzama cympabxawba uz Ymaceamu (Il ek H.3. unu parHee?)
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Jaina -
from ancient Revived Jaina tradition
and medieval

India
$.G.Dani After a lull in during some early centuries of the first
Taiociotioes millennium, there was renewed interest among Jaina
zarty works scholars in mathematics, and this time it was guided also by
4ighlights various emerging needs of practical life.

rom the later
seriod

On the one hand, a body of basic mathematics had evolved,
in the Aryabhatan tradition of mathematical astronomy, and
was ripe for diffusion, by scholars with pedagogical interest.

On the other hand there was rise in trade and commerce
generating interest in calculations of various kinds.

Many Jaina scholars, who were not involved with astronomy,
contributed mathematical works that were instrumental in
promotion and applications of mathematics in a wider
practical context, from around the 8th century, lasting for
about 6 centuries.

Bo3poxdeHHaa mpaduyusa 0xaliHos
Mocne 3amuwibA 8 meyeHue HECKO/IbLKUX nepebix cmosemuli nepeozo
meoicavenemus cpedu OHcaliHCKux y4eHblx 80306HO8U/CA UHMepec K
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Highlights

from the later
period

mamemamuke, U Ha 3mom pa3s oH Makxce 6bin 06ycn06s€eH Pa3AUYHbIMU
paseusarowumuca nompebHOCMAMU NPAKMUYECKOU HU3HU.

C 00HOli cMOpPOHbI, Kopnyc hyHOaMmeHmMasnbHOl MamemMamuKu pa3euscsa 8
apuabxamaHcKoli mpaduyuu mamemamuyecKoli acmpoHOMUU U chopmupoesancsa
018 pacnpocmpaHeHusa y4eHbIMU ¢ neda2o2u4ecKoll HanpaeneHHOCMeoio.

C Opyz0ii cmopoHbI, pPOCM MOP206aU U KOMMepyuu nopodus nompebHocmes e
pacyemax pa3au4yHo20 poda.

HayuHas npumepHo c VllI-2o0 eeka u 8 meyeHue npubauzumenbHo wecmu 8eKo8
MHoz2ue OxcaliHCKue y4yeHble, He 3aHUMasWwuecs acmpoHomuel, Hanucanu
mamemamuy4ecKue pabomel, Komopbie Cbl2Pasnau 8AXCHYIO POsb 8 MPOOBUMEHUU U
npumeHeHUU mamemMamuKu e 6osee WUpPOKOM NPAKMUYeCKOM KOHmeKcme.

ok k

Later Jaina exponents

Here are some of the principal figures from the Jaina
tradition from 8th to 14th centuries; we shall explore here
the develoments in terms of their works.

o Sridhara; there has been much debate about his period,
and whether he was Jaina or a Shaivite; the see-saw has
now settled on his being Jaina, and from around 750 CE.

Two of his works Patiganita, Trishatika are extant - these
seem to be parts of a much larger work which is lost.

He has been a much cited author (in later works), and in
particular was cited in Bhaskaracharaya’s influential work(s).

o Mahavira; he lived in the later part of the rule of
Amoghavarsha Nripatunga (815 — 877 CE), of the
Rashtrakuta dynasty (perhaps belonged to his court). He is
renowned for the work Ganita Sara Sangraha, which served
as a textbook in a wide region of South India for several
centuries, as witnessed by extant copies of the work.

Bbonee no3dHue npedcmasumesnu OxcaliHuUsma
Bom Hekomopeble u3 0CHOBHbIX ghuzyp OxcaiiHckoli mpaduyuu c VIII no XIV eeka; 30ecb moi
paccmompum passumue ¢ MOYKU 3peHus ux pabom.

- LLipuoxapa; 66110 MHO20 CMIOPOB O e20 nepuode u 0 Mom, 6bisa u oH OxcaliHom unu
wueaumom; MHeHUs COWAUCb Hd MOM, Ymo OH AxcaliHa, npumepHo ¢ 750 2. H.3.
CoxpaHunuce 0ee e2o pabomei «[lamuzaHuma», « TpuWamMuKa» — eusaUMO, OHU
Aenaomca yacmamu 2opa3do 6onee kpynHoli pabomsl, Komopaa ymepaHd. OH 6bin
Yacmo yumupyemoim aemopom (e 6osee no3d0HUX pabomax) u, 8 yacmHocmu,
yumupoeasca o eauamenvHouix pabomax bxackapayapas.

- Maxaeupa; oH xcun e 6osee no30Huli nepuod npaeneHua Amozaxaeapwiu HpunamyHau
(815—877 22. H. 3.) u3z duHacmuu Pawmpakyma (803MOX(HO, NPUHAB1exas K e2o 0eopy).
OH useecmeH pabomoii Franuma Capa CaHzpaxa, Komopas cayxuna yyebHUKom e
obwupHom peauoHe l0xcHoli MHOUU 8 meyeHUe HecKoAbKUX cmosemulii, o yem
csudemenbcmaeyom coxpaHuswuecsa Konuu pabomeol.

* k¥



Jaina
e Later Jaina exponents - Contd.
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$.G.Dani o Virsena (816 CE); known for Dhavala, a commentary, in
mroducton _ PTakrit, on Shatkhandagama

Escly works o Nemichandra (981 CE); author of Trilokasara,

it Gommatasara, and Labdhisara, all in prakrit. A commentary

pefiod of Trilokasara in Sanskrit, by his pupil Madhavachandra
Traividya, was much in circulation.

o Thakkura Pheru; held important positions in the treasury,
during the period of the successive Sultans Alauddin Khalji
(1296—1316 CE), Shihabuddin Umar (1316 CE), Qutubddin
Mubarak Shah (1316—1320 CE) and Ghiyasuddin Tughlug
(1320-1325 CE). He is noted for incorporating emerging
trends brought in by the Islamic rule in India.

Numerous other Jaina scholars also contributed during the
period, especially in pedagogical terms.

bonee no30HuUe npedcmasumenu OXAUHU3MA - NPOOO0AH(EHUE.
BupceHa (Virsena, Vira Sena, 816 2. H.3.); useecmeH [xaesanoii,
KommeHmapuem K LLlamxaHdazame, HaNUCaHHbIM HA NPAKpume
HemuuaHOpa (981 2. H.3.); aemop «Tpunokacapsi», «flommamacapsi»
u «Jlabdxuccpoi» — ece Ha npakpume. HanucaHHbIl €20 y4yeHUKOM
MaoxaesayaHOpoii Tpalisudbeli Ha caHcKpume «KommeHmapuii K
Tpunokacape» 6bia 04eHb NONyAAPEH.

Takkypa Pepy; 3aHUMA 8AXCHbIE NOCMbI 8 KA3HE 8 nepuoo
npaeneHusa cynmaHoe AnaydouHa Xanoxu (1296-1316 22. H. 3.),
LWuxabyoduHa Ymapa (1316 2. H. 3.), Kymyb60duHa My6apaka LLlaxa
(1316-1320 2a. H. 3.) U TuacydduHa Tyanyka (1320-1325 22. H. 3.). OH
u3secmeH mem, Ymo y4yumaoleas Ho8ble meHOeHYuu, NPUeHeceHHbIe 8
UHOuto ucnamckum npaeneHuem.

MHorue gpyrue a)aHCKMe yvyeHble TaKXXe BHEC/IU CBOM BKNAA, B 3TOT
nepuopa, ocobeHHO B NneAarorMyeckom nnaHe.

from ancient Early Geometry

$.G.Dani In the ancient world the ratio of the circumference of the
circle to its diameter (7 for us now) was taken to be 3.

Introduction

Early works The Jainas were among the first to depart from the practice.
tan'ii%e (The Manava sulbasutra, which would be anterior to the
pered Jaina works in question mentions the value 31 for the ratio,

but not found used anywhere, or mentioned in later works.)

The Jainas adopted the value /10 for the ratio, which is
about 3.16, about %% in excess of the true value 3.1415.. . ..

This value for = had great longeivity and was in use for
almost 2000 years, even after more accurate values, such
as 3.1416 in Aryabhatiya, were known; not only in the Jaina
tradition but also in the hindu tradition, including by
Brahmagupta, and later by Arabs and Europeans, during
some early period.

PaHHAA reomeTpua

B ApeBHeM Mupe OTHOLIEHUE A/IMHDbI OKPYXKHOCTU K ee guameTpy (To ecTb 1)
NPUHMMANOCb PaBHbIM 3.

[>KaiiHbl 6b11M 0A4HUMU U3 NEePBbIX, KTO OTKA3a/ICA OT 3TOM NPaKTUKM.



(B Manava sulbasutra, KoTopasa A0/}KHa NpeaLwecTBOBaTb PAacCMaTPUBAEMbIM
AYKaUHCKUM TpyAaMm, YNTOMUHAETCA 3HaYeHue 3% ANA 3TOro OTHOLWEHUA, HO B
6onee No3aHUX paboTax OHO HUTAE He UCNONb3YyeTCA U He YNOMUHAeTcA).

[ KaWHbl NPUHANK ANA OTHOLLEHUA 3HAYEHUE V10, uto cocraBnset okono 3,16,
T.e. NPUMEPHO Ha g% npesbilaeT UCTUHHOE 3HayeHue 3:14159:::.

3T0 3HauYeHue ynoTpebaanocb A40Nr0 U UCNoab30Baaocb noutn 2000 neT, paxe
nocne Toro, Kak CTanu u3BecTHbl 601ee TouHble 3Ha4YeHUus, Takue Kak 3,1416 B
ApbabxaTus; He TONIbKO B AXKaWMHCKOW TPaguuum, HO U B UHAYUCTCKOM, B TOM
uyucne y bpaxmaryntbl, a 3aTem y apaboB u eBponeinues, B HEKOTOpbi 6onee
paHHUI nepuoa.

% k%
Jaina
from ancient Circumference of the Earth
and medieval
&::'_" Prevalence of the value /10 lies in its convenience, as is
: seen from the ancient example.
"_.":’:::t" The diameter of the Earth (Jambudvipa, as a flat disc) was

=l supposed to be 100,000 yojana. Thus the circumference,

pmieise according to them, would be v/10 x 100000 and this would
be computed as the square root of 100,000,000,000 and is
described in various early Jaina texts to be

316,227 yojana, 3 gavyuti, 128 dhanu, 13‘5 angula and a little over.

Here gavyuti, dhanu and angula are smaller units of distance
prevailing at the time. One gavyuti was equivalent to }— yojana, a
dhanu was a 2000th part of a gavyuti, and an angula was 96th
part of a dhanu; thus 1 yojana = 4 gavyuti = 8000 dhanu =
768000 angula.

The mention of “a little over” is especially notable, as a
matter nf the attentinn naid tn detail

OKpY*HOCTb 3emnun

Npeo6naaanue 3HaueHns V10 3akniouaetcs B ero ya06cTBE, KaK 3T0 BUAHO U3
OpEeBHEro npumepa.

Dunametp 3emnu (Oxkambyasuna, Kak NA0CKUiA AUCK) npegnonaranca paBHbim 100
000 itoaykaH. Takum obpasom, OMHaA OKPYXKHOCTU, MO UX MHEHUIO, ByaeT paBHa

v10 X 100 000, n oHa 6yaeT BbIUMCAATLCA KaK KBAAPaTHbIU KOPEHb U3
100 000 000 000, uTo BbipaXKaeTca B Pa3/IMUHbIX PAHHUX AMKAWUHCKUX TEKCTAX KaK

" 1
316227 nopxKaHa, 3 raBbiotu, 128 axaHy, 13Ea|-|ryna MU HemHoz20 6onblue. 3aecb
raBblOTU, AXAHY M aHTyNa — MeHbLuMe eAUHULbI ANIUHDbI, Npeobnapatowme B TO
1, "
Bpemsa. OAUH rasbloTU paBHANCA 2 NOAXKaHa, AXaHY paBHANacL 2000-1 yactn

raBblOTH, a aHryna paBHANACb 96-1 YAacTU AXaHY; TaKUm obpasom, 1 iiogyKaHa = 4
rasbtoTu = 8000 gxaHy = 768000 aHryna. YNnoMmMHaHUe «KHeMHO20 6onblue»
0c06eHHO NpumeyaTesIbHO B CBA3U C BHUMaHUEM K AeTansAM.

% %k k



Jaina

from ancient Computations with numbers
mdmhvd

S0t As the calculation of the circumference of the earth shows

fmeduetion— the Jaina scholars had great aptitude for computation with

Eayworks hymbers. There are also many such other instances
Highlights & 5 <
wmiewer  iNVolving even much larger numbers. The decimal system

i for representation of numbers together with zero is seen to
be in full use.

Their method of computation of square roots is not
definitively known, but it may have incorporated the method
known after Aryabhata, together with an approximation
formula of the kind Va2 + b~ a+ 2.

They also dealt with permutations and combinations,
partitions of numbers, summation of (finite) series, an
analogue of the logarithms, etc.

MeTtoabl BblUUCEHNIA

KaK nokasbliBaeT BbluUC/IEHUE OKPYXKHOCTU 3eMIN, AKaUHCKUue
yuyeHble 06naganu 60nbwWMMKM CNOCOBHOCTAMM K BbluUCAEHUAM. Tomy
€CTb MHOXXeCTBO NPUMepOB, CBA3aHHbIX € ropa3ao 6oabwmmm
uncnamu. B nonHo mepe ncnonb3oBanacb AeCATUHHAA CUCTEMA
npeACcTaBieHUA Yucen BMecTe ¢ Hynem. X metoa BbluncieHuUn
KBa4paTHbIX KOPHeii OKOHYaTeNbHO He U3BeCTeH, HO OH MOT BKNlOYaTb
B ceba meTopn, n3BecTHbi nocne Apnabxatbl, BMmecTe ¢ popmynoun
npUbAnKeHns TMNa Va2 + b ~ a +—. OHU TaKXKe Mmenm aeno c
nepecTaHOBKaMM U KOMbUHaUMaMHM, pa3bueHnem uucen,
CyMMUpPOBaHMEM (KOHEYHbIX) pAA0B, aHAaI0rom Aorapudpmos m T.4.

&%k %k
Jaina
e Geometry of the circle
and medieval
s:':'ml A Consider a circle with diameter d,
) and a chord, AE in the figure. Let
Lo ¢ be the length of AE and h that
L= of DG, the corresponding “arrow”.
from the later B 0 b c The formula
period
¢ = /4h(d - h)
= occurs quite frequently in early

Chord and arc Jaina works.

The formula may be deduced easily from consideration of
similar triangles, together with the fact that the diameter
subtends a right angle and any point on the circle.

It is however more likely the Jainas deduced it using the
Pythagoras theorem, which has been known in India from
even earlier than Pythagoras, in the Vedic tradition.

S = = = T DA

Ffeomempus kpyaa
Xopaa u ayra

PaccmoTpum OKpYyXXHOCTb anameTpom d u XxopAay OKpYKHOCTU. MycTb ¢
— AJIMHA XOpAbl, 3 h — COOTBETCTBYIOLE KCTPENKUY.
dopmyna



c =.4h(d - h)
AOBO/IbHO YaCTO BCTPEUYAETCA B PAHHUX AXXaUHCKMX Npou3BeaeHUsAX.
dopmyna moxeT 6bITb /IErKO BbiBEAEHA U3 PAaCCMOTPEHUA NOA06HbIX

TPeyrosbHUKOB C yueTom Toro ¢pakTta, Uto AN N1060i TOUKU OKPYXKHOCTU Yroa,
ONUPaKLWMUINCA Ha AUaMETP, ABAAETCA NPAMbIM.

OpHaKo 6onee BEpOATHO, YTO A KalHbI BbIBE/IN €€, UCMOJ/Ib3yA Teopemy
Mudaropa, KoTopasa B Begu4eckon Tpaauumnm bobina nssectHa B UHAUK paHblue,
yem Mudaropy.

%k k

Jaina
e Chord and the arc
-ldlllnlzillﬂ'd

$.G. Dani Formulae for h and d are also

A derived from the above relation,

niredusen thus determining from any one of
Sertyweorks them in terms of the other two.
Highlights
e . — o c More intriguingly, they had a
formula for the arc a
\ y corresponding to the chord as

—= a= /Bl + 2.

Chord and arc

The formula is clearly an ad hoc and approximate one, and
is inspired by the Pythagoras theorem.

Heron of Alexandria (2nd c) also had formulae for the arc as
V4R + ¢ + $hand (a more refined) v4h2 + c2(1 + %) —h.
The following table shows that on the whole the Jaina
formula fares better in comparison with Heron's formulae.

Xopaa u ayra
dopmynbl ana h n d, KoTopble MOXXHO BbiBecTU U3 (1), TaK)Ke npuBeaeHbl B
pabotax B Tom cmbicne, 4TO N106ana U3 3TUX Be/IMYUH MOXKeT 6biTb BbiBeAeHa
yepes aBe gpyrue.
Ewe 60onee MHTpUryloLe 1o, 4TO Yy HUX 6bina popmyna gna ayrm a,
COOTBETCTBYIOLEN Xopae Kak a = V6h? + c2.
dopmyna ABHO NnpucnocobneHa ana 3TOro cayyasn, HOCUT NPUBANKEHHDbIN
XapaKTtep, u BAOXHOBNEeHa Teopemou NMudaropa.
FepoH AnekcaHapuickuii (Il Bek) Tak:ke umen popmynbl gna gyru, Takme, Kak

1

V4h? + ¢% + 7 It n (6onee nsbickannas)

V4h? + 2 (1 + %) — h. Cneaylowan Tabnvua NnokasbiBaeT, YTO B LL/IOM

AXauHCKaa ¢opmyna aaert ayywee npubamkeHue, uem popmyna lepoHa.
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Jaina
P Comparison with Heron’s formula
Ild::‘:h‘vﬂ
S.G.Dani
Angle arclength Jaina Heron’s Heron's
e truevalue  value 1istvalue 2nd value
Early works
Highlights
'p'e":l':,:,"e later 152 0.5236 0.5243 0.5306 0.5224
(+0.0007) (+0.0070) (-0.0012)
30° 1.0472 1.0525 1.0688 1.0400
(+0.0053) (+0.0216) (-0.0072)
45° 15708 15858  1.6049  1.5549
(+0.0150) (+0.0341)  (-0.0159)
60° 2.0944 21213 2.1250 2.0774
(+0.0269) (+0.0306) (-0.0170)
752 2.6180 2.6511 2.6203 2.6281
(+0.0331) (+0.0023) (+0.0101)
90° 3.1416 3.1623 3.0784 3.2426
W
CpaBHeHue ¢ dopmynou l'epoHa
Yeon Jlnuna oyeu, | 3nauenue Tepon, Tepon,
UcmuHHoe Ircauna nepeoe emopoe
SHA4YeHuUe SHA4YeHUue SHA4YeHue
KKk
Jaina
ot Permutations and combinations
ﬂldll‘m'dbvﬂ

S.G. Dani . . 5
oo References are found in ancient Jaina works to number of

mroduction permutations and combinations in various contexts.
Early works

A general formula for the number of ways of choosing
romd @€ certain number of specimen from a given collection was

described by Siidhara (ca. 750), in a sutra, which

corresponds to the usual formula CJ}, = W(,:'l—my

The Bhagavatisutra discusses the number of ways s souls
can enter h hells/heavens (the occupancy problem) for
values of s and h upto 12. It may be noted that this number
corresponds to CS*h~1. While there are no general formula
found in the ancient works, it is seen in the calculations
described by the commentator Abhayadeva (10/11 c.) that

the inductive rule C7:7 = CA"™~" x M was recognized.

% %k k

IlepecTaHOBKM U KOMOMHAIIUU

B npeBHUX MpOM3BEACHUAX HKAHHOB B PA3JIMYHBIX KOHTEKCTAX MOYKHO HAMTH CCHUIKH Ha YUCIIO
MepecTaHOBOK M KoMOuHaruid. O61as ¢popmMyra 1jis KOJTUYECTBa CIOCOOOB BBIOOpa

OTIpENIeIEHHOTO KOJIMYEeCTBa PEAMETOB U3 JAHHOTO Habopa OblIa OmucaHa B CyTpe

n!

Hlpuaxapoii (ok. 750 r.), 4TO COOTBETCTBYET 00bIYHOI popmyiie C;p = ooy onps



B «bxaraBatucytpe» 00CyXIaeTCsi KOJIUIECTBO CITOCOOOB, KOTOPBIMH S IYIII MOT'YT MOMACTh B h
ajioB/HeOec (rmpobiieMa 3aHATOCTH) MPH 3HAYCHUSX S U  He mpeBocxoasamux 12. 3aMeTuM, uTo
3TO "ucno cooTseTcTByeT CSTh1,

XoT4 B ApEeBHUX paboTax HeT o01iel (opMyIIbl, BUTHO, YTO B pacdeTax, ONMMCAHHBIX
koMMeHTaTopoM Abxasiieoii (X-XI B.), ObUIO MPU3HAHO PABUIIO UHITYKIIUU

cntm — cntm-1 n+m
m+1 m m+1
*kk
Jaina
from ancient Series summation
and medieval
India
$.G. Dani Summation of various (finite) series, and related problems,
meacion  have been a favourite topic in ancient and medieval Indian
Early works mathematics, going back at least to Aryabhata, and the
Highlights medieval Jainas are no exception.
lru"l‘l,dlln later
pel

Sridhara and Mahavira especially are seen to relish the
topic, and in particullar created complicated variations of the
arithmetic progressions to sum up, such at £{"T, where T,
itself is given in terms of partial sums of an arithmetical
series, as ay + a2 + - - - + ap, where for each k, ax = b + ke,
with given b and c.

Generalizing Aryabhata’s consideration of the series £'n?
and )Zq”n:‘, Sridhara and Mahavira also discuss sums of the
form a2 and X'a3, for any arithmetic progression

an = b+ nd, for some b and d.

CymmupoBaHue psijia

CyMMupoBaHue pa3InyHbIX (KOHEYHBIX) PSIIOB U CBS3AHHBIE C HUMU 3aJ]a4i OBLITN
U3I00JICHHOM TeMOol IpeBHEN U cpeTHEeBEKOBOM MHIUICKON MaTeMaTHKH, BOCXOSILEH, 110
KpaitHeil mepe, kK Aprnadxare, 1 CpeIHEBEKOBbIE JPKalHbI HE SBJISIOTCS UCKIIOYEHHUEM.

Bunno, uto lllpuaxapa u MaxaBupa 0coO€HHO HacCIaKJaluCh 3TOW TEMOU U, B YaCTHOCTH,
CYMMHPOBaIHU apu(pMETHUECKUE MPOIPECCHU CIOKHBIX PA3HOBHIHOCTEH, Takue, Kak )1 Ty, , e
T, , B CBOIO 0ouepe/ib, MPEACTABIECHO KaK YaCTUYHbIE CYMMBbI apu(METHUYECKOro psiaa BUjaa a, +
a, + . +a,, rae it kaxaoro k, a, = b + kc npu 3aganuHbix b u C.

O606mas paccyxkaenus Apbaoxatel o pagax Y7 n’ u y1'n® Illpuaxapa u Maxasupa Takxke
00CyKIal0T CyMMBI BUIa X' a2 u Y.1* a3 nnsa mo6oii apudmeTuyeckoil nporpeccuu
a, = b + nd npu Hexoropsix b u d.

*k%k



Jaina

from ancient Sridhara’s volume formula
and “nud.hvd

e The main task before the exponents in the later phase was

exposition of mathematical knowledge that had accumulated
imroduetion— over the period. In course of it, apart from pedagogical skills
fevwers - they contributed also new knowledge, of varying degrees of
e depth. We focus here only some certain select items.

In the Indian context credit for giving the first correct formula
for the volume of a sphere is given to Bhaskaracharya
(12th c.); Aryabhatiya has a formula for it but it is incorrect.

It turns out however that the formula described by Sridhara
in this respect is correct, in spirit. He gives the volume of a
sphere of diameter d to be $0°(1 + 55). By correct in spirit
| mean that the factor 1 + 11—8 corresponds in a natural way in
their context to %w, so the formula rightly corresponds to the
correct formula $wd® for the volume.

We note that 47 ~ /10 = J—‘?: Va+§H~1+4.

®dopmyna ob6vema LLpudxapoi

FnaBHoOWM 3agayeii, cToABLIEN Nepea NPeACTaBUTENAMMU caeaylowero 3tana, 6bis10
n3NnoxeHne HakonJIeHHbIX UMU 3a ITOT NepUoa mateMmaTu4eCKux 3|-|a|-mi7|. an 9TOM,
NOMMMO NegarorMyeckoro MacTepcTsa, OHM NPUBHOCU/IN U HOBble 3HAaHWUA pPa3HOM
cTeneHu rny6uHbl. Mbl cOCpeaoTOuMMCA 34eCb TO/IbKO Ha HEKOTOPbIX onpeaeneHHbIX
3/IeMeHTax.

B MHAUMCKOM KOHTEKCTe 3acayra co3gaHua nepsoi npasuibHoi ¢opmynbl o6bema
Wwapa npuHagnexut bxackapauapbe (Xl BeK); B acTPOHOMMUUYECKOM TPaKTaTe
Apuabxatba ectb popmyna Anna 3Toro, HoO oHa HeBepHa. OA4HAKO OKa3biBaeTcA, YTO
dopmyna, onucaHHana B aTom oTHoweHuu LLpuaxapoii, BepHa no ayxy. OH nonaraer

1 1
o6bem wapa guametrpom d paBHbIM > d? (1 + E)' Moa BepHbIM NO AyXy A MMEIo B
1
BUAY, YTO MHOXMUTeNb 1 + Tg €CTECTBEHHbIM 06pa3om COOTBETCTBYET B MX KOHTEKCTE

1 . 1
3 T, NoaToMy dopmyna BepHO COOTBETCTBYET UCTUHHOM popmyne o6bema End3.

1 1 10 1 1
3ametum, uto - ~ g\/lO-\/; = [(1+ 5) ~1+ e

EE T
mathematcs
from ancient Virsena’s formula for a conical frustrum
Mmﬁvi

e In his Dhavala Tika the volume Virasena gives a formula for
o the volume of a conical frustrum with diameters a and b at
"R the base and top respectively, and height h as
Early works
e s wh & +ab+ b?
period e

4 3

Unlike in much of the extant ancient and medieval
mathematical literature in India, we find here a description
of the method of determining the volume.

Moreover, the method involves summation of an infinite
series and the idea of infinitesimals, akin to calculus. The
ideas are reminiscent of computations going back to
Archimedes and Liu Hui, but the details are arguably new,
and seem to be a notable first in the mathematics in India.
In particular the work may have influenced Bhaskaracarya.

®opmyna BupceHbl 019 yceyeHHO20 KOHyca

B cBoeit KHUre «AxaBana Tuka» BupaceHa gaet popmyny gna obvema
yCceuyeHHOro KoHyca ¢ guametpamu a u b npu

OCHOBAHWU U BEPLUMHE COOTBETCTBEHHO, U BbICOTOM h:



wh a%*+ab+b?

T T3

B ot2inume ot 60/1bLIEN HACTU COXPAHUBLLUENCA APEBHEN U
cpeaHeBEKOBO MmaTemaTuyeckoit amtepartypbl UHQuNK, 3gecb mbl
HaxoAaum onucaHue metoga onpegeneHusa obrema.

Bonee Toro, metoa, BK/AlO4YaeT B ceb6a cymmupoBaHme 6eCKOHeYHoro
pAaaa u ngero 6eCKOHeYHO ManbiX BEIMYUH, CPOAHU UCHUCTIEHUIO.
Uaen HanomuHaOT pacyeTtbl, Bocxogawme K Apxumeay um Jlio Xysto, HO
AeTanun, BO3MOXKHO, HOBble U KaXKyTCA NMOHEPCKMMM B MaTeMaTUKe
MHupuKn. B yacTHOCTH, 3Ta paboTa morna noBauATb Ha bxackapauapblo.

KKk

Jaina
from ancient “Logarithms”
and medieval

India

The Jaina scholars also toyed with an idea like the
logarithms. While it is perhaps rooted in quite old times in
Snavia some way, a discussion on it in some detalil is found in
fevwes - Virsena's Dhavala commentary. It was also elaborated on

Homioneer by Nemichandra.
period

S.G. Dani

The idea occurs in the form of what is called “ardhachheda”,
essentially counting how many times the number can be
divided by 2 (sometimes base 3 was also considered).

The usual laws of indices (corresponding to (log mn = log m
+ log n etc.) are stated in Dhavala.

Unfortunately they did not find a proper way to determine
the ardhachheda for numbers which are not powers of 2,
leading to a peculiar choice of taking ardhchheda of 1 + x to
be x for “small” x; thus the ardhachheda of %, which is

24 x B8 is given as 4-3.

il

«/lozapugpmbi»

YyeHble-AKaWHUCTbI TaK}Ke Urpasau ¢ TaKou uaeeii, Kak norapudmbl. XoTa BOnpoc,
BO3MOXHO, KAKUM-TO 06Pa3om yXo4UT KOPHAMM B AOBO/IbHO CTapbie BPeMeHa, ero
o6cyXKaeHMe B HEKOTOPbIX AETaNAX MOXKHO HAUTK B KOMMeHTapum BupceHbl K [ixaBane. OH
TaK}Ke 6bln paspabotaH HemuuaHgpoii.

Upena Bo3HUKaeT B ¢opme TOro, YTO Ha3blBaeTCA «apAaxauxega», no Cytu, 3To NoAcCYeT,
CKOJIbKO pa3s 4ncsio moxet 6bITb pa3sgeneHo Ha 2 (MHOI'Aa TaKXe y4ynTtbiBas10Cb OCHOBaHUe 3)

O6bluHble 3aKOHbI NoKasaTenei (coorsercreyowme log(mn) = logm + logn ) nsnoxeHnbl
B [ixaBane.

K coxkaneHuio, OHM He HalWAU HagnexKallero cnocoba onpeageneHna apaxaxxeabl gna yucen,
KOTOpble He ABNAIOTCA CTeneHAMMU ABOﬁKM, YTO npuBeno K CBOGOﬁpa3HOMy Bbl60py
NPUHATUA apAaxaxxeabl

256 16
1 + x K x agna «manoro» x; Takum obpasom, ardhachheda 13 TO ecTb 24 x 13 Bblpaxaerca

3
4—.
Kak 4 —

Kk



Jaina
from ancient Mahavira’s formulas for “ellipse” etc.
Ildmbvl
S.G.Dani Mahavira is known for his discussing areas and volumes of
various non-standard figures, such as a a conchiform,

toirtoise back, curved shape of a ring, etc.:

Introduction
Early works

Honights — He also gives formulae for what he refers to as “ayatavritta”.
period “ayata” refers to rectangle and “vritta” to circle, so the figure

under consideration is a rectangular, or oblong, “circle”. In
the literature the term is generally translated as “cllipse”;
this however may not be justified; there is no description of
how the figure was constructed, or any characteristic that
would identify it with ellipses as in the Greek tradition.

Invoking two parameters “ayama” and “vyasa”, for the longer
and shorter dimensions, say a and b respectively, the
circumference of the figure is given to be 2a+ b in
approximate measure, and to be /422 + 6b2 in fine
measure.

dopmynbl MaxaBupbl gaa «3AAUNca» U T. 4.

Maxasupa nsBecrteH cBOMMMU 06CYyKAEHUAMM NOWALAEN U 06bEeMOB Pa3/INYHbIX
HeCcTaHAAPTHbIX GUryp, TaKMUX KaK paKOBUHA, CNUHA Yepenaxu, u3orHytasa popma
KO/bLa U T. A,

OH TaKKe gaet Gopmybl ANA TOFO, YTO OH Ha3bIBAET KAATABPUTTAN. KAATa»
OTHOCMTCA K NPAMOYFrONIbHUKY, @ «BPUTTa» — K Kpyry, N0O3TOMy paccmatpusaemas
durypa npeacraBnser co6oii NPAMOYronbHbIN UM NPOAONTOBaTbIA KKpyr». B
nuTepaTtype 3TOT TePMUH 06bIYHO NEPEeBOAUTCA KaK «I/IUNC»; 3TO, OAHAKO, He
MOXKeT bbITb ONPaBAAHO; HET ONUCAHMUA TOrO, KakK bblia nocTpoeHa ¢urypa, uam
KaKOW-1Mb0 XapaKTepUCTUKKU, KOTOPaA OTOXKAecTBAANA Bbl ee C 3N1MNCamMK, KaK B
rpeyeckoi Tpagmumnm.

MUcnonb3ya aBa napameTpa «aama» U «Bbaca» ana 6onee anmHHoro u 6onee
KOPOTKOro U3mepeHuii: A4onycTUM, d U b COOTBETCTBEHHO, A/IMHA KOHTYpa ¢urypbl

npubansuTenbHo pasHa 2a + b n 6onee TouHo pasHa V4a? + 6b2 .

Kk
bl
from ancient “ellipse” continued
and medieval

India

S Det The two formulae are seen to

Introduction correspond to viewing “ayatavritta”
Early works b (approximately) as the shapes here;
Highlights the bottom figure is a join of two
from the later 4 .
period bow-arrow figures (with chord a and

arrow b/2), for which the early
< Jaina formula yields 1/ a2 + $b2 for
each of the arcs.
Formulas are also given for the
area, involving multiplying the
circumference by half of what is
) referred to as “vishkambha”; the

ayatavritta term is subject to interpretations,

and we will not go into it.

«INAUnc», NPpoaoNKeHue
311 aBe dpopmynbl NPUBAN3UTENBHO COOTBETCTBYIOT «aaTaBpUTTE» ANA
npeAcTaB/eHHbIX 34ecb GOPM; HUKHUN PUCYHOK npeacTaBaseT coboi



coeguHeHue aByx GpuUryp nyKa u ctpenbl (c xopaoii a u ctpenoi %), ONA KOTOpPbIX

o 3 <
paHHAA AXKaliHCKaa ¢opmyna aaer /az +3 b2 pna kaxpoii us ayr.

Takxke ecTb GopmMynbl ANA NNOLWAAN, BKAOYAIOWME YMHOXKEHUE A4JIUHDI
OKPY}KHOCTU Ha NOJIOBMHY TOro, YTO Ha3biBaeTCA «BULUKAMbBXO»; TepMUH TpebyeT
TONKOBaHUA, U Mbl He 6yaem BAaBaTbCcA B NO4POGHOCTU.

% % %k

from ancient Pheru and Magic squares

" Pheru’s work Ganita Sara Kaumudi, apart form giving an
S0 Dani exposition of various mathematics topics of broad interest,

mosueion  provides improved formulae in various respects. One

Early works distintuishing feature is his treatment of Magic squares.

:.m‘;"n‘“.'“..:".’m Though magic squares have been known in India for a long
time, had religious significance and were used to convey
good wishes, Pheru was the first one to give a systematic
treatment construction of magic squares.

Pheru classifies magic squares into three groups according
to the size of the square; those of odd order, of order
divisible by 4 and of even order not divisible by 4. He gives
general constructions for the first two groups. As to the last,
only a magic square of order 6 is described (presumably he
had difficulty for larger values).

Pheru also discusses ways of transforming a magic square
into another.

- - = =

depy U marnyecKkue KBaaparthbl

Pabota ®epy MaHuTa Capa Kaymyamu, NnOMMMO U3N0KEHUA Pa3IUYHDbIX TEM
MaTeMaTUKM, NPeACTaBAAIOWMX LLMPOKUA UHTEPEC, COAEPIKUT B PA3/IUUHbIX
OTHOLUEHUAX yNy4lleHHble popmynbl. OTANUNTENBHOWN YEPTOU ABNAECTCA €ro
TPaKTOBKa Marn4yeckux KBaaparos.

XoTAa maruyeckue KBagpatbl 6b111 U3BeCTHbI B UHAUM yiKe faBHO, umenu
penuruosHoe 3HaYeHUe U UCNOIb30BaANIUCL A4N1A Nepeaadun A06pbIX NoXKenaHUN,
®epy 6bin NepBbIM, KTO AaN CUCTEMATUUYECKYIO TPAKTOBKY NOCTPOEHUA
Marmyeckux KBagpartos.

depy kKnaccudpuumpyet marmyeckue KBagpartbl Ha TPU rpynnbl B 3aBUCUMOCTU OT
pasmepa KBagpaTa: HeYEeTHOro NopsaAKa; NopAAKa, KPAaTHOro 4; U YETHOro
nopsApKa, He KpaTHoro 4. OH gaet obLmne NOCTPOEeHUA ANA NepBbixX ABYX rpynn. Yo
KacaeTca nocneaHero, To ONUCaH TONIbKO MarMyeckuii Ksagpar 6-ro nopagka
(NnpeanoNoXXUTeNbHO Y Hero 6bin TPYAHOCTU € 60bLUMMKM 3HAYEHUAMMU). Pepy
TakKe 0bcyxpaeT cnocobbl npeobpasoBaHMA OAHOrO MarM4ecKoro KBagparta B
OPYrou.

%k %k



The numbers in each row, each column and along the two
diagonals add to 369.

o =» T wac

Marunueckunia KBagpat Pepy 9 X 9
A nepeagato CBOU Hanay4dyuiune noxkesiaHnA scem BaM, npeacraBaaa 3aToT

O X 9 maruueckwii kBagpar depy!!
Uucna B KaXKA0M CTPOKe, KaXKaom ctonbue n Baonb obenx
AnaroHanei B cymme gaiot 369.
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Bbnarogapto Bac 3a BHMMaHue!






